Modelling by Lévy Processess for Financial Econometrics

OLE E. BARNDORFF-NIELSEN NEIL SHEPHARD

ABSTRACT This paper reviews some recent work in which Lévy processes are used to model and analyse time series from financial econometrics. A main feature of the paper is the use of positive Ornstein- Uhlenbeck (OU) type processes inside stochastic volatility processes. The basic probability theory associated with such models is discussed in some detail.

1. Introduction

This paper reviews some recent work in which Lévy processes are used to model and analyse financial time series at the “microscopic” tick-by-tick scale and at the larger “macroscopic” time scale of hourly or daily data. The models aim to incorporate as many as possible of the main stylized features of financial series, be they stock prices, foreign exchange rates or interest rates, while maintaining mathematical tractability.

On the macroscopic scales prototypical stochastic volatility models for one-dimensional variates are of the form

dx^∗(t) = { μ + βσ^2(t) } dt + σ(t)dw(t) (1.1)

in the case of log stock prices or log foreign exchange rates, and of the form

dx(t) = { μ + βσ^2(t) − ϕx(t) } dt + σ(t)dw(t) (1.2)

for short interest rates^1. In both cases, w(t) is Brownian motion and σ^2(t) is a non-negative stationary stochastic process, for simplicity assumed independent of w(t). The solution x^∗(t) of (1.1) is a stochastic process of “integrated” type whereas the solutions of (1.2), in which we are interested, are stationary. Models of the type (1.1) and (1.2) are referred to as SV (stochastic volatility) models and SSV (stationary stochastic volatility) models, respectively.

Of particular interest are cases where σ^2(t) is of OU type (Ornstein-Uhlenbeck type) or is a superposition of such processes — such models were introduced in this context by Barndorff-Nielsen and Shephard (1999). In the former instance, σ^2 satisfies a stochastic differential equation of the form

dσ^2(t) = −λσ^2(t)dt + dz(λt)

where z(t) is a Lévy process with positive increments; thus z(t) is a subordinator^2 .

1In the interest rate context it may make sense to replace the Brownian motion w(t) by a Levy process with non-negative increments (a subordinator), in order to guarantee (so long as μ and β are non-negative) that the process x(t) is non-negative.

2The rather unusal timing in the subordinator has been selected so that as λ changes the marginal distribution of σ^2(t) does not.

Some aspects of studies of turbulence will also be discussed, motivated by the fact that there are several striking similarities - as well as important differences - between key empirical features of observational series in finance on the one hand and turbulence on the other. See in particular Section 2, which summarizes and compares the stylized traits in question. Sections 3-9 review the probabilistic theory needed for the construction and analysis of the financial models, and in Section 10 we take up the discussion of those models, necessarily also in summary form. The final Section 11 considers some further issues and possible future work.

In the sequel we shall use the following notation for cumulant transforms of a random variate x C{ζ ‡ x} = log E{e^{iζx}}, K{θ ‡ x} = log E{e^{θx}} and K̄{θ ‡ x} = log E{e^{−θx}} (1.3) with straightforward extensions of the notation to more general random variates.

2. Stylized features of finance and turbulence

A number of characteristic features of observational series from finance and from turbulence are summarised in table 1. The features are widely recognized as being essential for understanding and modelling within these two, quite different, subject areas. In finance the observational series concerned consist of values of assets such as stocks or (logarithmic) stock returns or exchange rates, while in turbulence the series typically give the velocities or velocity derivatives (or differences), in the mean wind direction of a large Reynolds number wind field. For some typical examples of empirical probability densities of logarithmic asset returns see Eberlein and Keller (1995) and Shephard (1996), while for velocity differences in large Reynolds number wind fields see, for instance, Barndorff- Nielsen (1998a).

Finance Turbulence varying activity volatility intermittency semiheavy tails + + asymmetry + + aggregational Gaussianity + + 0 autocorrelation + − quasi long range dependence + + scaling/selfsimilarity [+] +

TABLE 1. Stylised features.

A very characteristic trait of time series from turbulence as well as finance is that there seems to be a kind of switching regime between periods of relatively small random fluctuations and periods of high ’activity’. In turbulence this phenomenon is known as intermittency, see e.g. Frisch (1995, Ch. 8) for a thorough discussion, whereas in finance one speaks of stochastic volatility or conditional heteroscedasticity. For the integrated log-price process x^∗(t) in finance a basic expression of the volatility is given by the quadratic variation process x^∗[t], which is defined as

x^∗[t] = p- lim ∑ {x^∗(t^r_{i+1}) − x^∗(t^r_i )}^2 (2.1) for any sequence of partitions t^r_0 = 0 < t^r_1 < · · · < t^r_{mr} = t with sup_i{t^r_{i+1} − t^r_i } → 0 for r → ∞. For SV models

x^∗[t] = ∫_t 0 σ^2(u)du = σ^{2∗}(t),

the integrated volatility of the process. A similar concept, called intermittency, is used in the turbulence literature. If we write u = u(x, t) as the velocity at position x in the mean direction of the wind field at time t, then intermittency is defined as the energy dissipation rate per unit mass around position ξ:

e_r(ξ) = r^{−1} ∫_{ξ+r/2} ξ−r/2 ( ∂u ∂x )_2 dx measured over a symmetric interval of length r and centred at ξ (since u is considered as being stationary in time, t has been suppressed in the notation for e_r).

The term “semiheavy tails”, in table 1, is intended to indicate that the data suggest modelling by probability distributions whose densities behave, for x → ±∞, as const. |x|^{ρ±} exp(−σ_± |x|) for some ρ_+, ρ_− ∈ R and σ_+, σ_− ≥ 0.

Velocity differences in turbulence show an inherent asymmetry consistent with Kolmogorov’s modified theory of homogeneous high Reynolds number turbulence (cf. Barndorff-Nielsen (1986)). Distributions of financial asset returns are generally rather close to being symmetric around 0, but there is a definite tendency towards a dynamic version of asymmetry stemming from the fact that the market is prone to react differently to positive as opposed to negative returns, cf. for instance Shephard (1996, Subsection 1.3.4)). This reaction pattern, or at least part of it, is referred to as a ‘leverage effect’ whereby increased volatility tends to be associated with negative returns.

By aggregational Gaussianity is meant the fact that long term aggregation of financial asset returns, in the sense of summing the returns over longer periods, will lead to approximately normally distributed variates, and similarly in the turbulence context^3. For illustrations of this, see for instance Eberlein and Keller (1995) and Barndorff-Nielsen (1986).

The estimated autocorrelation functions based on log price differences on stocks or currencies are generally (closely) consistent with an assumption of zero autocorrelation.

Nevertheless, this type of financial data exhibit ’quasi long range dependence’ which manifests itself inter alia in the empirical autocorrelation functions of the absolute values or the squares of the returns, which stay positive for many lags.

For discussions of scaling phenomena in turbulence we refer to Frisch (1995). As regards finance, see Barndorff-Nielsen and Prause (1999) and Mantegna and Stanley (2000), and references given there. The latter work also, more broadly, discusses relations between finance and turbulence.

In addition, it is relevant to mention the one-dimensional Burgers equation ∂u ∂t + u ∂u ∂x = ν ∂^2u ∂x^2 , which relates the velocity changes in time to velocity changes in position. This nonlinear partial differential equation may be viewed as a ‘toy model’ version of the Navier-Stokes equations of fluid

3However, in turbulence a small skewness generally persists, in agreement with Kolmogorov’s theory of isotropic turbulence. 3 dynamics and, as such, has been the subject of extensive analytical and numerical studies, see for instance Frisch (1995, pp. 142-3), Barndorff-Nielsen and Leonenko (2000) and Bertoin (2000), and references given there. In finance, Burgers equation has turned up in work by Hodges and Carverhill (1993) and Hodges and Selby (1997). However, the interpretation of the equation in finance does not appear to have any relation to the role of the equation in turbulence.

3. Lévy processes and random fields

In this section we recall the definition of a Lévy process and a random field. The latter will be used extensively in the development of long-range dependent processes in Section 9 of this paper. We then study the cumulant generating functions of integrals defined with respect to Lévy processes and fields.

Recall that a Lévy process is a continuous in probability, cadlag stochastic process z = {z(t)}_{t≥0} with independent and stationary increments and z(0) = 0. For such a process we have C{ζ ‡ z(t)} = tC{ζ ‡ z(1)} and z(1) has the Lévy-Khintchine representation C{ζ ‡ z(1)} = iaζ − 1 2 bζ^2 + ∫ R { e^{iζx} − 1 − iζτ(x) } U(dx) (3.1)

where the Lévy measure U is such that it has no atom at 0 and ∫ R min{1, x^2}U(dx) < ∞ and where τ is a centering function that we choose as

τ(x) = x for |x| ≤ 1 x |x| for |x| > 1. (3.2)

Correspondingly, the process z(t) is a sum z(t) = at + √ bw(t) + z_0(t) of a drift term at and where w(t) and z_0(t) are independent processes, w(t) being Brownian motion and z_0(t) a Lévy process with C{ζ ‡ z_0(1)} = ∫ R { e^{iζx} − 1 − iζτ(x) } U(dx). If b = 0, and we shall mainly consider such cases, then z is said to be a Lévy jump process and if also a = 0 it is a Lévy pure jump process. If z has only non-negative increments, then it is a subordinator (cf. Bertoin (1996, Ch. III)).

A Lévy field on a region S is a random measure z on S such that the values of z corresponding to a countable number of disjoint (measurable) subsets of S are independent and such that for every subset A of S the random variable z(A) is infinitely divisible. Hence, for such a field, z will have infinitesimal Lévy-Khintchine representation C{ζ ‡ z(dω)} = iζa(dω) − 1 2 ζ^2b(dω) + ∫ R { e^{iζx} − 1 − iζτ(x) } ν(dx; dω) (3.3)

where the (generalized) Lévy measure ν satisfies ν({0}; A) = 0 and ∫ R min{1, |x|^2}ν(dx; A) < ∞ (3.4)

for all A. The quantity (a, b, ν) is referred to as the characteristic triplet of the field z.

In the present paper we will only consider cases where z has no Gaussian components, i.e. the measure b is identically 0. Then z is termed a Lévy jump field. 4

There is no essential loss of generality in assuming that ν factorizes as ν(dx; dω) = U(dx; ω)υ(dω) (3.5) for some measure υ on S. We shall use the notation U^−(x; ω) = U((−∞, x]; ω) and U^+(x; ω) = U([x, ∞); ω) (3.6) for the tail masses of the measure U(·; ω). Furthermore, in most of the cases to be considered, the Lévy measure U(·; ω) is, for each ω, absolutely continuous with respect to Lebesgue measure on S, with a density u(x; ω). When U(·; ω) does not depend on ω we write U(dx), U^+(x), etc.

Any Lévy process z(t) induces a Lévy random measure z on R_+, where R_+ = (0, ∞), starting from the definition z((a, b]) = z(b) − z(a). (3.7) Conversely, if z is a Lévy random measure on S = R_+ with characteristic triplet of the form (0, 0, U(dx)dω) then the prescription z(t) = z((0, t]) (3.8) determines a Lévy process.

Functions f on S can, under suitable regularity conditions^4 , be integrated with respect to the random field z. We use the notation f • z = ∫ S f(ω)z(dω) (3.9) for the integrals. In the Lévy process case (3.7)-(3.8) f • z coincides with the usual stochastic integral of f with respect to the process z(t) and we write f • z = ∫ R_+ f(t)z(dt) For Lévy processes a key result for many calculations is embodied in the formula

C{ζ ‡ f • z} = ∫ R_+ C{ζf(τ) ‡ z(1)}dτ (3.10) This rather well-known result follows essentially from the following formal calculation, using product

4A brief review of the relevant mathematical theory is given in Barndorff-Nielsen and Pérez-Abreu (1999). 5 integration and the independent scattering property of z: exp {C{ζ ‡ f • z}} = E { exp ( iζ ∫ R_+ fdz )}

= E ∏ τ ∈R_+ exp{iζf(τ)dz(τ)} = ∏ τ ∈R_+ E [exp{iζf(τ)dz(τ )}] = ∏ τ ∈R_+ exp [C{ζf(τ) ‡ dz(τ)}] = ∏ τ ∈R_+ exp [C{ζf(τ) ‡ z(1)}dτ ]

= exp [∫ R_+ C{ζf(τ) ‡ z(1)}dτ ] . More generally, for any Lévy random measure z with characteristic triplet (0, 0, U(dx)υ(dω)) we have C { ζ ‡ ∫ S fdz } = ∫ S κ {ζf(ω)} υ(dω) (3.11) where κ(ζ) = ∫ R { e^{iζx} − 1 − iζτ(x) } U(dx) (3.12)

is the cumulant function of an infinitely divisible random variable with characteristic triplet (0, 0, U).

Now consider the case where z is nonnegative. For such fields, integrals f • z of functions f with respect to z have representation (see Jacod and Shiryaev (1987, Ch. II, §4C)) f • z = f • a + ∫ R_+ ∫ S f(ω)xH(dx; dω) (3.13)

with a^′(dw) a measure on S and where H(dx; dω) follows the Poisson law with mean ν(dx; dω). In this case the cumulant functional of the field is of the form C{f ‡ z} = C{1 ‡ f • z} = if • a^′ + ∫ R_+ ∫ S { e^{if(ω)x} − 1 } ν(dx; dω) (3.14)

Suppose in particular that υ (in (3.5)) is a probability measure which we therefore denote by π. Then equation (3.14) may be rewritten as K̄{θ ‡ f • z} = −θf • a^′ − ∫ S ∫ R_+ { 1 − e^{−θf(ξ)x} } U(dx; ξ)π(dξ) (3.15)

and, for simplicity letting a^′ = 0, this can be given the symbolic form 6

K̄{θ ‡ f • z} = ∫ S K̄{θf(ξ) ‡ y|ξ}π(dξ) (3.16) where y and ξ are interpreted as a pair of random variables with ξ having law determined by π and such that y given ξ is a positive and infinitely divisible random variable with characteristic triplet (0, 0, U(·; ξ)). For a positive infinitely divisible random variable y formula (3.15) specializes to K̄{θ ‡ y} = −a^′θ − ∫ R_+ { 1 − e^{−θx} } U(dx). (3.17)

Extension to multivariate Lévy fields z = (z_1, ..., z_m) is immediate. Lévy-Khintchine’s infinitesimal representation takes the form C{ζ ‡ z(dω)} = i⟨a(dω), ζ⟩ − 1 2 ⟨ζb(dω), ζ⟩ + ∫ { e^{i⟨ζ,x⟩} − 1 − iζτ(x) } ν(dx; dω) (3.18)

where now ζ = (ζ_1, ..., ζ_m), a is an m-dimensional measure, b an m × m matrix valued measure and (3.2) and (3.4) apply with |x| interpreted as Euclidean distance.

In extension of formula (3.17) we have that an m-dimensional random variate y = (y_1, ..., y_m) all of whose coordinates are positive is infinitely divisible if and only if the cumulant function K̄ is of the form K̄{θ ‡ y} = −⟨a^′, θ⟩ − ∫ R^m_+ (1 − e^{−⟨θ,x⟩})U(dx) (3.19) where a^′ is an m-dimensional vector with all coordinates nonnegative and U is a Lévy measure satisfying U(R^m\R^m_+ ) = 0 and ∫ |x|≤1 |x|U(dx) < ∞. (3.20) For a proof, see Skorohod (1991, pp. 156-157).

4. Selfdecomposability and Lévy processes

4.1. Selfdecomposability A probability measure P on R is said to be selfdecomposable or to belong to Lévy’s class L, if for each λ > 0 there exists a probability measure Q_λ on R such that

ϕ(ζ) = ϕ(e^{−λ}ζ)ϕ_λ(ζ) (4.1)

where ϕ and ϕ_λ denote the characteristic functions of P and Q_λ, respectively. A random variable x with law in L is also called selfdecomposable, and it is infinitely divisible. The concept of selfdecomposability is closely related to that of stationary linear autoregressive time series of order 1, i.e. AR(1) processes. Indeed, for such a process

x_n = ρx_{n−1} + u_n, 7 with i.i.d. innovations {u_n}, we have C{ζ ‡ x_n} = C{ρζ ‡ x_{n−1}} + C{ζ ‡ u_n} (4.2) and since, by stationarity, C{ζ ‡ x_n} = C{ζ ‡ x_{n−1}} the relation (4.2) is a cumulant version of (4.1). Essentially, then, the only possible AR(1) processes are those for which the one-dimensional marginal law is selfdecomposable. And similarly for the OU processes, i.e. “AR(1) processes in continuous time”, to be discussed in Section 6.

The class L is also characterized as the class of possible limit laws for normalized sequences of the form b^{−1}_n (x_1 + x_2 + · · · + x_n) − a_n where x_1, x_2, ..., x_n, ... is a sequence of independent random variables satisfying the uniform asymptotic negligibity condition (see, for example, Loève (1955, pp. 319–326)).

Further important characterizations of class L as a subclass of the set of all infinitely divisible laws is given by the following theorem Theorem 4.1 Let U(dx) denote the Lévy measure of an infinitely divisible probability measure P on R. Then the following three statements are equivalent:

(i) P is selfdecomposable (ii) The functions on R_+ given by U^+(e^s) and U^−(−e^s) are both convex (iii) U is of the form U(dx) = u(x)dx with ū(x) = |x| u(x) (4.3) increasing on (−∞, 0) and decreasing on (0, ∞).

If u is differentiable then the necessary and sufficient condition (ii) may be reexpressed as u(x) + xu^′(x) ≤ 0 , (4.4) for x ≠ 0.

Suppose P is concentrated on R_+, with 0 the lower bound of the support of P . Then P is selfdecomposable if and only if P is absolutely continuous with a density p for which there exists a monotonically decreasing function ū such that xp(x) = ∫_x 0 p(x − y)ū(y)dy for (almost all) x > 0. □ The equivalence of (i), (ii) and (iii) is due to Lévy (1937). A proof may be found also in Bar-Lev, Bshouty, and Letac (1992); see also Sato (1999). The final result in the theorem was established in the form given here by Steutel (1970), cf. Sato (1999, p. 385 and 426). Here we restrict discussion 8 to a proof that (iii) implies (i). Let (a, b, U) be the characteristic triplet of P and assume that (iii) is satisfied. Verifying (i) amounts to showing that, for any c ∈ (0, 1), the function ψ_c(ζ) = log ϕ(ζ) − log ϕ(cζ) can be written in the Lévy-Khintchine form (3.1). Now ψ_c(ζ) = − 1 2 b(1 − c^2)ζ^2 + a(1 − c)iζ + ∫ R\{0} {e^{iζx} − 1 − iζτ(x)}u(x)dx − ∫ R\{0} {e^{icζx} − 1 − icζτ(x)}u(x)dx and the last term may be rewritten as ∫ R\{0} {e^{icζx} − 1 − icζτ(x)}u(x)dx = ∫ R\{0} {e^{iζx} − 1 − iζcτ(c^{−1}x)}c^{−1}u(c^{−1}x)dx. Furthermore, letting δ_c(x) = τ(x) − cτ(c^{−1}x) we have

δ_c(x) = 0 for |x| ≤ c x − c signx for c < |x| ≤ 1 (1 − c) signx for |x| > c. It follows that ψ_c(ζ) = a_ciζ − 1 2 b_cζ^2 + ∫ R {e^{icζx} − 1 − iζτ(x)}u_c(x)dx where the drift of the innovations is a_c = a(1 − c) ∫ R{0} δ_c(x)u_c(x)dx, while the variance of the Wiener component to the innovations is b_c = b(1 − c^2).

Finally the Lévy density of the innovations is u_c(x) = u(x) − c^{−1}u(c^{−1}x). To see this note from (4.3) u_c(x) = |x|^{−1}{ū(x) − ū(c^{−1}x)} by the monotonicity property of ū(x) it follows that u_c(x) is a Lévy density. □ Yet another key characterization of selfdecomposability will be given in Theorem 4.3 below.

Example 4.1 GIG laws. All the generalized inverse Gaussian laws are selfdecomposable, a result due to Halgreen (1979). See further in Subsection 5.1 below. □

4.2. Multivariate case An m-dimensional infinitely divisible random variate x and its distribution are called selfdecomposable and are said to be of class L if for any c ∈ (0, 1) there exists an m-dimensional random variate x_c, independent of x, such that C{ζ ‡ x} = C{ζ ‡ cx} + C{ζ ‡ x_c} i.e.

x^D= cx + x_c (4.5)

where^D= means identity in law. It can be shown that then x_c is necessarily infinitely divisible, see Sato (1999, Proposition 15.5). Furthermore, we have

Theorem 4.2 Let x be an m-dimensional infinitely divisible random variate. Then x is selfdecomposable if and only if its Lévy measure U is of the form U(B × E) = ∫ B π(dσ) ∫_∞ 0 1_E (r)k(r, σ)r^{−1}dr (4.6)

for B ∈ B(S^{m−1}), E ∈ B(R_+), and where π is a probability measure on S^{m−1} and the function k(r, σ) is nonnegative and Borel measurable in σ, nonincreasing in r, and ∫_∞ 0 k(r, σ)r(1 + r^2)^{−1}dr = K < ∞ (4.7)

with K independent of σ (π−almost everywhere). □

Theorem 4.2 is given in Sato (1980); see also Urbanik (1969) and Wolfe (1982) for alternative representations.

Extension of the concept of multivariate selfdecomposability to operator selfdecomposability, where c in (4.5) is changed to a matrix, is discussed extensively in Jurek and Mason (1993).

Remark 4.1 Unless U is concentrated on an (m − 1)-dimensional hyperplane of R^m it possesses a density u with respect to Lebesgue measure (Sato (1982) and Sato (1999)). □

Cases where the function k does not depend on σ, so that U is a product measure, often occur in practice.

Example 4.2 Stable laws. For all the multivariate infinite variance α-stable distributions (0 < α < 2), U is of product measure form with k(r) = r^{−α} (cf. Samorodnitsky and Taqqu (1994, p. 66)). □

Example 4.3 (IG,NIG) Lévy motion. Consider a pair of independent Brownian motions (b_1, b_2) with drift vector (γ, 0) where γ ≥ 0. Let x(t) denote the first passage time to level δt of b_1 and define y(t) as b_2(x(t)). Then z(t) = (x(t), y(t)) is a bivariate Lévy process and z(1) has probability density function

p(x, y; δ, γ) = (2π)^{−1}δe^{δγ} x^{−2} exp { − 1 2 (δ^2x^{−1} + γ^2x + x^{−1}y^2) } (4.8) and cumulant function C{υ, η ‡ u, y} = δγ[1 − {1 − (2iυ + η^2)/γ^2}^{1/2}]. (4.9) The marginal processes x(t) and y(t) are, respectively, IG (inverse Gaussian) and NIG (normal inverse Gaussian) Lévy motions. Hence the name (IG, NIG) Lévy motion for z(t).

The characteristic triplet of (4.8) is ((δγ, 0), 0, U) where the bivariate Lévy measure U has density

u(x, y) = (2π)^{−1}δx^{−2} exp { − 1 2 (γ^2x + x^{−1}y^2) } (4.10)

with respect to Lebesgue measure. (A derivation of the formula for the Lévy density is given in Barndorff-Nielsen (2000b)).

Reexpressing u(x, y) in polar coordinates r > 0, ϕ ∈ (−π/2, π/2) we have

u(ϕ, r) = (2π)^{−1}r^{−1}g(ϕ, r) (4.11)

where

g(ϕ, r) = δ(cos ϕ)^{−2} exp { − 1 2 r(cos ϕ)^{−1}(γ^2 cos^2 ϕ + sin^2 ϕ) } . As a function of r, g(ϕ, r) is decreasing and hence the law of z(1) is selfdecomposable; in other words, the process z(t) is of class L.

Some applications of the (IG, NIG) Lévy motion and certain generalizations of this in the context of finance are discussed in Barndorff-Nielsen (2000b). □

4.3. Relation between selfdecomposability and Lévy processes.

The following theorem is due to Jurek and Vervaat (1983) (cf. also Jurek and Mason (1993)).

Theorem 4.3 A random variable x has law in L if and only if x has a representation of the form

x = ∫_∞ 0 e^{−t}dz(t) (4.12)

where z(t) is a Lévy process.

In this case the Lévy measures U and W of x and z(1) are related by

U(dx) = ∫_∞ 0 W (e^tdx)dt. (4.13) □ The process z = {z(t)}_{t≥0} is termed the background driving Lévy process or the BDLP corresponding to x.

Remark 4.2 If z(t) is a Lévy process then the integral ∫_∞ 0 e^{−t}dz(t) exists, as the limit of ∫_T 0 e^{−t}dz(t) for T → ∞, if and only if ∫ |u|>1 log(1 + |u|)W (du) < ∞. This holds irrespectively of whether the limiting procedure is taken to be convergence in law or almost surely. For a proof, see Jurek and Mason (1993, Thm. 3.6.6). □ Remark 4.3 The cumulant transforms of x and z(1) are related by C{ζ ‡ x} = ∫_∞ 0 C{e^{−s}ζ ‡ z(1)}ds = ∫_ζ 0 C{ξ ‡ z(1)}ξ^{−1}dξ (4.14) and C{ζ ‡ z(1)} = ζ ∂C{ζ ‡ x} ∂ζ (4.15) as follows directly from (4.12) and (3.10). □ From (4.13) we find (recall the notation introduced by (3.6)) that for x > 0

U^+(x) = ∫_∞ 0 W (e^t[x, ∞))dt = ∫_∞ 1 s^{−1}W ([sx, ∞))ds or, equivalently,

U^+(x) = ∫_∞ x s^{−1}W^+(s)ds (4.16) with a similar expression for U^−(x). It follows that we have the important relations

u(x) = x^{−1}W^+(x) for x > 0 |x|^{−1}W^−(x) for x < 0. (4.17)

Proposition 4.1 Suppose that the Lévy density u is differentiable. Then the Lévy measure W has a density w, and u and w are related by

w(x) = −u(x) − xu^′(x). (4.18)

□ PROOF. Straightforward, by differentiation of formula (4.17). □ Example 4.4 Inverse Gaussian law. The inverse Gaussian distribution with parameters δ and γ is denoted IG(δ, γ). It is concentrated on R_+ and has probability density p(x) = (2π)^{−1/2}δe^{−δγ} x^{−3/2} exp { −(δ^2x^{−1} + γ^2x)/2 } (4.19) and Lévy density u(x) = (2π)^{−1/2}δx^{−3/2} exp ( −γ^2x/2 ) . (4.20) It follows immediately from this expression that IG(δ, γ) is selfdecomposable (a special case of the Halgreen (1979) result) and that the Lévy density of the corresponding BDLP is w(x) = (2π)^{−1/2} δ 2 (x^{−1} + γ^2)x^{−1/2}e^{−γ2x/2}. (4.21) □ Note 4.1 Relation to exponential tilting. Let u be the Lévy density of a selfdecomposable probability measure P and suppose, for simplicity, that P is concentrated on R_+ and that u is differentiable. Furthermore, let P_θ denote the negative exponential tilt of P , i..e. dP_θ dP (x) = a(θ)e^{−θx} with θ > 0. The Lévy measure u_θ of P_θ then has a density u_θ satisfying u_θ(x) = u(x)e^{−θx}. Denoting the Levy densities of the BDLPs corresponding to P and P_θ respectively by w and w_θ, we find, from formula (4.18), w_θ(x) = w(x)e^{−θx} + θxu_θ(x). (4.22) It follows that the BDLP corresponding to P_θ is a sum of two independent Levy processes, the first being the BDLP of P and the second, with Levy density ū_θ(x) = θxu_θ(x), being a compound Poisson process. The latter result is a consequence xu_θ(x) being integrable on R_+ (cf. (3.20)). □ Example 4.5^1_2 -stable law. The Lévy density of the positive stable law with index^1_2 is u(x) = (2π)^{−1/2}x^{−3/2} and the exponential tilt of that law is the IG(1, √ −2θ) distribution. By Proposition 4.1 we have w(x) = 1 2 u(x) and hence from Note 4.1 we obtain that the Lévy density of the BDLP of IG(1, γ) is w(x) = (2π)^{−1/2} 1 2 (x^{−1} + γ^2)x^{−1/2}e^{−γ2x/2} (4.23) 13 in agreement with formula (4.21). □

Theorem 4.4 Let x = (x_1, ..., x_m) be an m-dimensional selfdecomposable random variate. Then there exists an m-dimensional Lévy process z = (z_1, ..., z_m), unique up to identity in law, such that x is representable as x = ∫_∞ 0 e^{−s}dz(s). (4.24) □ Theorem 4.4 is due to Jurek and Vervaat (1983), see also Sato and Yamazato (1984).

5. GIG and GH laws

Having discussed the basic probability theory associated with Lévy fields and the self-decomposability of probability measures we are now in a position to become more specific in our modelling framework. We will be interested in constructing non-negative processes in order to model changing volatility. A rather general and flexible modelling setup for distributions are the GIG (generalized inverse Gaussian) laws and the GH (generalized hyperbolic) laws, the latter determined as normal variancemean mixtures^5 using GIG’s as mixing distributions. These distributions are all selfdecomposable (Halgreen (1979)) and may serve as building blocks in the various dynamic models discussed in this paper.

A review of the definitions and properties of the classes GIG and GH is given in Eberlein (2000). Hence, in this section, we review just a few facts, mainly concerning the special cases of the IG (inverse Gaussian) and the NIG (normal inverse Gaussian) distributions. In the present paper these cases are used for illustrative purposes but we emphasise that many other distributional patterns are comprised by the GIG and GH laws (including the gamma, the reciprocal gamma, the reciprocal inverse Gaussian, the hyperbolic, and the Student distributions).

5.1. Generalized inverse Gaussian distributions

The generalized inverse Gaussian distribution GIG(λ, δ, γ) is the distribution on R_+ given in terms of its density p(x) = p(x; λ, δ, γ) = (γ/δ)^λ 2K_λ(δγ) x^{λ−1} exp { − 1 2 (δ^2x^{−1} + γ^2x) } . (5.1)

The parameters λ, γ and δ are such that λ ∈ R while γ and δ are both nonnegative and not simultaneously 0. Furthermore K_λ is the modified Bessel function of the third kind and with index λ. For δγ = 0 the expression (5.1) should be interpreted in the limiting sense, using the formula

K_λ(x) ∼ Γ(λ)2^{λ−1}x^{−λ} for λ > 0

− log x for λ = 0

(5.2)

5A random variable x is said to be of variance-mean mixture type if x can be represented in law as x = μ + βσ^2 + σu where u and σ are independent random variables with u having the standard normal distribution. 14 valid for x ↓ 0. We recall that K_λ(x) = K_{−λ}(x).

It follows from the exponential form of the representation (5.1) that if x ∼ GIG(λ, δ, γ) then^6

K̄{θ; x} = λ log{1 + 2θ/γ^2}^{1/2} − log K_λ(δγ) + log K_λ { δγ ( 1 + 2θ/γ^2 )_{1/2}} (5.3)

As already mentioned, the random variable x with law (5.1) is selfdecomposable. The Lévy- Khintchine representation of the cumulant generating function of x has Lévy density u(x) = x^{−1} [ δ^2 ∫_∞ 0 e^{−xξ}g_λ(2δ^2ξ)dξ + max{0, λ} ] exp ( −γ^2x/2 ) (5.4)

where

g_λ(x) = [ (π^2/2)x { J^2_{|λ|}( √ x) + N^2_{|λ|}( √ x) }]_{−1} (5.5)

and J_ν and N_ν are Bessel functions. A derivation of the fact that the characteristic function of x has the stated Lévy-Khintchine representation may be found in Barndorff-Nielsen (2000). Once this result has been established the selfdecomposability of x follows directly from Theorem 4.1.^7 The special case of GIG corresponding to λ = −^1_2 is the IG(δ, γ) distribution. Other special cases of the GIG laws are the reciprocal inverse Gaussian distribution that corresponds to λ =^1_2 and is denoted RIG(δ, γ), the gamma distribution Γ(ν, α) that obtains for δ = 0 and with ν > 0, λ = ν and α = γ^2/2 , and the reciprocal gamma distribution Γ^{−1}(ν, α) which occurs for γ = 0 and with ν > 0, λ = −ν and α = δ^2/2 . Note that if x ∼ IG(δ, γ) then x^{−1} ∼ RIG(γ, δ), and if x ∼ Γ(ν, α) then x^{−1} ∼ Γ^{−1}(ν, α).

5.2. Normal inverse Gaussian distribution

If we take a σ^2 ∼ IG(δ, γ) and independently draw an ε ∼ N(0, 1), then x = μ + βσ^2 + σε has a normal inverse Gaussian distribution. It has parameters α = √ β^2 + γ^2, β, μ and δ is denoted NIG(α, β, μ, δ). The random variable exists on R having the density function

g(x; α, β, μ, δ) = a(α, β, μ, δ)q ( x − μ δ )_{−1} K_1 { δαq ( x − μ δ )} e^{βx} (5.6)

where q(x) = √ 1 + x^2 and a(α, β, μ, δ) = π^{−1}α exp { δ √ α^2 − β^2 − βμ } (5.7)

and where K_1 is the modified Bessel function of the third kind and index 1. The domain of variation of the parameters is given by μ ∈ R, δ ∈ R_+, and 0 ≤ β < α.

It follows immediately from (5.6) and (5.7) that the cumulant generating function of the normal inverse Gaussian distribution is K(u; α, β, μ, δ) = δ {√ α^2 − β^2 − √ α^2 − (β + u)^2 } + μu. (5.8)

6We use here the fact that for an exponential model with densities exp{⟨θ, x⟩ − h(x) − k(θ)} (with respect to some σ-finite measure on R^m) the cumulant function is of the form K{· ‡ x} = k(· + θ) − k(θ).

7In this connection, see also Pitman and Yor (1981, p. 346) where a connection to Bessel processes is established for GIG laws with λ ≤ 0. 15

Thus, in particular, if x_1, ..., x_m are independent normal inverse Gaussian random variables with common parameters α and β but having individual location-scale parameters μ_i and δ_i (i = 1, ..., m) then x_+ = x_1 + ... + x_m is again distributed according to a normal inverse Gaussian law, with parameters (α, β, μ_+, δ_+).

It is often of interest to consider alternative parametrisations of the normal inverse Gaussian laws. In particular, letting ᾱ = δα and β̄ = δβ, we have that ᾱ and β̄ are invariant under location—scale changes, and when ᾱ, β̄, μ, δ constitute the parametrisation of interest we shall write NIG[ᾱ, β̄, μ, δ] instead of NIG(α, β, μ, δ). In terms of this alternative parametrisation the first four cumulants of NIG[ᾱ, β̄, μ, δ] are κ_1 = μ + δρ √ 1 − ρ^2

, κ_2 = δ^2 ᾱ(1 − ρ^2)^{3/2}

(5.9) and κ_3 =

3δ^3ρ ᾱ^2(1 − ρ^2)^{5/2}

, κ_4 =

3δ^4(1 + 4ρ^2) ᾱ^3(1 − ρ^2)^{7/2}

, (5.10)

where ρ = β/α, which is invariant since β/α = β̄/ᾱ. Further, the standardised third and fourth cumulants are κ_3 κ^{3/2}_2 = 3 ρ {ᾱ(1 − ρ^2)^{1/2}}^{1/2} and κ_4 κ^2 = 3 1 + 4ρ^2 ᾱ(1 − ρ^2)^{1/2}

. (5.11)

Thus κ^2_3 κ_4 = 3 ρ^2 1 + 4ρ^2

(5.12)

is a function of ρ only.

We note that the NIG distribution (5.6) has semiheavy tails; specifically, g(x; α, β, μ, δ) ∼ const. |x|^{−3/2} exp (−α |x| + βx) as x → ±∞ , (5.13) as follows from the well known asymptotic relation for the Bessel functions K_ν (x): K_ν (x) ∼ √ π 2 x^{−1/2}e^{−x} as x → ∞ . (5.14)

The characteristic triplet of the normal inverse Gaussian distribution is (a, 0, U) where the Lévy measure U has density u(x) = π^{−1}δα |x|^{−1} K_1(α |x|)e^{βx} (5.15) while a = μ + 2π^{−1}δα ∫_1 0 sinh(βx)K_1(αx)dx . (5.16)

For a derivation of these formulae, see Barndorff-Nielsen (1998b).

Remark 5.1 An important characterization of the normal inverse Gaussian law NIG(α, β, μ, δ) is the following. Let b(t) = {b_1(t), b_2(t)} be a bivariate Brownian motion starting at (μ, 0) and having drift vector (β, γ) where β ∈ R and γ ≥ 0. Furthermore, let u denote the time when b_1 first reaches level δ > 0 and let x = b_2(u). Then x ∼ NIG(α, β, μ, δ) with α = √ δ^2 + γ^2. □

6. OU processes 6.1. General setup Financial time series models are usually specified in continuous time. In this section we will develop continuous time processes with values constrained to fall immediately on the positive half-line.

For any t > 0 and λ > 0 we may rewrite the representation (4.12) of a random variable x in the class L as follows x = ∫_∞ 0 e^{−λs}dz(λs) = ∫_∞ t e^{−λs}dz(λs) + ∫_t 0 e^{−λs}dz(λs) = e^{−λt}x_0 + u_t (6.1) where x_0 = ∫_∞ 0 e^{−λs}dz (λ(s + t)) and u_t = e^{−λt} ∫_t 0 e^{λs}dz (λ(t − s)) x_0 and u_t being independent. Note that x_0^D= x and u_t^D= ∫_t 0 e^{−λ(t−s)}dz(λs). (6.2) In fact, a stronger statement is true, namely that for any λ > 0, the solution to the stochastic differential equation dx(t) = −λx(t)dt + dz(λt) (6.3) is a stationary process {x(t)}_{t≥0} such that x(t)^D= x. A stationary process x(t) of this kind is said to be an Ornstein-Uhlenbeck type process or an OU process, for short. The process z(t) is termed the background driving Lévy process (BDLP) corresponding to the process x(t).

More specifically, given a one-dimensional distribution D there exists an Ornstein-Uhlenbeck type stationary process whose one-dimensional marginal law is D if and only if D is selfdecomposable. The precise statement of existence is as follows, cf. Wolfe (1982), Jurek and Vervaat (1983) and Sato and Yamazato (1983) (see also Sato (1999, Section 17) and Barndorff-Nielsen, Jensen, and Sørensen (1998)).

Theorem 6.1 Let ϕ be the characteristic function of a random variable x. If x is selfdecomposable then there exists a stationary stochastic process {x(t)}_{t≥0} and a Lévy process {z(t)}_{t≥0}, independent of x(0), such that x(t)^D= x and x(t) = e^{−λt}x(0) + ∫_t 0 e^{−λ(t−s)}dz(λs) (6.4) 17 for all λ > 0.

Conversely, if {x(t)}_{t≥0} is a stationary stochastic process and {z(t)}_{t≥0} is a Lévy process, independent of x(0), such that {x(t)} and {z(t)} satisfy the equation (6.3) for all λ > 0 then x(t) is selfdecomposable. □ Remark 6.1 Let x be a square integrable OU process. Then x has correlation function r(u) = exp{−λ|u|}. □ Remark 6.2 A necessary and sufficient condition for the stochastic differential equation (6.3) to have a stationary solution is that E{log^+ |z(1)|} < ∞ (6.5) where log^+ |x| = max{0, log |x|} (cf. Wolfe (1982) and Sato and Yamazato (1983)). □ The stationary process {x(t)}_{t≥0} can be extended to a stationary process on the whole real line. To do this we introduce an independent copy of the process z but modify it to be caglad, thus obtaining a process z̄, say.

Now, for t < 0 define z(t) by z(t) = z(−t), and for t ∈ R let x(t) = e^{−λt} ∫_t −∞ e^{λs}dz(λs). (6.6) Then {z(t)}_{t∈R} is a (homogeneous, cadlag) Lévy process; and {x(t)}_{t∈R} is a strictly stationary process of Ornstein-Uhlenbeck type.

Note that equivalent forms of (6.6) are x(t) = e^{−λt} ∫_{λt} −∞ e^sdz(s) and x(t) = ∫_0 −∞ e^sdz(s + λt). (6.7)

Remark 6.3 Let x be an OU process and let z be the corresponding BDLP. Then the cumulant transforms of x(t) and z(1) are related by C{ζ ‡ x(t)} = ∫_ζ 0 C{ξ ‡ z(1)}ξ^{−1}dξ (6.8) and C{ζ ‡ z(1)} = ζ ∂C{ζ ‡ x(t)} ∂ζ as follows directly from (4.14) and (4.15). □

From the above discussion it follows, in particular, that there exists a {x(t)}_{t∈R} stationary OU process such that x(t) ∼ IG(δ, γ) for every t ∈ R, whatever the value of the autoregressive parameter λ. We refer to this process as the inverse Gaussian OU process or the IG OU process, for short. The character of this process is studied below.

Similarly, we shall consider the character of the stationary normal inverse Gaussian Ornstein- Uhlenbeck type process or NIG OU process, i.e. the stationary Ornstein-Uhlenbeck type process having NIG(α, β, μ, δ)-distributed one-dimensional marginals.

However, as a further illustration, we first consider the gamma OU process, the OU process whose one-dimensional marginals follow the Γ(ν, α) law.

6.2. The gamma OU process For the Γ(ν, α) distribution the probability density and the Lévy density are:

p(x) = α^ν Γ(ν) x^{ν−1}e^{−αx}, (6.9)

u(x) = νx^{−1}e^{−αx}. (6.10)

Hence, by (4.18), the corresponding BDLP z has Lévy density for z(1) given by w(x) = −u(x) − xu^′(x) = −νx^{−1}e^{−αx} + νx^{−1}e^{−αx} + ναe^{−αx} = ανe^{−αx}. Except for the factor ν, this is a probability density function and it follows that z(t) is the compound Poisson process z(t) = N(t)∑

n=1 x_n where N(t) is the Poisson process with E{N(t)} = νt and x_n has law Γ(1, α).

6.3. The IG OU process The Lévy density w(x) of the BDLP for the IG OU process is given by formula (4.21). This implies (Barndorff-Nielsen (1998b))

Proposition 6.1 The BDLP z(t) driving the inverse Gaussian OU process with one-dimensional IG(δ, γ) marginals is a sum of two independent Lévy processes, z(t) = y(t) + p(t), where y(t) is an inverse Gaussian Lévy process with parameters δ/2 and γ for y(1), while p(t) is of the form

p(t) = γ^{−1} N_t∑

i=1 u^2_i (6.11)

with N_t a Poisson process of rate δγ/2 and the u_i being independent standard normal and independent of the process N_t. □ 19

6.4. The NIG OU process

In discussing the character of the NIG OU process we assume, for simplicity that μ = 0 and, since x(t) ∼ NIG(α, β, 0, δ ) implies that −x(t) ∼ NIG(α, −β, 0, δ ), we further restrict attention to the case β ≥ 0.

We first derive the Lévy measure of the BDLP {z(t)}_{t∈R} corresponding to the NIG OU process, using the relation (4.18). Since the Bessel functions satisfy K^′_1(x) = K_0(x), w(x) = −u(x) +π^{−1}δα { |x|^{−1}K_1(α|x|) − αsign(x)K^′_1(α|x|) − βsign(x)K_1(α|x|) } e^{βx} = π^{−1}δα [{ |x|^{−1} − βsign(x) } K_1(α|x|) + αK_0(α|x|) ] e^{βx} = (1 − βx)u(x) + π^{−1}δα^2K_0(α|x|)e^{βx}. (6.12)

Proposition 6.2 The BDLP z(t) for the normal inverse Gaussian OU process with parameters (α, β, 0, δ) is, for β ≥ 0, representable as the sum of three independent Lévy processes: z(t) = y(t) + p(t) + q(t). The first process y(t) is the normal inverse Gaussian Lévy process, with parameters (α, β, 0, (1 − ρ)δ), and the second has the form p(t) = 1 2 α^{−1}(1 − ρ^2)^{−1/2} N_t∑

i=1 (u^2_i − u^{′2}_i ) (6.13)

where N_t denotes a Poisson process with rate [{(1 − ρ)/(1 + ρ)}^{1/2}δα]^{−1} and the u_i and u^′_i (i = 0, 1, 2, ...) are independent standard normally distributed and independent of the process N_t . Finally, the Laplace transform E exp(θq(t)) of q(t) is exp { tρδ [ β{(α − β)/(α + β)}^{1/2} − (θ + β){(α − θ − β)/(α + θ + β)}^{1/2} ]} . (6.14) □ For the derivation of this result, see Barndorff-Nielsen (1998b).

7. BDLP modelling

Instead of specifying the law of the one-dimensional marginal distribution of an OU process x(t) and working out the density for z(1) of the BDLP, as above for the IG OU and NIG OU processes, it is possible to go the other way and construct the model through the BDLP.

Of course there are constraints on valid BDLPs which must be satisfied. More specifically we have

Proposition 7.1 Let z be a Lévy jump process, denote the Lévy measure of z(1) by W , and define the function u on R by u(0) = 0 and u(x) = x^{−1}W^+(x) for x > 0 |x|^{−1}W^−(x) for x < 0. (7.1)

If u satisfies ∫ R min{1, x^2}u(x)dx (7.2) 20 then u is the density of a Lévy jump process z and there exists an OU process x such that x(t)^D= z(1) (for all t) and such that z is the BDLP of x. □

PROOF This follows directly from the characterization of the Lévy measures of selfdecomposable distributions (Theorem 4.1) together with formula (4.17) and Theorem 6.1. □

Corollary 7.1 Let w be the density of a Lévy measure W on R_+ and suppose that ∫_∞ 1 log xw(x)dx < ∞ (7.3)

Then Proposition 7.1 applies. □

PROOF We only need to check that condition (7.2) is satisfied, and that is a consequence of using (7.1) and the fact that w must satisfy ∫_∞ 0 min{1, x^2}w(x)dx < ∞ More specifically, noting that u(x) = ∫_∞ 1 w(τ x)dτ (7.4)

we find ∫_∞ 0+ min { 1, x^2 } u(x)dx = ∫_∞ 1 ∫_∞ 0+ min { 1, x^2 } w(τx)dxdτ = ∫_∞ 1 ∫_∞ 0+ min { 1, τ^{−2}y^2 } τ^{−1}w(y)dydτ = ∫_1 0+ y^2w(y)dy ∫_∞ 1 τ^{−3}dτ + ∫_∞ 1 w(y) (∫_y 1 τ^{−1}dτ + y^2 ∫_∞ y τ^{−3}dτ ) dy = 1 2 ∫_1 0+ y^2w(dy) + ∫_∞ 1 log yw(y)dy + 1 2 ∫_∞ 1 w(y)dy. In the latter expression the first and third integrals are finite since W is a Lévy measure and the second integral is finite by assumption. □

Because of the results to be discussed in Section 8 below, it may be numerically advantageous to define the Lévy measure W of the BDLP in terms of the tail mass rather than by the density w.

Example 7.1 Suppose the Lévy measure W is concentrated on R_+ and has tail integral

W^+(x) = cx^{−ε}(1 + x)^{−β} exp ( − 1 2 γ^2x )

where c is a positive constant, 0 ≤ ε < 1, 0 ≤ β, 0 ≤ γ and max{(β − 1), γ} > 0. Then

w(x) = c{εx^{−1} + β(1 + x)^{−1} + 1 2 γ^2}x^{−ε}(1 + x)^{−β} exp ( − 1 2 γ^2x )

= c{εx^{−1} + β(1 + x)^{−1} + 1 2 γ^2}W^+(x) (7.5) 21 and we have

u(x) = x^{−1}W^+(x) = cx^{−1−ε}(1 + x)^{−β} exp ( − 1 2 γ^2x ) (7.6)

which clearly satisfies (7.3).

Note that for ε =^1_2 and β = 0, (7.6) reduces to the Lévy density of the IG law. □

8. Series representations

Lévy processes and fields and related integrals were discussed in Section 3. In the present section we briefly review some series representations of random objects of this kind, for simplicity restricting the treatment to positive fields. The representations are useful, in particular, for simulation of such processes and integrals, whereas direct simulation is not really practical due to the jump character of the processes. Bondesson (1982) was the first to discuss the type of approach we shall consider, more recent work being due to Marcus (1987), Rosinski (1991), Asmussen (1998, Sect. VIII.2), Wolpert and Ickstadt (1998) and Wolpert and Ickstadt (1999). Rosinski (2000) gives an up to date survey of series representations.

Recall the definition (3.6) of U^+(x; ω) and let

U^{−1}(a; ω) = inf{x ≥ 0 : U^+(x; ω) ≤ a} (8.1)

Theorem 8.1 Let z be a positive Lévy jump field on a region S and with cumulant functional

C{f ‡ z} = ∫ R_+ ∫ S (e^{if(ω)x} − 1)U(dx; ω)π(dω) (8.2)

for some probability measure π on S. Furthermore, let a_1 < a_2 < · · · < a_i < · · · be the arrival times of a Poisson process with intensity 1, let ω_1, ω_2, ..., ω_i, ... be an i.i.d. sequence from the law π, and suppose that the sequences {a_i} and {ω_i} are independent.

For nonnegative integrable functions f we then have f • z^D= ∞∑ i=1 f(ω_i)U^{−1}(a_i; ω_i) (8.3) □ PROOF Let τ be a positive number, let n_τ be the largest integer i for which a_i < τ, and write σ = ∞∑ i=1 f(ω_i)U^{−1}(a_i; ω_i) and σ_τ = n_τ∑

i=1 f(ω_i)U^{−1}(a_i; ω_i)

Conditionally on n_τ the joint law of a_1, ..., a_{nτ} is equal to the joint law of τ(r_{(1)}, ..., r_{(nτ )}) where r_{(1)} < ... < r_{(nτ )} are the order statistics of a sample (r_1, ..., r_{nτ} ) from the uniform law on (0, 1). 22

Hence, by conditioning on n_τ and {ω_i} and using product integration, we find for the Laplace transform L̄{θ ‡ σ_τ } = exp K̄{θ ‡ σ_τ }

L̄{θ ‡ σ_τ } = E {_{nτ} ∏ i=1 exp [¯ K{f(ω_i)θ ‡ U^{−1}(a_i; ω_i)} ] }

= E {_{nτ} ∏ i=1 exp [¯ K{f(ω_i)θ ‡ U^{−1}(τr_{(i)}; ω_i)} ] }

= E {_{nτ} ∏ i=1 exp [¯ K{f(ω_i)θ ‡ U^{−1}(τr_i; ω_i)} ] }

= E { exp [ n_τ K̄{f(ω_i)θ ‡ U^{−1}(τ r; ω)} ]} with ω and r distributed as the ω_i and r_j , respectively. Since n_τ follows a Poisson distribution with mean 1 we consequently have

L̄{θ ‡ σ_τ } = E { e^{−τ} ∞∑ n=0 τ^n n! exp [ nK̄{f(ω)θ ‡ U^{−1}(τr; ω)} ] }

= exp [ τ (¯ L{f(ω)θ ‡ U^{−1}(τr; ω)} − 1 )] . (8.4)

A direct calculation shows that L̄{θ ‡ U^{−1}(τr; ω)} = E { τ^{−1} ∫_∞ U^{−1}(τ ;ω)

(1 − e^{−θx})U^+(dx; ω) } + 1 and hence, as τ → ∞, exp [ τ (¯ L{θ ‡ U^{−1}(τ u; ω)} − 1 )] → E {∫ R_+

(1 − e^{−θx})U^+(dx; ω) } . (8.5)

Therefore, by (8.4) and (8.5), K̄{θ ‡ σ} = lim_{τ →∞} K̄{θ ‡ σ_τ } = ∫ S ∫ R_+

(1 − e^{−f(ω)θx})U^+(dx; ω)π(dω)

or equivalently K̄{θ ‡ σ} = K̄{θf ‡ z} = K̄{θ ‡ f • z} as was to be shown. □

In essence, the method of proof of Theorem 8.1 is adopted from Marcus (1987).

Corollary 8.1 Consider a subordinator z with positive increments and Lévy measure U. Let {a_i} and {r_i} be two independent sequences of random variables such that r_1, r_2, ... are independent copies of a uniform random variable r on [0, 1] while a_1 < · · · < a_i < · · · are the arrival times of a Poisson process with intensity 1. The Lévy process z is representable in law, on the time interval [0, 1], as

{z(s) : 0 ≤ s ≤ 1}^D= {z̃(s) : 0 ≤ s ≤ 1} (8.6) where

z̃(s) = ∞∑ i=1 U^{−1}(a_i)1_{[0,s]}(r_i). (8.7) □ Corollary 8.2 Let the process z(t) be as above and let f be a positive and integrable function on [0, T ]. Then ∫_T 0 f(s)dz(s)^D= ∞∑ i=1 U^{−1}(T^{−1}a_i)f(T r_i). (8.8) □ It should be noted that the convergence of the series (8.3), (8.7) and (8.8) will often be quite slow.

Example 8.1 OU gamma (Γ(υ, α) marginals) process. We need a method to sample from e^{−λt} ∫_{λt} 0 e^sdz(s).

In the gamma case

W^{−1}(x) = max { 0, − 1 α log (x ν )} . Thus, defining c_1 < c_2 < ... as the arrival times of a Poisson process with intensity νλt and N(1) as the corresponding number of events up until time 1, then e^{−λt} ∫_{λt} 0 e^sdz(s)^L= e^{−λΔ} ∞∑ i=1 W^{−1}(a_i/λt)e^{λtri}

= −α^{−1}e^{−λt} ∞∑ i=1 1_{]0,ν[}(a_i/λt) log(a_i/νλt)e^{λtri}

= α^{−1}e^{−λt} ∞∑ i=1 1_{]0,1[}(c_i) log(c^{−1}_i )e^{λtri}

= α^{−1}e^{−λt} N(1)∑

i=1 log(c^{−1}_i )e^{λtri} . Example 8.2 BDLP of IG. When the law of x is IG(δ, γ) the upper tail integral of the Lévy measure for the corresponding BDLP is

W^+(x) = δ √ 2π x^{−1/2} exp ( − 1 2 γ^2x ) , cf. formula (4.17). The inverse function W^{−1} of W^+ satisfies

W^{−1}(y) ∼ δ^2 2π y^{−2} for y → ∞. Hence the series (8.7) and (8.8) (with W^{−1} instead of U^{−1}) will only converge slowly. □

Example 8.3 The Bessel function K_0(x) is positive and decreasing, with

K_0(x)

∼ − log x as x ↓ 0 → 0 as x → ∞. Thus, letting w(x) = −K^′_0(x) = K_1(x) we find, by Proposition 7.1 and Corollary 7.1, that w is the Lévy density of a BDLP of a positive OU process with Lévy density u(x) = x^{−1}K_0(x). In this case, since W^{−1}(y) ∼ e^{−y} as y → ∞, the series (8.7) and (8.8) will converge rapidly. □

9. Superpositions of OU processes At first sight modelling dynamic processes using OU type processes seems very restrictive as these processes are linear and Markov. However, we could think of these models as building blocks for more general processes. These richer processes can be achieved by simply adding and weighting different types of OU processes. The theory behind such superpositions of processes is considered in this section.

In the notation of Section 3, let S = R × R_+, with points ω = (s, ξ), and let z be a Lévy jump field such that a(dω) and b(dω) (of the Lévy-Khintchine representation (3.3)) are identically 0 while the generalized Lévy measure ν is of the form ν(dx; dω) = W (dx)dsπ(dξ) (9.1) where W is a Lévy measure of an infinitely divisible distribution on R and π is a probability measure on R_+. Then we have the following theorem, which is proved in Barndorff-Nielsen (2000a). Theorem 9.1 Suppose that the tail masses W^− and W^+ are of the form W^−(x) = |x| u(x) and W^+(x) = xu(x), (9.2) u being the Lévy density of a selfdecomposable distribution on R.

Define the family x(·, dξ) = {x(t, dξ) : t ∈ R} of random measures on R_+ by x(t, B) = ∫ B e^{−ξt} ∫_{ξt} −∞ e^sz(ds, dξ) (9.3) and let x(t) = x(t, R_+). (9.4) Then {x(t)}_{t∈R} is a well-defined, infinitely divisible and stationary process, and the cumulant transforms of the finite dimensional distributions of x are given by

C{ζ_1, ..., ζ_m ‡ x(t_1), ..., x(t_m)} = ∫ R_+ ∫ R κ m∑ j=1 1_{[0,∞)}(t_j − s)ζ_je^{−ξ(tj −s)} ξdsπ(dξ) (9.5)

where κ is the cumulant function corresponding to the Lévy measure W and t_1 < · · · < t_m. □

Remark 9.1 Formal calculation from the formulae (9.4) and (9.3) gives dx(t) = ∫ R_+ {−ξx(t, dξ)dt + z(dt, dξ)} (9.6) showing that x is a superposition of, perhaps infinitesimally determined, Ornstein-Uhlenbeck type processes. We shall refer to any such process as a supOU process.

PROOF We first note that (as verified in Barndorff-Nielsen (2000a)) the random measure x(t, ·) is well-defined in accordance with the theory of independently scattered random measures.

To derive (9.5) we write m∑ j=1 ζ_jx(t_j ) = ∫ R_+ m∑ j=1 ζ_j e^{−ξtj} ∫_{ξtj} −∞ e^sz(ds, dξ) = ∫ Ω g(s, ξ)z(ds, dξ) where g(s, ξ) = m∑ j=1 ζ_j e^{−ξtj} 1_{(−∞,ξtj ]}(s)e^s.

Hence, by formula (3.10),

C{ζ_1, ..., ζ_m ‡ x(t_1), ..., x(t_m)} = ∫ R_+ ∫ R κ m∑ j=1 ζ_j e^{−ξtj} 1_{(−∞,ξtj ]}(s)e^s dsπ(dξ)

= ∫ R_+ ∫ R κ m∑ j=1 ζ_j e^{−ξ(tj −s)}1_{[0,∞)}(t_j − s) dsξπ(dξ).

The stationarity and infinite divisibility of the process x follow immediately from this expression and the infinite divisibility of κ. □ Note that condition (9.2) implies that W is the Lévy measure of the BDLP corresponding to the selfdecomposable law whose Lévy density is u.

Corollary 9.1 We have C{ζ ‡ x(t)} = κ́(ζ) where κ́ is the cumulant function of the selfdecomposable law with Lévy density u. □ PROOF Formula (9.5) implies, in particular, that C{ζ ‡ x(t)} = ∫_∞ 0 κ(ζe^{−s})ds and the result now follows from formula (4.14). □

Corollary 9.2 Assuming that x is square integrable, the autocorrelation function r of x is given by r(τ) = ∫_∞ 0 e^{−τ ξ}π(dξ) = expK̄{τ ‡ ξ} (9.7) for τ ≥ 0 and where for the last conclusion we interpret ξ as a (non-negative) random variable with distribution π. □

Example 9.1 Suppose that π is the gamma law Γ(2H̄, 1) where H̄ > 0. Then

r(τ) = (1 + τ)^{−2H̄} . (9.8)

In particular, then, the process {x(t)}_{t∈R} exhibits second order long range dependence if H ∈ (^1_2 , 1) where H = 1 − H̄. □

Note 9.1 Corollaries 9.1 and 9.2 together show that to any selfdecomposable distribution D with finite second moment and to any Laplace transform of a distribution π on R_+ there exists a stationary process on R whose one-dimensional marginal law is D and whose autocorrelation function equals the given Laplace transform. □

Example 9.2 IG supOU processes. For γ > 0 there exists a supOU process with one-dimensional marginal distribution IG(δ, γ) and autocorrelation function (9.8). □

Example 9.3 NIG supOU processes. The normal inverse Gaussian law NIG(α, β, μ, δ) is selfdecomposable and hence there exists a supOU process with one-dimensional marginal distribution NIG(α, β, μ, δ, γ) and autocorrelation function (9.8). □

It should also be noted that questions of moduli of continuity and large increments of infinite sums of classical, i.e. Gaussian, Ornstein-Uhlenbeck processes have been discussed in papers by Csáki, Csörgö, Lin, and Révész (1991) and Lin (1995). See also Walsh (1981).

10. Return to financial economics

10.1. Background

Continuous time models built out of Brownian motion play a crucial role in modern mathematical finance, providing the basis of most option pricing, asset allocation and term structure theory currently being used. An example is the so called Black-Scholes or Samuelson model which models the log of an asset price by the solution to the stochastic differential equation

dx^∗(t) = { μ + βσ^2 } dt + σdw(t), t ∈ [0, S], (10.1)

where w(t) is standard Brownian motion. Here μ + βσ^2 represents the drift of the log-price, while σ is the volatility. The reason the size of the drift depends upon the volatility is that investors are usually thought to require a “risk premium” for holding stochastic assets, compared to holding their wealth in a riskless interest banking account. Hence if the volatility is high, we would expect the drift also to be high. Overall, this model implies aggregate returns over intervals of length Δ > 0 are

y_n = ∫_{nΔ} (n−1)Δ dx^∗(t) = x^∗(nΔ) − x^∗ ((n − 1) Δ) (10.2) 27 implying returns are normal and independently distributed with a mean of μΔ + βσ^2Δ and a variance of Δσ^2. Unfortunately, for moderate to large values of Δ (corresponding to returns measured over 5 minute to one day intervals) returns are typically heavy-tailed, exhibit volatility clustering (in particular the |y_n| are correlated) and are skew (see the discussion in, for example, Campbell, Lo, and MacKinlay (1997) and Bollerslev, Engle, and Nelson (1994)), although for higher values of Δ a central limit theorem seems to hold and so Gaussianity becomes a less poor assumption for {y_n} in that case. This means that at this “macroscopic” time scale every single assumption underlying the Black-Scholes model is routinely rejected by the type of data usually used in practice.

One possible response to the empirical rejection of (10.1) is to replace Brownian motion by a heavier tailed Lévy process — such as the generalised hyperbolic (see, for example, Eberlein and Keller (1995) and Rydberg (1999); questions of pricing and hedging for Lévy processes is discussed by Chan (1999) and Hubalek and Krawczyk (1999)). This will allow returns to be both heavy tailed and skewed, however these returns are going to be independent and stationary, by the definition of Lévy processes. Hence these models are also easily rejected empirically, as well as missing a major concept in financial economics — that of changing volatility or risk in financial markets.

In order to improve these “macroscopic” models we can allow the volatility process to change over time according to an OU process or a superposition of such processes as was suggested by Barndorff- Nielsen and Shephard (1999). In these stochastic volatility (SV) models we write

dx^∗(t) = { μ + βσ^2(t) } dt + σ(t)dw(t) + ρdz̄(λt), t ∈ [0, S], (10.3) dσ^2(t) = −λσ^2(t)dt + dz(λt) (10.4)

where z̄(t) = z(t) − Ez(t), the centred version of the BDLP (which is here to capture leverage, see Black (1976) and Nelson (1991)). SV models driven entirely by Brownian motions have been extensively studied in the econometrics literature, see Taylor (1994), Ghysels, Harvey, and Renault (1996) and Shephard (1996) for reviews, however the use of Lévy based OU type processes is new and powerful.

When financial economists look at returns with very small values of Δ even these SV models are not sufficiently rich. Assets are neither continuously traded in time nor, generally, in price (see, for example, Engle and Russell (1998)). Instead trades occur irregularly in time and usually at discrete prices (e.g. 1/16 of a US dollar on the New York stock exchange). In order to deal with these “microscopic” datasets Rydberg and Shephard (2000) have suggested the use of compound processes. A stylised version of this model, based on OU type processes, is

x^∗(t) = N(t)∑

k=1 u_k,

σ^{2∗}(t) = ∫_t 0 σ^2(u)du, dσ^2(t) = −λσ^2(t)dt + dz(λt),

with N(t) being modelled as the number of trades in [0, t] of a Cox process with instantaneous intens- ity { σ^2(t) } . We will write τ_k as the time of the k th event and so τ_{N(t)} is the time of the last recorded event when we are standing at calendar time t. Further, we let {u_k} be some stationary sequence with conditional (on the intensity) mean

μ_k = μ (τ_k − τ_{k−1}) + βσ^2_k + ρz̄_k, σ^2_k = β { σ^{2∗} (τ_k) − σ^{2∗} (τ_{k−1}) } , z̄_k = ρ {z̄ (τ_k) − z̄ (τ_{k−1})} . 28

If the support of {u_k} is discrete then the price process will move at irregularly spaced times and the prices at which trades are recorded will be discrete.

In this section we will give some of the basic properties of the macroscopic models. Due to space limitations it is not possible to give a full discussion of all of the issues (such as the non-existence of arbitrage), instead we refer the reader to Barndorff-Nielsen and Shephard (1999) and Nicolato (1999). The first of these papers discusses, in particular, the connection between microscopic and macroscopic models.

10.2. The SV model We first discuss the distributional properties of the stochastic volatility process x^∗ given by (10.3). Those properties are embodied in the class of integrals of the form f • x^∗ = ∫_∞ 0 f(t)dx^∗(t) (10.5)

where f is a deterministic real function and we interpret f • x^∗ as a stochastic integral (as defined, for instance, in Protter (1992)). We therefore proceed to determine the cumulant function of such integrals (when they exist). In particular, by suitable choice of f one obtains the cumulant functions of the multivariate marginal distributions of x^∗ in terms of the cumulant generating function k(θ) of z(1).

Theorem 10.1 The cumulant function of f • x^∗ is expressible as C{ζ ‡ f • x^∗} = λ ∫_∞ 0 { k(−Je^{−λs}) + k(−H(s)) } ds +iζ(μ − λρξ) ∫_∞ 0 f(s)ds (10.6)

where J = ∫_∞ 0 { 1 2 ζ^2f^2(u) − iζβf(u) } e^{−λu}du (10.7) and H(s) = ∫_∞ 0 { 1 2 ζ^2f^2(s + u) − iζβf(s + u) } e^{−λu}du − iζρf(s). (10.8) □ PROOF From (10.1) we have f • x^∗ = (fσ) • w + β ∫_∞ 0 f(t)σ^2(t)dt + ρf(λ^{−1}t) • z + (μ − ρξλ) ∫_∞ 0 f(t)dt. (10.9) Now E{exp(iζ(fσ) • w)|z(·)} = exp { − 1 2 ζ^2 ∫_∞ 0 f^2(t)σ^2(t)dt }

and hence

E{exp(iζf • x^∗)} = E{exp G[f]} exp { iζ(μ − ρξλ) ∫_∞ 0 f(t)dt }

29 where G[f] = ∫_∞ 0 ∫_∞ 0 { − 1 2 ζ^2f^2(t) + iζβf(t) } σ^2(t)dt + iζρ ∫_∞ 0 f ( λ^{−1}t ) dz(t). Furthermore, using the representation σ^2(t) = e^{−λt} ∫_t −∞ e^{λs}dz(λs) we find for an arbitrary function h ∫_∞ 0 h(t)σ^2(t)dt = I_0 + I_1

where

I_0 = ∫_∞ 0 h(t)e^{−λt} ∫_0 −∞ e^{λs}dz(λs)dt = ∫_∞ 0 e^{−λt}h(t)dt ∫_0 −∞ e^sdz(s) and I_1 = ∫_∞ 0 ∫_∞ s e^{−λ(t−s)}h(t)dtdz(λs) = ∫_∞ 0 ∫_∞ 0 e^{−λu}h(s + u)dudz(λs). It follows that E{exp(iζf • x^∗)} = E [ exp { −J ∫_∞ 0 e^{−s}dz(s) }]

×E [ exp { − ∫_∞ 0 H(s)dz(λs) }]

× exp { iζ(μ − ρξλ) ∫_∞ 0 f(t)dt } (10.10)

where J and H(s) are given by (10.7) and (10.8). Application of the key formula (3.10) now yields (10.3). □ In particular, letting ζ = 1 and

f(t) = ζ_11_{[0,t1]} + · · · + ζ_m1_{[0,tm]} (10.11)

(where 0 < t_1 < · · · < t_m) we obtain the joint cumulant function of x^∗(t_1), · · · , x^∗(t_m).

Let us consider the special case of m = 1, t_1 = t and μ = β = ρ = 0 in more detail. For this we have

Corollary 10.1 In the case μ = β = ρ = 0, the cumulant function of x^∗(t) is C{ζ ‡ x^∗(t)} = λ ∫_∞ 0 k { − 1 2 ζ^2λ^{−1}(1 − e^{−λt})e^{−λs} } ds +λ ∫_t 0 k { − 1 2 ζ^2λ^{−1}(1 − e^{−λ(t−s)})e^{−λs} } ds. (10.12) 30

□ From this formula the cumulants of x^∗(t) are explicitly expressible in terms of the cumulants of z(1) or, alternatively, of σ^2(t). More specifically, with k(θ) = ∞∑ m=1 κ_m(−1)^m θ^m m! and C{ζ ‡ x^∗(t)} = ∞∑ m=1 κ́_m (iζ)^m m! as the series representations of the cumulant functions of z(1) and x^∗(t), we find that the even order cumulants of x^∗(t) are (all the odd order cumulants being 0) κ́_{2m} = κ_m

(2m)! m! 2^{−m}λ^{−m+1}c_m(t; λ) (10.13) where c_m(t; λ) = ∫_t 0 (1 − e^{−λ(t−s)})^mds + (mλ)^{−1}(1 − e^{−λt})^m (10.14) = t + λ^{−1} m∑ ν=1 (−1)^ν ν^{−1}(1 − e^{−νλt}) + (mλ)^{−1}(1 − e^{−λt})^m. (10.15)

In particular c_1(t; λ) = c_2(t; λ) = t (10.16) Furthermore we find for the kurtosis of x^∗(t) γ́_2 = κ_4 κ^2

= 3γ_2λ^{−1}t^{−1} where γ_2 = κ_4/κ^2.

In other words 3γ́^{−1}_2 = γ^{−1}_2 λt.

Example 10.1 Suppose σ^2(t) ∼ IG(δ, γ). Then K̄{θ ‡ σ^2(t)} = δγ{1 − (1 + 2θ/γ^2)^{1/2}} and so, by formula (4.15), k(θ) = δθ γ (1 + 2θ/γ^2)^{−1/2}.

Consequently κ_1 = δ/γ and κ_m = m 1 3 · · · (2m − 3)(δ/γ)γ^{−2(m−1)}. 31

In particular, we find, by (10.3) and (10.16) κ́_2 = (δ/γ)t and κ́_4 = 6(δ/γ^3)λ^{−1}t.

As a result the kurtosis is γ́_2 = 6γ^{−1}λ^{−1}t^{−1} while 3γ́^{−1}_2 = 2γ^{−1}λt. □

10.3. The SSV model In this subsection we shall indicate how a stationary process of the form (1.2) lies imbedded in a stochastic volatility model for the term structure of interest rates. The model, which is discussed in detail in Nicolato (1999), is an extension of the Heath-Jarrow-Morton (HJM) model, with the Hull- White factorisation of the volatility.

As in the HJM setup, we assume that the forward rate f(t, T ) = − ∂ log p(t, T ) ∂T satisfies a stochastic differential equation of the form df(t, T ) = α(t, T )dt + σ(t, T )dw(t) where w is Brownian motion and the drift α(t, T ) and volatility σ(t, T ) are restricted by the relation α(t, T ) = σ(t, T ) ∫_T t σ(t, v)dv − σ(t, T )g(t) for some function g(t) which has the interpretation of the market price of risk. The Hull-White specification of the volatility is σ(t, T ) = σ(t)e^{−ϕ(T −t)} ϕ being a positive parameter.

A widely adopted rough approximation specifies that the short rate s(t) = f(t, t) follows a meanreverting dynamics ds(t) = {Φ(t) − ϕs(t)}dt + σ(t)dt for some function or process Φ(t). If, in particular,^8 Φ(t) = μ + βσ^2(t) and if σ^2(t) is now assumed to be a stationary stochastic process (rather than a deterministic function) then s(t) obeys an equation of the SSV type (1.2). A preliminary statistical analysis of LIBOR data has indicated that, under certain regimes, this type of dynamics for the short rate, with the volatility process σ^2(t) defined as a superposition of IG-OU processes, provides a fairly realistic model. Moreover, in that setting, the cumulant functional of the process s(t) is available in a form similar to that for integrated processes x^∗ given in Theorem 10.1.

8this corresponds to assuming that the market price of risk satisfies the equation σ(t)g(t) = γ^∗(t) + ∫_t 0 σ^2(u)e^{−2a(t−u)}du − Φ(t) where γ^∗(t) =^{df ∗(t)}_{dt} + af^∗(t) and f^∗ denotes the initially observed forward rate curve, i.e. f^∗(t) = f(0, t). 32

11. Discussion: Further issues and future work

• We have here focussed on GH laws as a flexible class of distributions for describing asset returns in finance and velocity differences in turbulence. An alternative approach is to seek to capture the observed distributional behaviour by specification of Lévy densities rather than probability densities. For some case studies see Novikov (1994), Koponen (1995), Cont, Potters, and Bouchaud (1997), Mantegna and Stanley (2000, Sect. 8). Levendorskii (2000) develops this approach considerably, including applications to option pricing.

• Pricing of derivatives under the type of stochastic volatility models given by (1.1) with σ^2(t) of OU type is discussed by Nicolato and Prause (2000).

• In view of the roles of the concepts of selfsimilarity and scaling in finance and turbulence on the one hand and the applicability of the generalized hyperbolic distributions on the other it seems natural to ask whether for any given GH law D, say, there exists a selfsimilar process y with stationary increments such that the law of y(1) is D and all the one-dimensional marginals of y belong to the class GH. In particular, one may ask whether there is such a y whose onedimensional marginals are normal inverse Gaussian. This is still an open problem. However, by relaxing the requirements somewhat, either asking only for second order stationary increments or only for second order selfsimilarity, it is possible to make some headway, see Barndorff- Nielsen and Pérez-Abreu (1999) and Barndorff-Nielsen (2000a), respectively.

• A simple q-dimensional version of the SV model for log-prices sets x^∗(t) = { x^∗_1(t), ..., x^∗_q (t) } with

dx^∗(t) = {μ + βΣ(t)} dt + Σ(t)^{1/2}dw(t),

where Σ(t) is a time varying stochastic covariance matrix and β is a vector of risk premiums. We can estimate Σ^∗(t) using quadratic variation

[x^∗](t) = p- lim ∑ {x^∗(t^r_{i+1}) − x^∗(t^r_i )}^′{x^∗(t^r_{i+1}) − x^∗(t^r_i )}

= Σ^∗(t) = ∫_t 0 Σ(u)du as x^∗(t) is a continuous q−dimensional local martingale. An important problem is to specify a model for Σ^∗(t). One approach is to do this indirectly via a factor structure

Σ(u) = diag(σ^2_1(u), ..., σ^2_q(u)) + ϕ^′ϕσ^2_{q+1}(u).

Here ϕ = (ϕ_1, ..., ϕ_q) are unknown parameters and the σ_1, σ_2, ..., σ_{q+1} are mutually independent OU processes which are square integrable and stationary — a model first suggested and analysed by Barndorff-Nielsen and Shephard (1999). The process x^∗(t) has a common, scaled stochastic volatility component. In addition, each element of the vector process is hit by an independent stochastic volatility process. It generalizes straightforwardly to allow for two or more factors. This style of model is in keeping with the latent factor models of Diebold and Nerlove (1989), King, Sentana, and Wadhwani (1994) and Pitt and Shephard (1999). Its motivation is that in financial assets it is often the case that returns move together, with a few common driving mechanisms. The common factors allow us to pick this up in a straightforward and parsimonious way. This model could be generalised by allowing the volatilities to be dependent using the multivariate OU type processes discussed in Barndorff-Nielsen and Shephard (1999). 33

• Extensions of the type of stochastic volatility models discussed in the present paper to settings where t instead of time denotes a multi-dimensional index, such as position in the plane or in space-time, are of considerable interest. In that context the focus of formulation is on Lévy random fields rather than Lévy processes. Some relevant references are Brix (1998) and Wolpert and Ickstadt (1998).

12. Acknowledgments

Ole E. Barndorff-Nielsen’s work is supported by CAF (www.caf.dk), which is funded by the Danish Social Science Research Council, and by MaPhySto (www.maphysto.dk), which is funded by the Danish National Research Council. Neil Shephard’s research is supported by the ESRC through the grant “Econometrics of trade-by-trade price dynamics,” which is coded R000238391. We are very grateful to Thomas Miksoch and Ken-ito Sato for many helpful comments on a preliminary draft of this paper.

Addresses of authors Ole E. Barndorff-Nielsen. Centre for Mathematical Physics and Stochastics (MaPhySto), University of Aarhus, Ny Munkegade, DK-8000 Aarhus C, Denmark. oebn@imf.au.dk Neil Shephard. Nuffield College, Oxford OX1 1NF, UK. neil.shephard@nuf.ox.ac.uk

References

Asmussen, S. (1998). Stochastic simulation with a view towards stochastic processes. Lecture Notes no.2. MaPhySto, Aarhus University.

Bar-Lev, S., D. Bshouty, and G. Letac (1992). Natural exponential families and selfdecomposability. Statistics and Probability Letters 13, 147–52.

Barndorff-Nielsen, O. E. (1986). Sand, wind and statistics. Acta Mechanica 64, 1–18. Barndorff-Nielsen, O. E. (1998a). Probability and statistics: selfdecomposability, finance and turbulence. In L. Acccardi and C. C. Heyde (Eds.), Probability Towards 2000. Proceedings of a Symposium held 2-5 October 1995 at Columbia University, pp. 47–57. New York: Springer- Verlag.

Barndorff-Nielsen, O. E. (1998b). Processes of normal inverse Gaussian type. Finance and Stochastics 2, 41–68.

Barndorff-Nielsen, O. E. (2000a). Superposition of Ornstein-Uhlenbeck type processes. Theory of Probability and Its Applications. Forthcoming.

Barndorff-Nielsen, O. E. (2000b). Lévy processes and Lévy random fields: from a stochastic modelling perspective. In preparation.

Barndorff-Nielsen, O. E., J. L. Jensen, and M. Sørensen (1998). Some stationary processes in discrete and continuous time. Advances in Applied Probability 30, 989–1007.

Barndorff-Nielsen, O. E. and M. Leonenko (2000). Non-Gaussian scenarios in Burgers turbulence.

In preparation, Department of Mathematics, Aarhus University.

Barndorff-Nielsen, O. E. and V. Pérez-Abreu (1999). Stationarity and selfsimilar processes driven by Lévy processes. Stochastic Processes and Their Applications 84, 357–69.

Barndorff-Nielsen, O. E. and K. Prause (1999). Apparant scaling. CAF working paper, Aarhus University.

Barndorff-Nielsen, O. E. and N. Shephard (1999). Non–Gaussian OU based models and some of their uses in financial economics. Unpublished discussion paper: Nuffield College, Oxford.

Bertoin, J. (1996). Lévy Processes. Cambridge: Cambridge University Press. Bertoin, J. (2000). Some properties of Burgers turbulence with white or stable noise initial data.

In O. E. Barndorff-Nielsen, T. Mikosch, and S. Resnick (Eds.), Lévy Processes – Theory and Applications. Boston: Birkhäuser. (This volume).

Black, F. (1976). Studies of stock price volatility changes. Proceedings of the Business and Economic Statistics Section, American Statistical Association, 177–181.

Bollerslev, T., R. F. Engle, and D. B. Nelson (1994). ARCH models. In R. F. Engle and D. Mc- Fadden (Eds.), The Handbook of Econometrics, Volume 4, pp. 2959–3038. Amsterdam: North- Holland.

Bondesson, L. (1982). On simulation from infinitely divisible distributions. Advances in Applied Probability 14, 855–869.

Brix, A. (1998). Spatial and spatio-temporal models for weed abundance. PhD Thesis. Dept. Math.

and Phys., Royal Veterinary and Agricultural University, Copenhagen.

Campbell, J. Y., A. W. Lo, and A. C. MacKinlay (1997). The Econometrics of Financial Markets.

Princeton, New Jersey: Princeton University Press.

Chan, T. (1999). Pricing contingent claims on stocks driven by Lévy processes. Annals of Statistics 27, 504–528.

Cont, R., M. Potters, and J. P. Bouchaud (1997). Scaling in stock market data: stable laws and beyond. In B. Dubrulle, F. Graner, and D. Sornette (Eds.), Scale Invariance and Beyond. Proceedings of the CNRS Workshop on Scale Invariance, pp. 75–85. Les Houches.

Csáki, E., M. Csörgö, Z. Y. Lin, and P. Révész (1991). On infinite series of independent Ornstein - Uhlenbeck processes. Stochastic Processes and Their Applications 39, 25–44.

Diebold, F. X. and M. Nerlove (1989). The dynamics of exchange rate volatility: a multivariate latent factor ARCH model. Journal of Applied Econometrics 4, 1–21.

Eberlein, E. (2000). Application of generalized hyperbolic Lévy motion to finance. In O. E.

Barndorff-Nielsen, T. Mikosch, and S. Resnick (Eds.), Lévy Processes – Theory and Applications. Boston: Birkhäuser. (This volume).

Eberlein, E. and U. Keller (1995). Hyperbolic distributions in finance. Bernoulli 1, 281–299. Engle, R. F. and J. R. Russell (1998). Forecasting transaction rates: the autoregressive conditional duration model. Econometrica 66, 1127–1162.

Frisch, U. (1995). Turbulence. Cambridge: Cambridge University Press.

Ghysels, E., A. C. Harvey, and E. Renault (1996). Stochastic volatility. In C. R. Rao and G. S.

Maddala (Eds.), Statistical Methods in Finance, pp. 119–191. Amsterdam: North-Holland. Halgreen, C. (1979). Self-decomposability of the generalized inverse Gaussian and hyperbolic distributions. Zeitschrift fur Wahrscheinlichkeitstheorie und verwandte Gebiete 47, 13–17.

Hodges, S. and A. Carverhill (1993). Quasi mean reversion in an efficient stock market: The characterization of economic equilibria which support the Black-Scholes option pricing. Economic Journal 103, 395–405.

Hodges, S. and M. J. P. Selby (1997). The risk premium in trading equilibria which support the Black-Scholes option pricing. In M. Dempster and S. Pliska (Eds.), Mathematics of Derivative Securities, pp. 41–53. Cambridge: Cambridge University Press.

Hubalek, F. and L. Krawczyk (1999). Simple explicit formulae for variance-optimal hedging for processes with stationary independent increments. Unpublished paper.

Jacod, J. and A. N. Shiryaev (1987). Limit Theorems for Stochastic Processes. Springer-Verlag:

Berlin.

Jurek, Z. J. and J. D. Mason (1993). Operator-Limit Distributions in Probability Theory. New York:

Wiley.

Jurek, Z. J. and W. Vervaat (1983). An integral representation for selfdecomposable Banach space valued random variables. Zeitschrift fur Wahrscheinlichkeitstheorie und verwandte Gebiete 62, 247–262.

King, M., E. Sentana, and S. Wadhwani (1994). Volatility and links between national stock markets.

Econometrica 62, 901–933.

Koponen, I. (1995). Analytic approach to the problem of convergence of truncated Lévy flights towards the gaussian stochastic process. Physics Review E 52, 1197–1199.

Levendorskii, S. (2000). Generalized truncated Lévy processes and generalizations of the Black- Scholes formula and equation; with some applications to option pricing. Personal communication to Ole E. Barndorff-Nielsen. 36

Lévy, P. (1937). Théories de L’Addition Aléatories. Paris: Gauthier-Villars.

Lin, Z. Y. (1995). On large increments of infinite series of Ornstein - Uhlenbeck processes.

Stochastic Processes and Their Applications 60, 161–69.

Loève, M. (1955). Probability Theory. Princeton: Van Nostrand.

Mantegna, R. and H. E. Stanley (2000). Introduction to Econophysics: Correlation and Complexity in Finance. Cambridge: Cambridge University Press.

Marcus, M. B. (1987). ξ-Radial Processes and Random Fourier Series, Volume 368. Memoirs of the American Mathematical Society.

Nelson, D. B. (1991). Conditional heteroskedasticity in asset pricing: a new approach. Econometrica 59, 347–370.

Nicolato, E. (1999). A class of stochastic volatility models for the term structure of interest rates.

Ph.D. Thesis, Dept. of Mathematics Sciences, Aarhus University.

Nicolato, E. and K. Prause (2000). Derivative pricing in stochastic volatility models of Ornstein- Uhlenbeck type. Unpublished paper: Dept. of Mathematics Sciences, Aarhus University.

Novikov, E. A. (1994). Infinitely divisible distributions in turbulence. Physics Reviews E 50, R3303–R3305.

Pitman, J. and M. Yor (1981). Bessel processes and infinite divisible laws. In D. Williams (Ed.), Stochastic Integrals, Lecture Notes in Mathematics 851, pp. 285–370. Berlin: Springer-Verlag.

Pitt, M. K. and N. Shephard (1999). Time varying covariances: a factor stochastic volatility approach (with discussion). In J. M. Bernardo, J. O. Berger, A. P. Dawid, and A. F. M. Smith (Eds.), Bayesian Statistics 6, pp. 547–570. Oxford: Oxford University Press.

Protter, P. (1992). Stochastic Integration and Differential Equations. New York: Springer-Verlag.

Rosinski, J. (1991). On a class of infinitely divisible processes represented as mixtures of Gaussian processes. In S. Cambanis, G. Samorodnitsky, and M. S. Taqqu (Eds.), Stable Processes and Related Topics, pp. 27–41. Basel: Birkhäuser.

Rosinski, J. (2000). Series representations of Lévy processes from the perspective of point processes. In O. E. Barndorff-Nielsen, T. Mikosch, and S. Resnick (Eds.), Lévy Processes – Theory and Applications. Boston: Birkhäuser. Forthcoming.

Rydberg, T. H. (1999). Generalized hyperbolic diffusions with applications towards finance. Mathematical Finance 9, 183–201.

Rydberg, T. H. and N. Shephard (2000). A modelling framework for the prices and times of trades made on the NYSE. In W. J. Fitzgerald, R. L. Smith, A. T. Walden, and P. C. Young (Eds.), Nonlinear and Nonstationary Signal Processing. Cambridge: Isaac Newton Institute and Cambridge University Press. Forthcoming.

Samorodnitsky, G. and M. S. Taqqu (1994). Stable Non-Gaussian Random Processes. New York:

Chapman and Hall.

Sato, K. (1980). Class L of multivariate distribution functions and its subclasses. Journal of Multivariate Analysis 10, 207–32.

Sato, K. (1982). Absolute continuity of multivariate distributions of class L. Journal of Multivariate Analysis 12, 89–94. 37

Sato, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge: Cambridge University Press.

Sato, K. and M. Yamazato (1983). Operator-selfdecomposable distributions as limit distributions of processes of Ornstein-Uhlenbeck type. Stochastic Processes and Their Applications 17, 73– 100.

Sato, K. and M. Yamazato (1984). Stationary processes of Ornstein-Uhlenbeck type. In K. Ito and J. V. Prokhorov (Eds.), Probability Theory and Mathematical Statistics. Fourth USSR-Japan Symposium Proceedings, 1982. Lecture Notes in Mathematics, No. 1021, pp. 541–551. Berlin: Springer-Verlag.

Shephard, N. (1996). Statistical aspects of ARCH and stochastic volatility. In D. R. Cox, D. V.

Hinkley, and O. E. Barndorff-Nielson (Eds.), Time Series Models in Econometrics, Finance and Other Fields, pp. 1–67. London: Chapman & Hall.

Skorohod, A. V. (1991). Random Processes with Independent Increments. Dordrecht: Kluwer. Steutel, F. W. (1970). Preservation of Infinite Divisibility under Mixing and Related Topics. Mathematics Centre Tracts, No. 33. Amsterdam: Mathematical Centrum.

Taylor, S. J. (1994). Modelling stochastic volatility. Mathematical Finance 4, 183–204. Urbanik, K. (1969). Self-decomposable probability distributions on R^m. Zastosowania Matematyki 10, 91–97.

Walsh, J. B. (1981). A stochastic model of neural response. Advances in Applied Probability 13, 231–281.

Wolfe, S. J. (1982). On a continuous analogue of the stochastic difference equation x_n = ρx_{n−1} + b_n. Stochastic Processes and Their Applications 12, 301–312.

Wolpert, R. L. and K. Ickstadt (1998). Poisson/gamma random field models for spatial statistics.

Biometrika 85, 251–267.

Wolpert, R. L. and K. Ickstadt (1999). Simulation of Lévy random fields. In D. D. Dey, M. Muller, and D. Sinha (Eds.), Practical Nonparametric and Semiparametric Bayesian Statistics, pp. 227–242. New York: Springer-Verlag.