
Fruuhorjudpv iru qrq0vwdwlrqdu| dxwruhjuhvvlrqv

E| Ehqw Qlhovhq
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri R{irug1

ehqw1qlhovhqCqxi1r{1df1xn
5 Dsulo 5336

Dqdo|vlv ri hfrqrplf wlph vhulhv riwhq lqyroyhv fruuhorjudpv dqg sduwldo fruuhor0
judpv dv judsklfdo ghvfulswlrqv ri whpsrudo ghshqghqfh1 Wzr phwkrgv duh dydlodeoh
iru frpsxwlqj wkhvh vwdwlvwlfv= rqh edvhg rq dxwrfruuhodwlrqv dqg wkh rwkhu rq vfdohg
dxwrfryduldqfhv1 Iru d vwdwlrqdu| wlph vhulhv wkh uhvxowlqj sorwv duh qhduo| lghqwlfdo1
Zkhq lw frphv wr hfrqrplf wlph vhulhv wkdw xvxdoo| h{klelw qrq0vwdwlrqdu| ihdwxuhv
wkhvh phwkrgv fdq ohdg wr yhu| gl�huhqw uhvxowv1 Wklv kdv wzr frqvhtxhqfhv= E�� lq0
fruuhfw lqihuhqfhv fdq eh gudzq zkhq frqixvlqj wkhvh frqfhswv> E��� d ehwwhu glvfulp0
lqdwlrq ehwzhhq vwdwlrqdu| dqg qrq0vwdwlrqdulw| dsshduv zkhq xvlqj dxwrfruuhodwlrqv
udwkhu wkdq dxwrfryduldqfhv zklfk duh frpprqo| xvhg lq hfrqrphwulf vriwzduh1

Nh|zrugv= fruuhorjudp/ frydulrjudp/ qrq0vwdwlrqdulw|1

4 Lqwurgxfwlrq

Wkh dqdo|vlv ri dq hfrqrplf wlph vhulhv f�c � � � c fA riwhq lqyroyhv fruuhorjudpv dqg
sduwldo fruuhorjudpv dv judsklfdo ghvfulswlrqv ri whpsrudo ghshqghqfh1 Wzr phwkrgv
duh dydlodeoh iru frpsxwlqj wkhvh vwdwlvwlfv= rqh edvhg rq vdpsoh dxwrfruuhodwlrqv
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c +5,

iru f � � 	 A dqg zkhuh iru lqvwdqfh f
A3�

� lv wkh vdpsoh dyhudjh ri f�c � � � c fA3��
Wr glvwlqjxlvk wkhvh phwkrgv lw lv shukdsv pruh dssursuldwh wr uhihu wr }� dv |lhoglqj
vfdohg frydulrjudpv/ ru vlpso| frydulrjudpv1

Iru d vwdwlrqdu| wlph vhulhv wkh vdpsoh yduldqfh lv ri frxuvh frqvwdqw ryhu wlph
uhqghulqj wkh fruuhorjudpv dqg frydulrjudpv wr eh qhduo| lghqwlfdo1 Zkhq lw frphv
wr qrq0vwdwlrqdu| hfrqrplf wlph vhulhv fruuhorjudpv dqg frydulrjudpv fdq eh yhu|
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gl�huhqw1 Wklv kdv wzr frqvhtxhqfhv= E�� lqfruuhfw lqihuhqfhv fdq eh gudzq zkhq
iroorzlqj d orqj hvwdeolvkhg wudglwlrq lq frqixvlqj wkhvh frqfhswv> E��� d ehwwhu glv0
fulplqdwlrq ehwzhhq vwdwlrqdu| dqg qrq0vwdwlrqdulw| dsshduv zkhq xvlqj fruuhorjudpv
udwkhu wkdq wkh pruh frpprqo| xvhg frydulrjudpv1

Fruuhorjudpv udwkhu wkdq frydulrjudpv zhuh xvhg lq hduo| zrun vxfk dv wkh vhp0
lqdo sdshu e| \xoh +4<59,/ wkh prqrjudsk e| Zrog +4<6;/ s145,/ dqg wkh dqdo|vlv
ri djulfxowxudo sulfh vhulhv e| Nhqgdoo +4<76,1 Ehlqj frqfhuqhg zlwk vwdwlrqdu| wlph
vhulhv Zrog +4<6;/ s145, dqg Nhqgdoo +4<78, frxog wkhq doorz wkhpvhoyhv wr frp0
sduh vdpsoh fruuhorjudpv zlwk srsxodwlrq frydulrjudpv1 Zkhq ghyhorslqj kljkhu
rughu dv|pswrwlf wkhru| uhvhdufkhuv vxfk dv Eduwohww +4<79,/ dqg Txhqrxlooh +4<7:,
frqfhqwudwhg rq vdpsoh frydulrjudpv zklfk duh pruh dqdo|wlfdoo| wudfwdeoh wkdq fru0
uhorjudpv/ zkloh Dqghuvrq +4<75, vlpsol�hg wkh sureohp ixuwkhu e| uhvwulfwlqj wkh
dqdo|vlv wr flufxodu dxwruhjuhvvlrqv1 Shukdsv dv d frqvhtxhqfh ri wklv zrun uhfhqw
wh{w errnv vxfk dv Eurfnzhoo dqg Gdylv +4<<9, dqg pdq| wlph vhulhv frpsxwhu sur0
judpv vxfk dv R{ 6/ SfJlyh 43/ U 416/ dqg UDWV 716 kdyh dgrswhg frydulrjudpv
udwkhu wkdq fruuhorjudpv dv wkh edvlf ghvfulswlyh vwdwlvwlfv ri whpsrudo ghshqghqfh1
Vrph dxwkruv olnh Khqgu| +4<<8, xvh fruuhorjudpv dqg dffruglqjo| hduo| yhuvlrqv
ri SfJlyh uhsruwhg fruuhorjudpv exw wklv zdv fkdqjhg lq yhuvlrq 43/ vhh Grruqln
dqg Khqgu| +5334/ s158<,1 Dssduhqwo| wklv zdv lq uhvsrqvh wr xvhuv frpsodlqlqj
wkh rxwsxw gl�huhg iurp doo rwkhu sdfndjhv*/ khqfh wkh gdqjhuv ri frqvhqvxv ryhu
yhulvlplolwxgh$

Lq wkh iroorzlqj lw lv ghprqvwudwhg krz fruuhorjudpv dqg frydulrjudpv gl�hu iru
qrq0vwdwlrqdu| wlph vhulhv1 Dv d �uvw looxvwudwlrq vrph w|slfdo hfrqrplf wlph vhulhv duh
lqyhvwljdwhg1 Vw|olvhg ihdwxuhv ri wkhvh vhulhv fdq eh fdswxuhg hlwkhu e| d �uvw rughu
dxwruhjuhvvlrq ru d fxpxodwhg udqgrp zdon1 Vxfk vhulhv duh dqdo|vhg pdwkhpdwlfdoo|1

5 Gh�qlwlrqv

Zkloh wkh olwhudwxuh dsshduv wr eh lq djuhhphqw rq wkh gh�qlwlrq ri vdpsoh fruuhor0
judpv dqg frydulrjudpv wkhuh duh vhyhudo gh�qlwlrqv ri wkh fruuhvsrqglqj srsxodwlrq
yhuvlrqv lq flufxodwlrq1 Wkhvh duh glvfxvvhg lq wkh iroorzlqj dorqj zlwk sduwldo fruuho0
rjudpv dqg frydulrjudpv1

Iru wkh gh�qlwlrq ri srsxodwlrq fruuhorjudpv wkh mrlqw glvwulexwlrq ri wkh wlph
vhulhvf�c � � � cfA kdv wr eh vshfl�hg1 Zkhq wklqnlqj ri wkh wlph vhulhv dv d uhdolvdwlrq
ri dq lq�qlwho| olyhg surfhvv Ef|�|M~ wklv kdv wr eh grqh zlwk vrph fduh vlqfh wkh
pdujlqdo glvwulexwlrq ri wkh yhfwru Ef�c � � � cfA �

� zloo lq jhqhudo eh gl�huhqw iurp
wkh frqglwlrqdo glvwulexwlrq ri Ef�c � � � cfA �

� jlyhq wkh lqirupdwlrq vhw dw wlph }hur1
Kdylqj pdgh d fkrlfh ri glvwulexwlrq srsxodwlrq fruuhorjudpv dqg frydulrjudpv fdq
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eh gh�qhg dv

4|c� ' &RUUEf|cf|3�� '
&RYEf|c f|3��s
9DUEf|�9DUEf|3��

c �|c� '
&RYEf|c f|3��

9DUEf|�
c +6,

zkhuh &RUU/ &RY/ dqg 9DU duh wkh fruuhodwlrq/ fryduldqfh/ dqg yduldqfh gh�qhg zlwk
uhvshfw wr wkh fkrvhq glvwulexwlrq iru f�c � � � c fA 1 Lq jhqhudo 4|c� dqg �|c� zloo ydu|
erwk zlwk | dqg �� Wkh h{fhswlrq lv zkhq wkhvh duh hydoxdwhg zlwk uhvshfw wr d
vwdwlrqdu| glvwulexwlrq vr 4|c� ' �|c� lv lqyduldqw lq |�

Wkh vdpsoh sduwldo fruuhorjudp/ R�/ lv gh�qhg lq whupv ri wkh xvxdo vdpsoh sduwldo
fruuhodwlrq ri f| dqg f|3� fruuhfwhg iru f|3�c � � � c f|3� zkloh d jhqhudo gh�qlwlrq ri
sduwldo frydulrjudpv/ @�c lv edvhg rq wkh \xoh0Zdonhu htxdwlrqv/ vhh Eurfnzhoo dqg
Gdylv +4<<9/ s18:/<6,1 Iru wkh vdnh ri wkh dujxphqwv lq wklv sdshu lw vx!fhv wr orrn
dw wkh �uvw rughu vwdwlvwlfv R� ' o� dqg @� ' }� dqg wkh vhfrqg rughu vwdwlvwlfv
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c +7,

zkhuh o�c�c� jhqhudolvhv o� dv wkh �0wk dxwrfruuhodwlrq ri wkh wlph vhulhvf�n�c � � � c fA3�

dqg lv jlyhq e|
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Wkh srsxodwlrq sduwldo dxwrfruuhodwlrq lv gh�qhg dv

Z|c� ' &RUUEf|c f|3�mf|3�c � � � c f|3�n���

Wklv ixqfwlrq lqglfdwhv wkh rughu ri dq dxwruhjuhvvlrq1 Iru dq dxwruhjuhvvlrq ri ru0
ghu ^ lw krogv iru � : ^ wkdw f| dqg f|3� duh frqglwlrqdoo| lqghshqghqw jlyhq wkh
lqwhuphgldwh revhuydwlrqv f|3�c � � � cf|3�n� dqg wkxv Z|c� ' f� Lq jhqhudo lw krogv
Z|c� ' 4|c� dqg iru d wlph vhulhv zlwk d mrlqw qrupdo glvwulexwlrq wkh vhfrqg rughu
sduwldo dxwrfruuhodwlrq lv

Z|c2 '
4|c2 � 4|c�4|3�c�t

E�� 42|c��E�� 42|3�c��
� +9,

Srsxodwlrq sduwldo frydulrjudpv/ k|c�c duh xvxdoo| gh�qhg zlwk uhvshfw wr d vwd0
wlrqdu| glvwulexwlrq/ vhh Eurfnzhoo dqg Gdylv +4<<9/ s176/78/<6,/ zkloh qr xqltxh
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Iljxuh 4= Gdwd vhulhv

gh�qlwlrq lv dydlodeoh iru wlph ydu|lqj glvwulexwlrqv1 Khuh wkh gh�qlwlrqv k|c� ' �|c�
dqg

k|c2 '
�|c2 � �2|c�
�� �2|c�

+:,

duh xvhg dv wkh| jlyh d jrrg pdwfk wr wkh vdpsoh sduwldo frydulrjudpv1 Wkh sduwldo
frydulrjudp k|c� dqg wkh sduwldo fruuhorjudp Z|c� zloo lq jhqhudo eh gl�huhqw1 Dq
h{fhswlrq lv wkh fdvh zkhuh d vwdwlrqdu| qrupdo glvwulexwhg wlph vhulhv lv frqvlghuhg1

6 Fruuhorjudpv iru w|slfdo hfrqrplf wlph vhulhv

Wr looxvwudwh wkh gl�huhqw gh�qlwlrqv irxu hfrqrplf wlphv vhulhv duh vwxglhg1 Wkh irxu
vhulhv duh vkrzq lq Iljxuh 41 Wkh �uvw wkuhh vhulhv duh txduwhuo| orj sulfhv/ lq dwlrq
phdvxuhg dv gl�huhqfhg orj sulfhv dqg orj wrwdo h{shqglwxuh iru wkh XN iru wkh shulrg
4<96=404<;<=61 Wkh irxuwk vhulhv lv prqwko| orj sulfhv iurp wkh \xjrvodyldq k|shu0
lq dwlrq/ 4<<3=4504<<7=41 Ghwdlohg hfrqrphwulf dqdo|vlv ri wkh XN vhulhv fdq eh irxqg
lq Grruqln/ Khqgu| dqg Qlhovhq +4<<;,/ zklfk dovr olvwv rwkhu sdshuv dqdo|vlqj wklv
gdwd vhw1 Shwuryl�f dqg Podghqryl�f +5333, kdyh dqdo|vhg wkh \xjrvodyldq sulfh vhulhv1

Udwkhu wkdq glvfxvvlqj ghwdlohg frqjuxhqw prghov iru wkhvh gdwd lw lv shukdsv
pruh lqvwuxfwlyh wr glvfxvv vw|olvhg prghov1 Wkh wrwdo h{shqglwxuh vhulhv dqg vlplodu
vhulhv phdvxulqj wkh rxwsxw kdyh ehhq vwxglhg lq qxphurxv sdshuv vlqfh Qhovrq dqg
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Iljxuh 5= Fruuhorjudp/ o�c vkrzq zlwk furvvhv/ frydulrjudp/ }�c vkrzq zlwk er{hv1
Krul}rqwdo olqhv lqglfdwh <8( frq�ghqfh edqgv iru whvwlqj wkh k|srwkhvlv ri qr vhuldo
ghshqghqfh dw d jlyhq odj ohqjwk/ vhh Eduwohww +4<68,/ Er{ dqg Mhqnlqv +4<:3/ s168,1

Sorvvhu +4<;5, dqg duh xvxdoo| ghvfulehg dv qhdu ,E�� dxwruhjuhvvlrqv zlwk d olqhdu
wuhqg/ shukdsv zlwk d ihz gxpplhv wr dffrxqw iru hyhqwv olnh wkh �vfdo h{sdqvlrqv lq
4<:5 dqg 4<:< iroorzhg hdfk e| dq rlo fulvlv/ vhh Grruqln/ Khqgu| dqg Qlhovhq +4<<;,1
Lq wkh vdph zd| wkh XN lq dwlrq frxog eh ghvfulehg dv qhdu ,E�� dxwruhjuhvvlyh zlwk
d frqvwdqw ohyho dqg XN sulfhv dv qhdu ,E2� dxwruhjuhvvlyh zlwk d olqhdu wuhqg1 Vhulhv
olnh wkh \xjrvodyldq sulfh vhulhv kdyh ehhq vwxglhg ohvv lq wkh olwhudwxuh1 Iroorzlqj
wkh zrun ri Mxvholxv dqg Podghqryl�f +5335, lw lv ghvfulehg dv dxwruhjuhvvlyh zlwk d
xqlw urrw dqg dq h{sorvlyh urrw1 Wr idflolwdwh odwhu glvfxvvlrq wkhvh vw|olvhg prghov
duh vxppdulvhg dv �uvw dqg vhfrqg rughu dxwruhjuhvvlrqv dv iroorzv/

XN h{shqglwxuh= E�� f�bu�f| ' 0| n olqhdu wuhqg1 +;,

XN lq dwlrq= E�� f�bu�f| ' 0| n frqvwdqw/ +<,

XN sulfhv= E�� f�bDu�E�� f�bDu�f| ' 0| n olqhdu wuhqg/ +43,

\xjrvodyldq sulfhv= E�� 2u�E�� u�f| ' 0| n frqvwdqw/ +44,

Vdpsoh fruuhorjudpv dqg frydulrjudpv iru wkh irxu hfrqrplf wlph vhulhv duh vkrzq
lq Iljxuh 51 Wkh prvw vwulnlqj gl�huhqfh lv shukdsv iru wkh \xjrvodyldq sulfhv1 Wkh
fruuhorjudp vkrzv vwurqj shuvlvwhqfh zkloh wkh frydulrjudp lv h{srqhqwldoo| ghfolqlqj1
Iru XN sulfhv dqg XN h{shqglwxuh erwk phwkrgv vkrz vwurqj shuvlvwhqfh lq wkdw wkh
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Iljxuh 6= Sduwldo fruuhorjudp/ R�c vkrzq zlwk furvvhv/ sduwldo frydulrjudp/ @�c vkrzq
zlwk er{hv1 Krul}rqwdo olqhv duh <8( frq�ghqfh edqgv iru whvwlqj wkh k|srwkhvlv ri
qr vhuldo ghshqghqfh dw d jlyhq odj ohqjwk/ vhh Txhqrxlooh +4<7<,/ Er{ dqg Mhqnlqv
+4<:3/ s198,1

fxuyhv duh doprvw olqhduo| ghfolqlqj dowkrxjk zlwk gl�huhqw vorshv1 Iru XN lq dwlrq
wkh phwkrgv |lhog pruh ru ohvv wkh vdph h{srqhqwldoo| ghfolqlqj fxuyh1

Sduwldo fruuhorjudpv dqg frydulrjudpv duh vkrzq lq Iljxuh 61 Wkh �uvw lpsuhvvlrq
lv wkdw wkh sduwldo fruuhorjudp lv pxfk pruh qrlv| wkdq wkh sduwldo frydulrjudp1
Wklv lv lq sduwlfxodu wkh fdvh iru wkh uhodwlyho| vkruw \xjrvodyldq sulfh vhulhv1 D
pruh lpsruwdqw gl�huhqfh lv wkdw iru wkh wzr kljko| shuvlvwhqw sulfh vhulhv wkh sduwldo
frydulrjudpv whqg wr vxjjhvw d vkruwhu odj ohqjwk wkdq wkh sduwldo fruuhorjudp1 Wkh
vw|olvhg prghov iru wkh wzr sulfh vhulhv jlyhq lq +44,/ +43, vxjjhvw wkdw dw ohdvw wzr
odjv duh qhhghg lq djuhhphqw zlwk wkh sduwldo fruuhorjudp1

Lq frpelqdwlrq wkh fruuhorjudpv dqg wkh sduwldo fruuhorjudpv dsshdu wr eh deoh wr
glvfulplqdwh wkh vwrfkdvwlf ehkdylrxu ri wkh irxu wlph vhulhv1 Dv dq h{dpsoh wkh yhu|
gl�huhqw vw|olvhg prghov iru XN sulfhv dqg XN wrwdo h{shqglwxuh fdq eh glvfulplqdwhg
e| wkh sduwldo fruuhorjudp exw qrw yhu| zhoo e| wkh fruuhorjudp lwvhoi1 Wkh wzr sulfh
vhulhv duh shukdsv prvw gl!fxow wr glvfulplqdwh xvlqj wkh fruuhorjudpv dqg sduwldo
fruuhorjudpv dqg lq wklv lqvwdqfh wkh frydulrjudp pd| eh xvhixo1
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7 Surshuwlhv ri srsxodwlrq fruuhorjudpv

Iru qrq0vwdwlrqdu| wlph vhulhv srsxodwlrq fruuhorjudpv dqg frydulrjudpv duh lq jhq0
hudo gl�huhqw1 Wklv lv ghprqvwudwhg e| dv|pswrwlf dqdo|vlv ri wkhvh ixqfwlrqv iru d
�uvw rughu dxwruhjuhvvlrq dqg iru d fxpxodwhg udqgrp zdon1

Iru d �uvw rughu dxwruhjuhvvlrq

f| ' qf|3� n >n 0|c +45,

zlwk xqfruuhodwhg/ vwdqgduglvhg lqqrydwlrqv 0| lw krogv &RYEf|c f|3�� ' q�9DUEf|3��c
uhjdugohvv ri wkh lqlwldo ydoxh ff ehlqj udqgrp ru �{hg1 Wkh fruuhorjudp dqg frydu0
lrjudp fdq wkhuhiruh eh h{suhvvhg hqwluho| lq whupv ri yduldqfhv/

4|c� ' q�

�
9DUEf|3��

9DUEf|�

��*2

c �|c� ' q�9DUEf|3��

9DUEf|�
�

Zkhq wkh lqlwldo ydoxh ff lv �{hg lw krogv 9DUEf|� '
S|3�

�'f q
2�� Frpsxwlqj wklv

jhrphwulf surjuhvvlrq dqg h{sdqglqj dv|pswrwlfdoo| iru odujh ydoxhv ri | vkrzv

4|c� � q�c �|c� � q�c iru mqm 	 �c +46,

4|c� � q�E�� �*2|�c �|c� � q�E�� �*|�c iru mqm ' �c +47,

4|c� � �c �|c� � q3�c iru mqm : �c +48,

vr iru wkh qrq0vwdwlrqdu| vlwxdwlrqv mqm � � wkh fruuhorjudp ghfolqhv pruh vorzo| wkdq
wkh frydulrjudp1

Frqvlghu qrz d fxpxodwhg udqgrp zdon/

t| '
S|

�'�

S�
�'� 0�c +49,

zlwk xqfruuhodwhg dqg vwdqgduglvhg lqqrydwlrqv1 D whglrxv fdofxodwlrq jlyhq lq Ds0
shqgl{ D vkrzv wkdw

4|c� � �� ��2

H|2
c �|c� � �� ��

2|
c +4:,

vr rqfh djdlq wkh fruuhorjudp ghfolqhv pruh vorzo| wkdq wkh frydulrjudp1 Iru wklv
kljko| qrq0vwdwlrqdu| surfhvv lw lv lqwhuhvwlqj wr vwxg| wkh vhfrqg rughu sduwldo dxwr0
fruuhodwlrq dqg sduwldo vfdohg dxwrfryduldqfh1 Iru odujh | wkhvh duh

Z|c2 � �� n
�

|2
c k|c2 � ��

e|
c +4;,

vhh Dsshqgl{ D1 Wkh fxpxodwhg udqgrp zdon vdwlv�hv d vhfrqg rughu dxwruhjuhvvlyh
htxdwlrq1 Xqolnh wkh sduwldo dxwrfryduldqfh wkh sduwldo dxwrfruuhodwlrq srlqwv wr wkh
idfw wkdw wkh surfhvv kdv vhfrqg rughu ghshqghqfh1
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8 Surshuwlhv ri vdpsoh fruuhorjudpv

Vdpsoh fruuhorjudpv dqg frydulrjudpv duh vwxglhg iru wkh �uvw rughu dxwruhjuhvvlrq
+45, dqg iru wkh fxpxodwhg udqgrp zdon +49,1 Iru wkh odwwhu surfhvv dovr wkh sduwldo
fruuhorjudpv dqg frydulrjudpv duh vwxglhg1 Surriv duh uhsruwhg lq Dsshqgl{ E1

Wkh �uvw rughu dxwruhjuhvvlrq +45, zlwk lqghshqghqw dqg vwdqgduglvhg lqqrydwlrqv
kdv fruuhorjudp dqg frydulrjudp vdwlvi|lqj

o�
@�r�$ q�c }�

@�r�$ q�c iru mqm 	 �c +4<,

o�
@�r�$ �c }�

@�r�$ q3�c iru mqm : �c +53,

o�
#� �� �

2A(
c }�

#� � n
�E� � ��

A(
c iru q ' �c > ' fc +54,

o�
#� �� S�

>2A 2
c }�

#� �� ��

A
c iru q ' �c > 9' f� +55,

Khuh wkh dssur{lpdwlrqv duh ydolg iru odujh ydoxhv ri A dqg d qrw wrr odujh ydoxh
ri �� Lq +4<,/ +53, wkh olplwlqj dujxphqw krogv doprvw vxuho| zkloh lq +54,/ +55,
frqyhujhqfh lq glvwulexwlrq lv dssolhg whupzlvh wr wkh dv|pswrwlf h{sdqvlrq1 Wkh
txdqwlwlhv �c(c� duh gh�qhg lq whupv ri d vwdqgdug Eurzqldq prwlrq dv

� ' E�� ���2c ( '
U �

f
E�r ���2_rc � '

U �

f
E�r ���_�r�

Iroorzlqj Urwkhqehuj +5335, lw krogv wkdw �*( dqg ��*E2(� kdyh wkh vdph h{shf0
wdwlrq/ vr wdnlqj h{shfwdwlrqv whup zlvh lq wkh dv|pswrwlf h{sdqvlrqv lq +54, vkrzv

(A Eo� � �� � �(E2(�3� : �(E2(�3� � (E�*(� � (A E}� � ��� +56,

Lw lv ri lqwhuhvw wr frpsduh wkhvh vdpsoh uhvxowv zlwk wkh srsxodwlrq uhvxowv uh0
sruwhg lq ¢71 Lq wkh vwdwlrqdu| fdvh wkhuh lv d shuihfw pdwfk1 Iru wkh h{sorvlyh fdvh o�
dqg 4|c� erwk frqyhujh wr rqh/ zkloh }� dqg �|c� kdyh wkh vdph jhqhudo vkdsh1 Iru wkh
udqgrp zdon fdvh zlwkrxw d olqhdu wuhqg/ vhh +47,/ +54,/ wkh ixqfwlrqv duh doo olqhdu
ghfuhdvlqj zlwk d vorsh ri |3� ru A3�� Mxvw dv 4|c� : �|c� lw krogv wkdw rq dyhudjh o� lv
odujhu wkdq }� lq wkh vhqvh ri +56,1 Wxuqlqj wr wkh fdvh ri d udqgrp zdon zlwk d olqhdu
wuhqg wkh vdpsoh uhvxowv +55, gr qrw pdwfk wkh srsxodwlrq uhvxowv +47, h{dfwo|1 Wkh
vdpsoh fruuhorjudp vkrzv pxfk vwurqjhu shuvlvwhqfh wkdq wkh srsxodwlrq fruuhorjudp
dv rqh frxog shukdsv h{shfw iru d vhulhv zlwk d olqhdu wuhqg1

Wkhvh uhvxowv idflolwdwh lqwhusuhwdwlrq ri wkh fruuhorjudpv dqg frydulrjudpv iru
XN h{shqglwxuh dqg lq dwlrq jlyhq lq Iljxuh 51 Wkh vw|olvhg prgho iru wkh lq dwlrq
vhulhv +<, lv d qhdu0lqwhjudwhg dxwruhjuhvvlrq zlwk d frqvwdqw ohyho/ vr d frpelqdwlrq
ri +4<, dqg +54, lv revhuyhg1 Wkh dxwruhjuhvvlyh frh!flhqw lv vr idu iurp xqlw| wkdw
wkh gl�huhqfh +56, ehwzhhq fruuhorjudp dqg frydulrjudp fdq kdugo| eh vhhq1 Iru

;



wkh h{shqglwxuh vhulhv wkh frpelqdwlrq ri qhdu0lqwhjudwhgqhvv dqg d olqhdu wuhqg lv vr
grplqdwlqj d ihdwxuh wkdw +55, jlyhv d jrrg jxlgdqfh wr lqwhusuhwlqj wkh sorw1

D iuhtxhqwo| xvhg gldjqrvwlf whvw iru dxwrfruuhodwlrq lv edvhg rq wkh whvw vwdwlvwlf
vxjjhvwhg e| Er{ dqg Slhufh +4<:3,1 Lq lwv vlpsohvw irup wkh whvw vwdwlvwlf lv ' ' A}2�
zklfk lv dv|pswrwlfdoo| �2E�� li wkh wlph vhulhv f| lv d vhtxhqfh ri lqghshqghqw phdq
}hur qrupdo yduldeoh zlwk frqvwdqw yduldqfh1 Wkh deryh uhvxowv iru wkh �uvw rughu
dxwruhjuhvvlrq vkrz wkdw li wkh dowhuqdwlyh lv irupxodwhg dv �uvw rughu dxwruhjuhvvlyh
ghshqghqfh wkhq wkh whvw edvhg rq ' lv eldvhg lq wkdw wkh srzhu ghfuhdvhv wrzdugv
}hur dv mqm $ 4� Xvlqj wkh whvw vwdwlvwlf Ao2� zloo jlyh d pruh uholdeoh whvw wkdw kdv
srzhu forvh wr rqh iru odujh ydoxhv ri mqm dv zhoo dv kdylqj wkh vdph surshuwlhv dv wkh
whvw edvhg rq ' iru vpdoo ydoxhv ri mqm1

Wxuqlqj wr wkh fxpxodwhg udqgrp zdon +49, zlwk lqghshqghqw dqg vwdqgduglvhg
lqqrydwlrqv wkh vdpsoh fruuhorjudp dqg frydulrjudpv kdyh surshuwlhv pdwfklqj wkh
vdpsoh yhuvlrq lq wkdw

o� ' ����EA
32�c }� ' ����EA

3��� +57,

Wklv kljko| shuvlvwhqw vhulhv vdwlv�hv d vhfrqg rughu uhjuhvvlrq dqg surylghv dq h{0
dpsoh zkhuh wkh vdpsoh sduwldo frydulrjudp lv qrw xvhixo lq ghwhuplqlqj wkh dxwruh0
juhvvlyh rughu1 Orrnlqj dw wkh vdpsoh sduwldo dxwrfruuhodwlrq dqg dxwrfryduldqfh ri
vhfrqg rughu lw krogv

R2 ' �� n L�E��c @2 ' L�E��c +58,

zkloh wkh wlph vhulhv t| vdwlv�hv d vhfrqg rughu uhjuhvvlrq1 Wklv w|sh ri glvfuhsdqf|
zdv qrwhg lq d vlpxodwlrq vwxg| e| Sdxovhq dqg Wmûvwkhlp +4<;8/ Wdeoh 7,1 Lw pdwfkhv
wkh srsxodwlrq surshuwlhv irxqg lq +4;, dv zhoo dv wkh dfwxdo uhdolvdwlrqv iru erwk wkh
XN dqg wkh \xjrvodyldq sulfhv vhhq lq Iljxuh 61

Iru d vwdwlrqdu| dxwruhjuhvvlrq ri rughu ^ lw krogv wkdw erwk dxwrfruuhodwlrq dqg
dxwrfryduldqfh ydqlvk iru rughuv kljkhu wkdq ^ vr lqihuhqfhv derxw wkh odj ohqjwk fdq
eh gudzq iurp erwk dssurdfkhv1 Dv dq h{dpsoh Kdqqdq dqg Txlqq +4<:<, edvh
wkhlu lqirupdwlrq fulwhulrq rq wkh sduwldo frydulrjudp1 Wkh dqdo|vlv ri Qlhovhq +5334,
vkrzv wkdw lqihuhqfhv edvhg rq wkh sduwldo fruuhorjudp duh dfwxdoo| ydolg uhjdugohvv
ri zkhwkhu wkh dxwruhjuhvvlrq lv vwdwlrqdu| ru qrw1 Zkloh wkrvh dujxphqwv duh edvhg
rq dv|pswrwlf dqdo|vlv wkh vlpxodwlrq vwxg| e| Sdxovhq dqg Wmûvwkhlp +4<;8, vkrzv
wkdw iru �qlwh vdpsohv ri vwurqjo| dxwrfruuhodwhg exw vwdwlrqdu| dxwruhjuhvvlrqv lw lv
suhihudeoh wr gudz lqihuhqfhv iurp wkh sduwldo fruuhorjudp1 Wklv uhfrpphqgdwlrq lv
iroorzhg e| vriwzduh olnh SfJlyh 43 dqg UDWV 71

<



9 Frqfoxvlrqv

Lw kdv ehhq vkrzq iru qrq0vwdwlrqdu| dxwruhjuhvvlyh wlph vhulhv wkdw lqfruuhfw lqihu0
hqfhv fdq eh gudzq zkhq frqixvlqj wkh frqfhswv ri fruuhorjudpv dqg frydulrjudpv1
Fkrrvlqj ehwzhhq wkh wzr/ fruuhorjudpv whqg wr jlyh d ehwwhu glvfulplqdwlrq ehwzhhq
vwdwlrqdulw| dqg qrq0vwdwlrqdulw| wkdq frydulrjudpv1

: Dfnqrzohgjphqwv

Wkh qxphulfdo uhvxowv zhuh jhqhudwhg xvlqj R{ +vhh Grruqln/ 4<<<,1 Glvfxvvlrqv zlwk
F1 Erv/ G1U1 Fr{/ G1I1 Khqgu| dqg Q1 Vkhskdug duh judwhixoo| dfnqrzohgjhg1

; Uhihuhqfhv

Dqghuvrq/ U1O1 +4<75, Glvwulexwlrq ri wkh vhuldo frh!flhqw1 Dqqdov ri Pdwkhpdwlfdo
Vwdwlvwlfv/ 46/ 40461

Eduwohww/ P1V1 +4<68, Vrph dvshfwv ri wkh wlph0fruuhodwlrq sureohp lq uhjdug wr whvwv
ri vljql�fdqfh1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ <;/ 86908761

Eduwohww/ P1V1 +4<79, Rq wkh wkhruhwlfdo vshfl�fdwlrq dqg vdpsolqj surshuwlhv ri
dxwrfruuhodwhg wlph0vhulhv1 Vxssohphqw wr wkh Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw|/ ;/ 5:0741

Er{/ J1H1S1/ dqg Mhqnlqv/ J1P1 +4<:3, Wlph vhulhv dqdo|vlv= iruhfdvwlqj dqg frqwuro1
Vdq Iudqflvfr= Kroghq0Gd|1

Er{/ J1H1S1/ dqg Slhufh/ G1D1 +4<:3, Glvwulexwlrq ri uhvlgxdo dxwrfruuhodwlrqv lq
dxwruhjuhvvlyh0lqwhjudwhg prylqj dyhudjh wlph vhulhv prghov1 Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 98/ 483<048591

Eurfnzhoo/ S1M1/ dqg Gdylv/ U1D1 +4<<9, Lqwurgxfwlrq wr wlph vhulhv dqg iruhfdvwlqj1
Qhz \run= Vsulqjhu1

Grruqln/ M1D1 +4<<<, Remhfw0rulhqwhg pdwul{ surjudpplqj xvlqj R{/ 6ug hg1 Orqgrq=
Wlpehuodnh Frqvxowdqwv Suhvv1

Grruqln/ M1D1 dqg Khqgu|/ G1I1 +5334, Hpslulfdo hfrqrphwulf prghoolqj xvlqj Sf0
Jlyh 43/ yro1 41 Orqgrq= Wlpehuodnh Frqvxowdqwv Suhvv1

Grruqln/ M1D1/ Khqgu|/ G1I1 dqg Qlhovhq/ E1 +4<<;, Lqihuhqfh lq frlqwhjudwlqj prghov=
XN P4 uhylvlwhg1 Mrxuqdo ri Hfrqrplf Vxuyh|v/ 45/ 86608:51

43



Judgvkwh|q/ L1 V1/ dqg U|}kln/ L1 P1 +4<98, Wdeohv ri lqwhjudov/ vhulhv dqg surgxfwv1
Qhz \run= Dfdghplf Suhvv1

Kdqqdq/ H1M1/ dqg Txlqq/ E1J1 +4<:<, Wkh ghwhuplqdwlrq ri wkh rughu ri dq dxwruh0
juhvvlrq1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 74/ 4<304<81

Khqgu|/ G1I1 +4<<8, G|qdplf hfrqrphwulfv1 R{irug= R{irug Xqlyhuvlw| Suhvv1

Mxvholxv/ N1 dqg Podghqryl�f/ ]1 +5335, Kljk lq dwlrq/ k|shulq dwlrq dqg h{sorvlyh
urrwv1 Wkh fdvh ri \xjrvodyld1 Frshqkdjhq= kwws=22zzz1hfrq1nx1gn2rnrnm1

Nhqgdoo/ P1J1 +4<76, Rvfloodwru| pryhphqwv lq Hqjolvk djulfxowxuh +zlwk glvfxv0
vlrq,1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ 439/ <404571

Nhqgdoo/ P1J1 +4<78, Rq wkh dqdo|vlv ri rvfloodwru| wlph vhulhv +zlwk glvfxvvlrq,1
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ 43;/ <604741

Odl/ W1O1/ dqg Zhl/ F1]1 +4<;6, Dv|pswrwlf surshuwlhv ri jhqhudo dxwruhjuhvvlyh
prghov dqg vwurqj frqvlvwhqf| ri ohdvw0vtxduhv hvwlpdwhv ri wkhlu sdudphwhuv/
Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 46/ 40561

Qhovrq/ F1U1 dqg Sorvvhu/ F1L1 +4<;5, Wuhqgv dqg udqgrp zdonv lq pdfurhfrqrplf
wlph vhulhv= vrph hylghqfh dqg lpsolfdwlrqv1 Mrxuqdo ri Prqhwdu| Hfrqrplfv/
43/ 46<04951

Qlhovhq/ E1 +5334, Zhdn frqvlvwhqf| ri fulwhulrqv iru rughu ghwhuplqdwlrq lq d jhqhudo
yhfwru dxwruhjuhvvlrq1 R{irug= zzz1qx�1r{1df1xn2Xvhuv2Qlhovhq1

Sdxovhq/ M1/ dqg Wmûvwkhlp/ G1 +4<;8, Rq wkh hvwlpdwlrq ri uhvlgxdo yduldqfh dqg
rughu lq dxwruhjuhvvlyh wlph vhulhv1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/
7:/ 549055;1

Shwuryl�f/ S1/ dqg Podghqryl�f/ ]1 +5333, Prqh| ghpdqg dqg h{fkdqjh udwh ghwhupl0
qdwlrq xqghu k|shulq dwlrq= Frqfhswxdo lvvxhv dqg hylghqfh iurp \xjrvodyld1
Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj 65/ :;80;391

Skloolsv/ S1F1E1/ dqg Vror/ Y1 +4<<5, Dv|pswrwlfv iru olqhdu surfhvvhv1 Dqqdov ri
Vwdwlvwlfv/ 53/ <:4043341

Txhqrxlooh/ P1K1 +4<7:, D odujh vdpsoh whvw iru wkh jrrgqhvv ri �w ri dxwruhjuhvvlyh
vfkhphv1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ 443/ 456045<1

Txhqrxlooh/ P1K1 +4<7<, Dssur{lpdwh whvwv ri fruuhodwlrq lq wlph0vhulhv1 Mrxuqdo ri
wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 44/ 9;0;71
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Urwkhqehuj/ W1M1 +5335, Vrph hohphqwdu| glvwulexwlrq wkhru| iru dq dxwruhjuhvvlrq
�wwhg wr d udqgrp zdon1 Mrxuqdo ri Hfrqrphwulfv/ 444/ 68806941

Zrog/ K1 +4<6;, D vwxg| lq wkh dqdo|vlv ri vwdwlrqdu| wlph vhulhv1 Xssvdod= Doptylvw
) Zlnvhoo1

\xoh/ J1X1 +4<59, Zk| gr zh vrphwlphv jhw qrqvhqvh0fruuhodwlrqv ehwzhhq wlph0
vhulhvB 0 D vwxg| lq vdpsolqj dqg wkh qdwxuh ri wlph0vhulhv +zlwk glvfxvvlrq,1
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ ;</ 40961
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D Ghulydwlrq ri wkh srsxodwlrq uhvxowv iru d fxpxodwhg udqgrp zdon

Wkh srsxodwlrq uhvxowv +4:,/ +4;, iru wkh fxpxodwhg udqgrp zdon t| jlyhq lq +49, duh
irxqg e| �uvw ghulylqj wkh yduldqfh dqg fryduldqfh dqg wkhq h{sdqg wkh dssursuldwh
ixqfwlrqv ri wkrvh iru odujh ydoxhv ri |�

Wkh yduldqfh dqg fryduldqfh ri t| '
S|

�'�
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�'� 0� '
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�'� �0|3�n� duh jlyhq e|

9DUEt|� '
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S
|E| n ��E2| n ��c +59,
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' 9DUEt|3�� n �
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S
E|� ��E|� �n ��E2| n �n ��c +5:,

zkhuh Judgvkwh|q dqg U|}kln +4<98/ 3145415, kdv ehhq xvhg1
Frpelqh wkh h{suhvvlrqv +59,/ +5:, lq wkh udwlrv
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Wd|oru h{sdqglqj wkh �uvw h{suhvvlrq iru odujh ydoxhv ri | dqg �{hg ydoxhv ri � jlyhv
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e|2
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�S|e
n LE|3D�c +5;,

zklfk lv wkh irupxod iru �|c� lq +4:,/ zkloh wkh vhfrqg h{suhvvlrq h{sdqgv dv
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Dsso|lqj d Wd|oru h{sdqvlrq ri E� n %�3�*2 wr wkh odwwhu h{suhvvlrq jlyhvv
9DUEt|�

9DUEt|3��
' � n
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n

��ED�� 2�

H|2
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D�E.�2 � S�n 2�
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��E�fD�� � �ef�2 n b2�� 2e�

�2H|e
n LE|3D�� +5<,

Pxowlso|lqj +5;, dqg +5<, jlyhv wkh h{suhvvlrq iru 4|c� lq +4:, zklfk lv

4|c� ' �� ��2

H|2
� �E�� ��E�� 2�

H|�
n

��E���� n H�2 � 2H�n �S�

�2H|e
n LE|3D�� +63,

Lqvhuwlqj wkh h{suhvvlrq iru �|c� dqg 4|c� lq +5;, dqg +63, lqwr wkh gh�qlwlrq +:, iru
k|c2 dqg +9, iru Z|c2/ uhvshfwlyho|/ |lhogv wkh ghvluhg h{suhvvlrqv +4;,1
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E Ghulydwlrqv ri wkh vdpsoh uhvxowv

Dw �uvw vrph jhqhudo irupxodv iru fruuhorjudpv dqg frydulrjudpv duh ghulyhg1 Vxe0
vhtxhqwo| wkh sduwlfxodu wlph vhulhv duh vwxglhg1

Wkh jhqhudolvhg dxwrfruuhodwlrq +8, fdq eh zulwwhq dv

o�c�c� '
7�� n 7�fs

7��E7�� n 27�f n 7ff�
+64,

zkhuh 7�� '
SA3�

|'�n�n� -�c|-�c| dqg -�c| dqg -fc| duh gh�qhg lq whupv ri
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�n� � n Ef| �f|3� �f
A3�

�n�n� nf
A3�3�
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Surylghg wkdw E7�f*7���
2 ' �E7ff*7��� ' LE�� iru odujh A dqg �{hg �c �c � dq dv|ps0

wrwlf h{sdqvlrq vkrzv

o�c�c� � �� 7ff

27��
�
�

7�f

27��

�2

� +65,

Li lq dgglwlrq lw krogv E7�f*7���
2 ' LE7ff*7��� wkhq

o�c�c� � �� 7ff

27��

� +66,

Wr ghulyh h{suhvvlrqv iru wkh frydulrjudpv }� lv uhzulwwhq lq wkh vdph zd| dv
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zkhuh 7� lv wkh ghqrplqdwru ri }� dqg
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E14 Surri ri vdpsoh h{suhvvlrq E�b� iru wkh dv|pswrwlfdoo| vwdwlrqdu| fdvh

Iru mqm 	 � wkh uhvxow lv zhoo0nqrzq1 Lw fdq eh suryhg xvlqj odzv ri odujh qxpehuv iru
olqhdu surfhvvhv/ vhh Skloolsv dqg Vror +4<<5/ Wkhruhp 614/ 61:,/ wkdw

A3�E7��c 7�fc 7ffc 7�c 72c 7��
@�r�$ E�c q� � �c 2� 2q�c �c q� � �c f�*E�� q2��

Wkh ghvluhg uhvxowv iru o� dqg }� wkhq iroorz iurp +64,/ +67,1
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E15 Surri ri vdpsoh h{suhvvlrq E2f� iru wkh h{sorvlyh fdvh

Iru mqm : � wkh glvwulexwlrq ri wkh vdpsoh h{suhvvlrqv duh lqyduldqw wr > vlqfh f| �
>*E� � q� vdwlvi| dq dxwruhjuhvvlrq zlwkrxw lqwhufhsw exw zlwk lqlwldo ydoxh �ff '
ff � >*E�� q�1 Odl dqg Zhl +4<;6/ Wkhruhp 5, suryh wkdw

q3|f|
@�r�$ `c q32A

SA
|'�f

2
|

@�r�$ ` 2*E�� q32�c

zkhuh ` ' �ff n
S

"

|'� q
3|0| lv d frqwlqxrxv udqgrp yduldeoh1 Pruhryhu lw krogv

q3A
SA

|'�f|
@�r�$ `*E�� q3��c q3A

SA
|'�f|0|n�

@�r�
' LEA �*2�c iru � : f�

zkhuh wkh �uvw uhvxow lv suryhg dv wkdw ri
SA

|'�f
2
| dqg wkh odwwhu uhvxow iroorzv dv lq

Odl dqg Zhl +4<;6/ Htxdwlrq 714;,1 Wkh ghvluhg uhvxowv iru o� dqg }� iroorz iurp +64,
dqg +67, qrwlqj wkdw f| �f|3� '

S�3�
�'f q

�0|3� n Eq� � ��f|3� dqg

q32EA3�3�3��E7��c 7�fc 7ff�
@�r�$ i�c Eq� � ��c Eq� � ��2j` 2*E�� q32�c

q32A E7�c 72c 7��
@�r�$ i�c Eq� � ��q32�c �� q32�j` 2*E�� q32��

E16 Surri ri vdpsoh h{suhvvlrq E2�� iru udqgrp zdon zlwk frqvwdqw ohyho

Iru q ' � dqg > ' f wkhq {f| ' 0| dqg wkh glvwulexwlrqv ri o� dqg }� duh lqyduldqw
wr ffc zklfk fdq wkhq eh fkrvhq dv ff ' f1 Lw wkhq krogv f| �f|3� '

S�
�'� 0|3�n�

dqg f|3� '
S|3�

�'� 0�1 Wkh Odz ri Odujh Qxpehuv dqg Grqvnhu*v lqyduldqfh sulqflsoh
frpelqhg zlwk wkh Frqwlqxrxv Pdsslqj Wkhruhp/ vhh Eloolqjvoh| +4<9;,/ wkhq lpso|

A3�EA3�7��c 7�fc 7ffc A
3�7�c 72c 7��

#$ E(c ��c �c(c ��c ����

Wkh ghvluhg uhvxowv iru o� dqg }� iroorz e| lqvhuwlqj wkhvh h{suhvvlrqv lq +66,/ +67,1

E17 Surri ri vdpsoh h{suhvvlrq E22� iru udqgrp zdon zlwk olqhdu wuhqg

Iru q ' � dqg > 9' f wkhq {f| ' > n 0| dqg wkh glvwulexwlrqv ri wkh vdpsoh
h{suhvvlrqv duh lqyduldqw wr ffc zklfk fdq wkhq eh fkrvhq dv ff ' f1 Lw wkhq krogv
f| �f|3� ' >�n

S�
�'� 0|3�n� dqg f|3� ' >E|� �� n

S|3�
�'� 0�1 Qrwlqj wkdw d olqhdu

wuhqg grplqdwhv d udqgrp zdon wkh Odz ri Odujh Qxpehuv dqg Grqvnhu*v lqyduldqfh
sulqflsoh frpelqhg zlwk wkh Frqwlqxrxv Pdsslqj Wkhruhp/ vhh Eloolqjvoh| +4<9;,/
wkhq lpso|

A3�7��
�$ >2*�2c 7�f ' ��EA

�*2�c A3�7ff
@�r�$ �c

A3�7�
�$ >2*�2c 72 ' ��EA

�*2�c A327�
�$ >2�*e�

Wkh ghvluhg uhvxowv iru o� dqg }� iroorz e| lqvhuwlqj wkhvh h{suhvvlrqv lq +66,/ +67,1

48



E18 Surri ri vdpsoh h{suhvvlrqv E2e�c E2D� iru L5 surfhv

Iru wkh fxpxodwhg udqgrp zdon t| jlyhq e| +49, lw krogv
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Lw wkhq iroorzv iurp Grqvnhu*v lqyduldqfh sulqflsoh frpelqhg zlwk wkh Frqwlqxrxv
Pdsslqj Wkhruhp/ vhh Eloolqjvoh| +4<9;,/ wkdw
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#$ �2U��c
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#$ U��c A3�72

#$ �U��c A3�7�
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Lqvhuwlqj wkhvh h{suhvvlrqv lq +65,/ +67, jlyhv wkh uhvxowv
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zklfk duh h{sdqvlrqv ri kljkhu rughu wkdq zkdw lv uhsruwhg lq +57,1 Lqvhuwlqj wkhvh
h{sdqvlrqv lq wkh gh�qlwlrqv ri R2 dqg @2 lq +7, wkhq jlyhv +58,1
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