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_Lw*v qrw wuxh wkdw qlfh jx|v �qlvk odvw1 Qlfh

jx|v duh zlqqhuv ehiruh wkh jdph hyhq vwduwv1%

Dgglvrq Zdonhu

41 YA|iNa�W|�NA

Zkhq vkrxog d sod|hu h{lw iurp d zdu ri dwwulwlrqB Li wkh sod|hu lv shufhlyhg wr eh zhdnhu

d sulrul/ wkhq vkh vkrxog h{lw lpphgldwho|1 Fdq wklv ehB Wkh vwdqgdug prgho ri wkh zdu

ri dwwulwlrq vxjjhvwv wkdw sod|huv �jkw iru vrph shulrg ri wlph ehiruh h{lwlqj1 Lqghhg/ lq wkh

v|pphwulf fdvh/ wkh kljkhvw ydoxdwlrq sod|hu zlqv wkh zdu1 Wklv fkdswhu dujxhv wkdw lq idfw wkh

wzr0sod|hu zdu ri dwwulwlrq vkrxog uhdfk d surpsw frqfoxvlrq1

4141 Wkh Zdu ri Dwwulwlrq1 Wkh zdu ri dwwulwlrq lv d frpprq prghoolqj ghylfh lq hfrqrplfv1

Frqvlghu wkh vlpsohvw wzr0sod|hu yhuvlrq1 Lw irupdolvhv d frqfhvvlrq jdph1 Wkh sduwlflsdqwv

lqfxu frvwv ri ghod| sulru wr d frqfhvvlrq e| rqh ri wkh sod|huv1 Iroorzlqj dq| hyhqwxdo frq0

fhvvlrq/ wkh uhpdlqlqj sod|hu uhfhlyhv d sul}h1� Wkh prgho vx�huv iurp vrph �dzv/ krzhyhu1

Lq sduwlfxodu/ wkh prgho h{klelwv pxowlsoh htxloleuld1 Wkh wh{werrn h{dpsohv � iru lqvwdqfh/

Wluroh +4<;;, dqg Ixghqehuj dqg Wluroh +4<<4, � irfxv rq wkh v|pphwulf fdvh1 Qdwxudoo|/ dq|

ghylfh wkdw slfnv d xqltxh htxloleulxp zloo suhglfw v|pphwu| jlyhq d v|pphwulf vshfl�fdwlrq1

Exw zkdw ri wkh dv|pphwulf fdvhB
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Gudzlqj xsrq hduolhu zrun/ wklv sdshu dujxhv wkdw h{lw iurp wkh dv|pphwulf zdu ri dwwulwlrq

lv olnho| wr eh lqvwdqw1 Wkh prgho ri Ixghqehuj dqg Wluroh +4<;9, lv uhirupxodwhg/ zlwk wkh

lqwurgxfwlrq ri d _fud}lqhvv% shuwxuedwlrq1 Wklv hqdeohv d fkdudfwhulvdwlrq ri wkh xqltxh htxl0

oleulxp iru ydqlvklqj _fud}lqhvv%1 Zkhq rqh sod|hu lv _vwrfkdvwlfdoo| vwurqjhu% dw wkh rxwvhw/

wkh ghylfh srvlwhg khuh vhohfwv dq htxloleulxp lq zklfk wkh zhdnhu sod|hu h{lwv lpphgldwho|1

4151 Wkh Frpsohwh Lqirupdwlrq Zdu ri Dwwulwlrq1 Vxssrvh wkdw wzr sod|huv �jkw iru d

vlqjoh sul}h/ zkhuh wkh ydoxdwlrqv dqg �jkwlqj frvwv duh frpprqo| nqrzq1 Wklv lv d frpsohwh

lqirupdwlrq zdu ri dwwulwlrq1 Dw hdfk srlqw lq wlph/ d sod|hu fdq fkrrvh wr uhpdlq lq wkh �jkw

ru +luuhyhuvleo|, h{lw1 Li Sod|hu 4 lv wkh �uvw wr h{lw dw wlph w/ wkhq Sod|hu 5 lv wkh vror uhflslhqw

ri d sul}h/ ydoxhg dw y21 Erwk sod|huv sd| �jkwlqj frvwv/ wrwdoolqj f�w dqg f2w uhvshfwlyho| �

lw lv zlwkrxw orvv ri jhqhudolw| wr qrupdolvh f� @ f2 @ 4/ vlqfh +iru srvlwlyh �jkwlqj frvwv dqg

sul}h ydoxdwlrqv, lw lv rqo| wkh udwlr y�@f� wkdw lv ri lpsruwdqfh1

Wkhuh duh wzr vwdwlrqdu| sxuh vwudwhj| htxloleuld wr wklv jdph1 Wkh| lqyroyh lqvwdqw h{lw �

rqh sod|hu h{lwv lpphgldwho| dw wkh vwduw ri wkh jdph/ dqg wkh rwkhu �jkwv iruhyhu1 Wkh odwwhu

sod|hu zlqv lpphgldwho| zlwk }hur �jkwlqj frvwv1 Dowhuqdwlyho|/ wkhuh lv d vwdwlrqdu| pl{hg

vwudwhj| htxloleulxp/ zkhuh sod|huv h{lw dffruglqj wr d frqvwdqw kd}dug Srlvvrq surfhvv1 Wkh

kd}dug udwhv vdwlvi| �� @ 4@y2 dqg �2 @ 4@y21 Lqghhg/ lq wkh v|pphwulf fdvh/ wklv |lhogv d

v|pphwulf htxloleulxp zlwk �� @ �2 @ 4@y1 Dw hdfk srlqw lq wlph/ d sod|hu frqvlghuv zdlwlqj

d iudfwlrq orqjhu sulru wr h{lw1 Frvwv duh lqfxuuhg dw udwh 4/ zkhuhdv wkh h{shfwhg jdlq lv ��y�1

Wkh h{lw udwhv ri sod|huv duh fkrvhq vr wkdw ��y� @ 4 dqg khqfh d sod|hu lv lqgl�huhqw ehwzhhq

h{lw dqg frqwlqxdwlrq dw hdfk srlqw lq wlph1

Wkh frpsdudwlyh vwdwlfv ri wkh pl{hg htxloleulxp pdnh lw xqdwwudfwlyh1 Qrwlfh wkdw li y2 A y�/

wkhq �2 A �� � wkh vwurqjhu sod|hu/ zlwk wkh kljkhu ydoxdwlrq/ h{lwv dw d idvwhu udwh1 Lqghhg/ dv

y� $ 3 iru �{hg y2/ wkh zhdnhu sod|hu zlqv zlwk suredelolw| dssurdfklqj 41 Lq wkh dv|pphwulf

fdvh/ wkh htxloleulxp lq zklfk wkh zhdnhu sod|hu h{lwv lpphgldwho| pd| vhhp pruh uhdvrqdeoh1

Wkh ghvluh wr vhohfw dprqj d pxowlsolflw| prwlydwhg Nruqkdxvhu/ Uxelqvwhlq dqg Zlovrq +4<;<,1

Wkh| frqvlghu d glvfuhwh wlph/ frpsohwh lqirupdwlrq zdu ri dwwulwlrq1 Gudzlqj xsrq wkh vxjjhv0

wlrqv ri Vhowhq +4<:8,/ P|huvrq +4<:;,/ Nrkoehuj dqg Phuwhqv +4<;9, dqg rwkhuv/ wkh| fkrrvh

wr shuwxue wklv jdph lq sduwlfxodu zd|1 Zlwk vrph vpdoo suredelolw|/ d sod|hu lv uhvwulfwhg wr

�jkw iruhyhu1 Lq wkh dv|pphwulf fdvh +y2 A y�,/ wklv vhohfwv dq htxloleulxp lq zklfk wkh zhdnhu

sod|hu +y�, h{lwv lpphgldwho|1

4161 Wkh Lqfrpsohwh Lqirupdwlrq Zdu ri Dwwulwlrq1 Wklv sdshu dlpv wr lqfrusrudwh wklv

dssurdfk lqwr wkh lqfrpsohwh lqirupdwlrq zdu ri dwwulwlrq1 Zlwk lqfrpsohwh lqirupdwlrq/ d

sod|hu*v ydoxdwlrq lv xqnqrzq wr khu rssrqhqw1 Ed|hvldq htxloleulxp vwudwhjlhv duh lqfuhdvlqj
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lq d sod|hu*v ydoxdwlrq � vwurqjhu sod|huv �jkw iru orqjhu1 Dv Uloh| +4<;3, qrwhv/ wkhuh duh d

udqjh ri htxloleuld1 Hvvhqwldoo|/ �uvw rughu frqglwlrqv ghwhuplqh d sdlu ri gl�huhqwldo htxdwlrqv

wkdw pxvw eh vdwlv�hg e| dq| vroxwlrq1 D ixoo vroxwlrq uhtxluhv wzr erxqgdu| frqglwlrqv1

Htxloleulxp dujxphqwv ghwhuplqh rqo| rqh ri wkhvh/ dqg khqfh wkhuh duh d udqjh ri srvvleoh

htxloleuld1

Ixghqehuj dqg Wluroh +4<;9/ IW, surylgh d vroxwlrq wr wklv sureohp1 Wkh| vwxg| d prgho lq

zklfk �jkwlqj frvwv duh xqfhuwdlq1 Wkh vxssruw ri wkhvh �jkwlqj frvwv h{whqgv ehorz }hur/ dqg

khqfh wkhuh lv srvlwlyh suredelolw| wkdw d sod|hu kdv d grplqdqw vwudwhj| wr uhpdlq lq wkh jdph

iruhyhu1 Wkh| ghyhors dq dv|pswrwlf erxqgdu| frqglwlrq wkdw pxvw eh vdwlv�hg dv w $ 4/

w|lqj grzq d xqltxh vroxwlrq1 Wkh uhjxodu erxqgdu| frqglwlrq/ krzhyhu/ lv wlhg dw d ydoxdwlrq

ri }hur12 Lw iroorzv wkdw lqlwldo erxqgdu| frqglwlrqv gr qrw fkdqjh dv wkh sdudphwhuv pryh/ dqg

_lqvwdqw h{lw% frpsdudwlyh vwdwlfv duh qrw dydlodeoh1

4171 Lqvwdqw H{lw iurp wkh Zdu ri Dwwulwlrq1 Wklv sdshu dujxhv wkdw lqvwdqw h{lw e| d

zhdnhu sod|hu lv d pruh uhdvrqdeoh suhglfwlrq lq wkh lqfrpsohwh lqirupdwlrq zdu ri dwwulwlrq1

Wkh dqdo|vlv frqvlghuv d prgho zlwk xqnqrzq ydoxdwlrqv1 Wkhvh duh erxqghg dzd| iurp }hur/

vr wkdw wkh Olsvfklw} frqwlqxlw| sureohp dgguhvvhg e| Ixghqehuj dqg Wluroh +4<;9, lv qrw dq

lvvxh1 D pxowlsolflw| uhpdlqv/ krzhyhu1 Wkh rswlpdolw| uhvwulfwlrqv lpsrvhg e| d Ed|hvldq

Qdvk htxloleulxp |lhog d sdlu ri gl�huhqwldo htxdwlrqv wr eh vdwlv�hg e| sod|huv* vwrsslqj wlph

ixqfwlrqv1 D udqjh ri erxqgdu| frqglwlrqv lv dydlodeoh/ krzhyhu/ qhfhvvlwdwlqj dq htxloleulxp

vhohfwlrq ghylfh1

Wr wlh grzq d xqltxh htxloleulxp/ wkh srvvlelolw| ri _fud}lqhvv% lv lqwurgxfhg/ dqg lv d gluhfw uh0

lqwhusuhwdwlrq ri wkh IW +4<;9, qhjdwlyh �jkwlqj frvwv1 Zlwk vrph vpdoo suredelolw|/ d sod|hu

lv uhvwulfwhg wr �jkw iruhyhu1 Wklv wlhv grzq wkh erxqgdu| frqglwlrqv iru wkh vwrsslqj wlph

ixqfwlrqv/ dqg |lhogv d xqltxh htxloleulxp1

Wkh edvlf prgho lv wkxv d uhirupxodwlrq ri wkh IW +4<;9, ghylfh/ prylqj wkh lqfrpsohwh lq0

irupdwlrq dzd| iurp �jkwlqj frvwv dqg rqwr ydoxdwlrqv1 Fuxfldoo|/ krzhyhu/ wkh vxssruw ri

ydoxdwlrqv lv erxqghg dzd| iurp }hur/ zklfk |lhogv wr wkh vhohfwlrq ri lqlwldo frqglwlrqv1 Wklv

hqdeohv d qhz vhw ri frpsdudwlyh vwdwlfv wr hphujh1 Wkhvh duh dv iroorzv1

Iluvw/ li wkh ydoxdwlrq glvwulexwlrq ri rqh sod|hu �uvw rughu vwrfkdvwlfdoo| grplqdwhv wkdw ri

khu rssrqhqw/ wkhq wkh zhdnhu sod|hu h{lwv lpphgldwho| zlwk srvlwlyh suredelolw|1 Vhfrqgo|/ d

qrwlrq ri _vwrfkdvwlf vwuhqjwk% lv lqwurgxfhg1 Wklv frxsohv �uvw rughu vwrfkdvwlf grplqdqfh zlwk
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dq dv|pswrwlf kd}dug udwh grplqdqfh frqglwlrq1 Li wkh _fud}lqhvv% shuwxuedwlrqv duh doorzhg

wr ydqlvk/ wkhq wkh vwrfkdvwlfdoo| zhdnhu sod|hu h{lwv lpphgldwho| zlwk suredelolw| dssurdfklqj

41 Ylhzlqj wklv dv d vhohfwlrq ghylfh iru wkh xqshuwxuehg zdu ri dwwulwlrq/ wkh dqdo|vlv suhglfwv

lqvwdqw h{lw iru d vwrfkdvwlfdoo| zhdnhu sod|hu1 Wkh zdu ri dwwulwlrq hqgv lpphgldwho|1

4181 Jxlgh wr wkh Sdshu1 Vhfwlrq 5 ghvfulehv wkh zdu ri dwwulwlrq prgho/ lqfoxglqj wkh shu0

wxuedwlrq ghylfh/ dqg gh�qhv d qrwlrq ri _vwrfkdvwlf vwuhqjwk%1 Wkh dqdo|vlv lv vsolw lqwr wzr

vhfwlrqv1 Vhfwlrq 6 ghgxfhv wkh edvlf surshuwlhv ri dq| htxloleulxp1 Wkh uhvxowv lq wkdw vhfwlrq

zloo eh idploldu wr uhdghuv ri hduolhu zrun1 Wkh pdlq frqwulexwlrq ri wklv sdshu lv wkh dqdo|vlv

ri Vhfwlrq 71 Frqfoxglqj uhpdunv duh pdgh lq Vhfwlrq 81

51 C�j �Naj,

Wkh prgho lv d vwudljkwiruzdug wzr sod|hu zdu ri dwwulwlrq dxjphqwhg e| d shuwxuedwlrq ghylfh1

5141 Wkh Vwdqgdug Zdu ri Dwwulwlrq1 Ehjlq zlwk d vwdqgdug zdu ri dwwulwlrq1 Wkhuh duh

wzr sod|huv/ l 5 i4> 5j/ hdfk fkrrvlqj d vwrsslqj wlph w� 5 ^3>.4,^i4j/ zklfk pd| eh uhylvhg

dw dq| wlph w � w�1 Hdfk sod|hu kdv d �jkwlqj frvw f�/ zklfk lv qrupdolvhg wr f� @ 4 zlwkrxw orvv

ri jhqhudolw|1 Wkh sod|huv kdyh ydoxdwlrq x� iru d sul}h/ zkhuh x� 5 +x�>4,1 Uhdolvhg sd|r�v

duh=

��+w�> w�, @ x�Liw� A w�j �plqiw�> w�j

zkhuh L lv wkh lqglfdwru ixqfwlrq1 Qrwlfh wkdw li wzr sod|huv h{lw vlpxowdqhrxvo| +w� @ w�, wkhq

wkh sul}h lv orvw1 Lw lv dvvxphg wkdw x2 � x�1

D sod|hu*v ydoxdwlrq lv xqnqrzq wr khu rssrqhqw � wklv lv d jdph ri lqfrpsohwh lqirupdwlrq1

Wkh sd|r� x� lv gudzq iurp wkh glvwulexwlrq I�+x, zlwk ghqvlw| i�+x,1 Vwdqgdug uhjxodulw|

frqglwlrqv duh dvvxphg1 Lq sduwlfxodu/ i�+x, lv erxqghg deryh dqg frqwlqxrxvo| gl�huhqwldeoh/

wkh dvvrfldwhg kd}dug i�+x,@+4� I�+x,, lv lqfuhdvlqj/ dqg �uvw dqg vhfrqg prphqwv h{lvw1

5151 Wkh Shuwxuehg Zdu ri Dwwulwlrq1 D shuwxuedwlrq lv lqwurgxfhg1 Zlwk suredelolw|

�� A 3/ d sod|hu lv _fud}|% dqg �jkwv iruhyhu luuhvshfwlyh ri ydoxdwlrq� vxfk d sod|hu lv uhvwulfwhg

wr sod| w� @41 Lqirupdoo|/ wklv zloo eh uhjdughg dv d sd|r� ri4/ wkxv h{whqglqj wkh ydoxdwlrq

vxssruw wr x� 5 +x�>4,^ i4j1 Wkh ghqvlw| ryhu ydoxdwlrqv ehfrphv j�+x, @ +4� ��,i�+x, zlwk

dvvrfldwhg fxpxodwlyh glvwulexwlrq ixqfwlrq J�+x, @ +4� ��,I�+x,1

Wklv ghylfh lv htxlydohqw wr wkdw lqwurgxfhg e| IW +4<;9,1 Lq wkhlu prgho/ ydoxdwlrqv duh �{hg/

zlwk wkh �jkwlqj frvw ri d sod|hu xqnqrzq wr khu rssrqhqw1 Mxvwli|lqj wkhlu dvvxpswlrqv zlwk

dq dssolfdwlrq wr h{lw iurp d ghfolqlqj lqgxvwu|/ wkh dxwkruv h{whqg wkh vxssruw ri �jkwlqj frvwv
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wr ehorz }hur1 Wklv lpsolhv wkdw/ zlwk srvlwlyh suredelolw|/ d sod|hu kdv d vwulfwo| grplqdqw

vwudwhj| wr �jkw iruhyhu1 Wkh prgho suhvhqwhg khuh uhirupxodwhv wklv lghd/ dqg uhsodfhv wkh

lqfrpsohwh lqirupdwlrq ryhu frvwv zlwk lqfrpsohwh lqirupdwlrq ryhu ydoxdwlrqv1

Wkhuh lv d nh| gl�huhqfh ehwzhhq wklv prgho dqg lwv suhghfhvvru/ krzhyhu1 D gluhfw wudqvirupd0

wlrq ri wkh IW +4<;9, prgho |lhogv d ydoxdwlrq vxssruw wkdw h{whqgv ehorz }hur1 Khqfh wkhuh

lv dovr d srvlwlyh suredelolw| wkdw d sod|hu zloo kdyh d grplqdqw vwudwhj| wr h{lw dw }hur1 Wklv

wlhv grzq wkh erxqgdu| frqglwlrqv iru vwrsslqj wlph ixqfwlrqv dw wklv srlqw1 D pxowlsolflw| vwloo

dulvhv/ krzhyhu1 Wkh dssursuldwh �uvw rughu frqglwlrqv duh qrw Olsvfklw} frqwlqxrxv dw }hur/

dqg khqfh wkhuh duh pxowlsoh vroxwlrqv wr wkh dvvrfldwhg gl�huhqwldo htxdwlrqv1 Wkh _fud}lqhvv%

ghylfh |lhogv d whuplqdo erxqgdu| frqglwlrq dw w$4/ dqg wlhv grzq d xqltxh htxloleulxp1

Khuh/ krzhyhu/ wkh ydoxdwlrq vxssruwv duh erxqghg dzd| iurp }hur1 Lw lv wkxv srvvleoh iru

rqh ri wkh sod|huv wr h{lw dw wlph w @ 3 zlwk srvlwlyh suredelolw|/ ghvslwh srvvhvvlqj d srvlwlyh

ydoxdwlrq1 Lqghhg/ wklv lqlwldo frqglwlrq lv dovr ghwhuplqhg e| wkh whuplqdo erxqgdu| frqglwlrq1

Ri frxuvh/ wklv vwduwlqj srlqw ydulhv dv wkh _fud}lqhvv% shuwxuedwlrq lv doorzhg wr ydqlvk/ dqg

khqfh hqdeohv wkh htxloleulxp vhohfwlrq1

5161 Vwrfkdvwlf Vwuhqjwk1 Wklv sdshu frqvlghuv wkh rxwfrph iurp wkh shuwxuehg zdu ri dw0

wulwlrq zkhq Sod|hu 5 lv lq vrph vhqvh _vwurqjhu% wkdq Sod|hu 41 Wklv frpsdulvrq lv dlghg e|

wkh iroorzlqj gh�qlwlrqv1

Gh�qlwlrq 41 Sod|hu 5 �uvw rughu vwrfkdvwlfdoo| grplqdwhv Sod|hu 4 lq wkh shuwxuehg jdph li

J2+x, ? J�+x, iru doo x A x�1 Wklv zloo eh ghqrwh J2 "87( J�1 Vlploduo|/ lq wkh xqshuwxuehg

jdph/ I2 "87( I� li wklv lqhtxdolw| krogv iru iI�j1

Gh�qlwlrq 51 Sod|hu 5 kd}dug udwh grplqdwhv Sod|hu 4 lq wkh shuwxuehg jdph li=

j�+x,

4�J�+x,
A

j2+x,

4�J2+x,
iru doo x A x2

Wklv zloo eh ghqrwhg J2 "M-( J�1 Vlploduo|/ I2 "M-( I� li wklv krogv iru iI�j1

Gh�qlwlrq 61 Sod|hu 5 dv|pswrwlfdoo| kd}dug udwh grplqdwhv Sod|hu 4 lq wkh xqshuwxuehg

jdph li khu kd}dug udwh lv erxqghgo| orzhu iru kljk ydoxdwlrqv1 Vshfl�fdoo|/ iru vrph x A x2

dqg vrph a� A 3=

i�+x,

4� I�+x,
� i2+x,

4� I2+x,
� a� iru doo x A x

Wklv zloo eh ghqrwhg I2 "�M-( I�1

Frpelqlqj Gh�qlwlrqv 4 dqg 6 |lhogv d gh�qlwlrq ri vwrfkdvwlf vwuhqjwk1

Gh�qlwlrq 71 Sod|hu 5 lv vwrfkdvwlfdoo| vwurqjhu li J2 "87( J� dqg I2 "�M-( I�1
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61 �ij,�6�ABi+ �AB,+t�t

Wklv vhfwlrq hvwdeolvkhv wkh edvlf surshuwlhv ri dq| htxloleulxp lq wkh shuwxuehg zdu ri dwwulwlrq1

Doo ri wkh uhvxowv suhvhqwhg khuh duh plog prgl�fdwlrqv ri wkrvh suhvhqwhg e| IW +4<;9, dqg

uhdghuv ri wkdw sdshu pd| zlvk wr pryh iruzdug wr wkh pdlq dqdo|vlv ri Vhfwlrq 71 Wkhlu uhvxowv

duh prgl�hg khuh wr dsso| wr wkh fdvh ri xqnqrzq ydoxdwlrqv1

Wkh dqdo|vlv ehjlqv e| �uvw vkrzlqj wkdw vwrsslqj wlphv lq wkh zdu ri dwwulwlrq duh lqfuhdvlqj

lq d sod|hu*v ydoxdwlrq1 Wkh qh{w vwhs lv wr vkrz wkdw wkh| duh frqwlqxrxv/ vwulfwo| lqfuhdvlqj

dqg gl�huhqwldeoh1 Ilqdoo|/ wkh dv|pswrwlf ehkdylrxu ri vwrsslqj uxohv lv frqvlghuhg1

D vwudwhj| sur�oh lq wkh zdu ri dwwulwlrq lv d sdlu ri vwrsslqj uxohv w�+x, dqg w2+x,1 Wkhvh fduu|

d sod|hu*v w|sh uhdolvdwlrq wr wkh h{whqghg uhdo olqh=

w�+x, = +x�>4, :$ U
n ^ i4j

Iru d Ed|hvldq Qdvk htxloleulxp sur�oh/ wkhvh vwrsslqj uxohv qhhg wr eh pxwxdoo| rswlpdo/ dqg

khqfh pxvw vdwlvi| wkh iroorzlqj ixqfwlrqdo htxdwlrqv=

w�+x�, 5 dujpd{
|

H�� ^x�Liw A w�+x�,j �plqiw> w�+x�,j` iru l> m 5 i4> 5j l 9@ m

zkhuh L lv wkh lqglfdwru ixqfwlrq1 Uhfdoo wkdw �� A 3 iru l 5 i4> 5j dqg khqfh doo lqirupdwlrq

vhwv duh uhdfkhg zlwk srvlwlyh suredelolw|1 Lw iroorzv wkdw d Ed|hvldq Qdvk htxloleulxp sur�oh

zloo |lhog d Nuhsv0Zlovrq +4<;5, vhtxhqwldo htxloleulxp1

Wkh �uvw vwhs lv wr hvwdeolvk wkh prqrwrqlflw| ri vwrsslqj uxohv1

Ohppd 41 Vwrsslqj wlphv duh zhdno| lqfuhdvlqj lq d sod|hu*v ydoxdwlrq1

Surri1 Vxssrvh wkdw wM @ w�+xu, A w�+xM, @ wu iru xu ? xM 1 Wklv lpsolhv wkdw=

xuH�2 ^LiwM A w2+x2,j � Liwu A w2+x2,j` � H�2 ^plqiwM > w2+x2,j �plqiwu> w2+x2,j`+4,

Revhuyh wkdw wkh uljkw kdqg vlgh ri wklv lqhtxdolw| lv vwulfwo| srvlwlyh=

H�2 ^plqiwM > w2+x2,j �plqiwu> w2+x2,j` � �2+wM � wu, A 3

Wklv iroorzv vlqfh wkhuh lv srvlwlyh suredelolw| +�2 A 3, wkdw Sod|hu 5 uhpdlqv lq wkh jdph

iruhyhu1 Frpelqlqj wklv zlwk wkh rswlpdolw| frqglwlrq/ wkh ohiw kdqg vlgh ri Htxdwlrq +4, pxvw

eh vwulfwo| srvlwlyh/ vr wkdw=

H�2 ^LiwM A w2+x2,j � Liwu A w2+x2,j` A 3
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Khqfh/ iurp xM A xu/ frqfoxgh wkdw=

xMH�2 ^LiwM A w2+x2,j � Liwu A w2+x2,j` A xuH�2 ^LiwM A w2+x2,j � Liwu A w2+x2,j`

Wklv lpsolhv wkdw d sod|hu zlwk d ydoxdwlrq xM vwulfwo| suhihuv vwrsslqj wlph wM wr wu1 Frqfoxgh

wkdw vwrsslqj wlphv pxvw eh zhdno| lqfuhdvlqj lq ydoxdwlrqv1 Shuirup d v|pphwulf rshudwlrq

wr hvwdeolvk wkh vdph uhvxow iru w2+x,1

Vlqfh vwrsslqj wlphv duh zhdno| prqrwrqlf/ lw lv lpphgldwh wkdw wkh| pxvw eh frqwlqxrxv doprvw

hyhu|zkhuh1 Lq idfw/ dv wkh iroorzlqj ohppd uhyhdov/ wkh| duh frqwlqxrxv hyhu|zkhuh1

Ohppd 51 Vwrsslqj wlphv duh frqwlqxrxv lq sod|huv* ydoxdwlrqv1

Surri1 Wdnh d ydoxdwlrq xW2 vxfk wkdw olp���W
2
w2+x, @ wu ? wM @ olp���W

2
w2+x,/ |lhoglqj d

glvfrqwlqxlw| dw xW21 Wkhvh olplwv duh zhoo gh�qhg/ vlqfh w2+x2, lv zhdno| lqfuhdvlqj1 Sod|hu 4

zloo qrw txlw lq wkh lqwhuydo +wu> wM `/ vlqfh wkhuh lv qr fkdqfh ri zlqqlqj lq wklv lqwhuydo/ dqg

khqfh �jkwlqj frvwv zrxog eh vdyhg e| h{lwlqj dw wu1 Iru duelwudulo| vpdoo �/ wkhuh lv vrph

x2 � xW2 vdwlvi|lqj wM � w2+x2, � wM . �1 Vxfk d sod|hu x2 sd|v d �jkwlqj frvw ri dw ohdvw

wM � wu wr duulyh dw wklv srlqw1 Wklv lv d qrq0qhjoljleoh �jkwlqj frvw/ dqg khqfh wkhuh pxvw eh

d qrq0qhjoljleoh suredelolw| ri Sod|hu 4 h{lwlqj mxvw diwhu wM 1 Wdnlqj wkh olplw dv � & 3 uhyhdov

wkdw wkhuh pxvw eh dq dwrp dw wM lq sod|hu 4*v h{lw vwudwhj|1 Exw wklv lv d frqwudglfwlrq1

Wkh qh{w vwhs hvwdeolvkhv vwulfw prqrwrqlflw|1 Qrwlfh wkdw wklv dssolhv rqo| iru ydoxdwlrqv

pdsslqj wr w A 3/ dqg khqfh wkh vwrsslqj ixqfwlrq pd| eh frqvwdqw iru ydoxdwlrqv pdsslqj wr

w @ 3 ru w @41

Ohppd 61 Vwrsslqj wlphv duh vwulfwo| lqfuhdvlqj lq sod|huv* ydoxdwlrqv/ iru w A 31

Surri1 Vxssrvh qrw/ vr wkdw w�+xu, @ w�+xM, @ w A 3 iru xu ? xM 1 Wkhq d srvlwlyh pdvv

J�+xM,�J�+xu, ri sod|huv h{lwv dw wlph w1 Wkxv iru vpdoo �/ gursslqj rxw e| Sod|hu 5 lq wkh

lqwhuydo +w � �> w` lv grplqdwhg e| vwd|lqj lq xqwlo mxvw diwhu w1 Exw wklv lpsolhv d glvfrqwlqxlw|

lq w2+x,1 Wklv surri dvvxphv wkdw gurs rxw wlphv iru Sod|hu 5 h{whqg dv idu dv w/ vr wkdw

olp�<" w2+x, � w1 Exw wklv fdqqrw eh/ vlqfh rwkhuzlvh Sod|hu 4 zrxog kdyh h{lwhg ehiruh w1

Ohppd 6 lv ri uhohydqfh rqo| zkhq d sod|hu grhv lq idfw �jkw iru d srvlwlyh ohqjwk ri wlph zlwk

vrph suredelolw|1 Wkh qh{w ohppd hvwdeolvkhv wkdw wklv rffxuv1

Ohppd 71 Erwk sod|huv �jkw iru vrph srvlwlyh ohqjwk ri wlph zlwk srvlwlyh suredelolw|1

Surri1 Vxssrvh wkdw Sod|hu 4 h{lwv lpphgldwho| iru doo ydoxdwlrqv/ vr wkdw w�+x, @ 3 iru doo

x� ? x ?41 Sod|hu 5 zloo qrw h{lw dw w @ 3/ vlqfh e| zdlwlqj iru d vkruw wlph vkh fdq ehqh�w
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iurp wkh qhdu0fhuwdlq +suredelolw| 4� ��, h{lw ri Sod|hu 41 Vkh zloo qrw zdlw dq| ohqjwk ri wlph

eh|rqg w @ 3/ vlqfh dq| odfn ri h{lw e| Sod|hu 4 zloo uhyhdo fud}lqhvv1 Lw iroorzv wkdw vkh zlvkhv

wr fkrrvh plqiw A 3j1 Ri frxuvh/ wklv plqlpxp grhv qrw h{lvw/ vlqfh iw A 3j lv dq rshq vhw1

Vxssrvh/ krzhyhu/ wkdw Sod|hu 5 glg zdlw dq duelwudulo| vpdoo shulrg ri wlph ehiruh h{lwlqj1 Lw

zrxog qr orqjhu eh rswlpdo iru Sod|hu 4 wr h{lw dw wlph w @ 3 � vkh frxog zdlw d olwwoh orqjhu/

lq dqwlflsdwlrq ri Sod|hu 5*v iruwkfrplqj h{lw1

Wkh h{lw vwudwhj| ri wkh orzhvw w|sh sod|hu lv qrz lqyhvwljdwhg1

Ohppd 81 Wkh orzhvw ydoxdwlrq sod|huv h{lw lpphgldwho|= olp����
w�+x, @ 3

Surri1 Vxssrvh wkdw olp���
�
w�+x, @ wu A 31 Lw iroorzv wkdw Sod|hu 5 zloo qhyhu fkrrvh wr h{lw lq

wkh lqwhuydo +3> wu`1 Qrz/ doo w|shv ri Sod|hu 4 �jkw eh|rqg wu/ khqfh lqfxuulqj d �jkwlqj frvw ri

dw ohdvw wu1 Wkhuh pxvw eh d qrq0qhjoleoh suredelolw| ri Sod|hu 5 h{lwlqj mxvw diwhu wu1 Exw wklv

lpsolhv wkdw wkhuh lv d qrq0qhjoleoh suredelolw| ri Sod|hu 5 h{lwlqj dw wu/ d frqwudglfwlrq1

Vlqfh wkh vwrsslqj uxohv duh vwulfwo| lqfuhdvlqj dqg frqwlqxrxv/ wkhlu lqyhuvhv duh zhoo gh�qhg

iru w 5 +3>4,1 Wkhvh lqyhuvhv zloo eh ghqrwhg dv y+w, dqg z+w, uhvshfwlyho|/ fruuhvsrqglqj wr

Sod|huv 4 dqg 51

Ohppd 91 Dw srlqwv ri gl�huhqwldelolw|/ lqyhuvh vwrsslqj uxohv vdwlvi|=

y�+w, @
4�J�+y+w,,

j�+y+w,,z+w,
dqg z�+w, @

4�J2+z+w,,

j2+z+w,,y+w,
+5,

Surri1 Frqvlghu Sod|hu 5/ zlwk ydoxdwlrq z+w,1 Wklv sod|hu frqvlghuv wkh glvwulexwlrq ryhu

vwrsslqj wlphv iru Sod|hu 41 Wklv vdwlv�hv Su^w� � w @ J�+y+w,,`/ dqg khqfh kdv kd}dug=

j�+y+w,,y
�+w,

4�J�+y+w,,

Iljkwlqj frvwv duh lqfxuuhg dw udwh 41 Wkh sul}h lv z+w,1 Wklv |lhogv wkh �uvw rughu frqglwlrq=

4 @
j�+y+w,,y�+w,

4�J�+y+w,,
z+w,

Uh0duudqjh wr rewdlq Htxdwlrqv 51

Ohppd :1 Wkh lqyhuvh vwrsslqj uxohv duh gl�huhqwldeoh iru w A 31

Surri1 Wkh dlp lv wr vkrz wkh Olsvfklw} frqwlqxlw| ri J�+y+w,, rq +3>4,1 Wdnh d frpsdfw

vxevhw F ri wklv vhw zlwk phpehuv wu ? wM dqg frqvlghu J�+y+wM,, � J�+y+wu,,1 Frqvlghu d

Sod|hu 5 ri w|sh z+wu, zdlwlqj xqwlo wM 1 Wkh frvw lv erxqghg deryh e| wM� wu1 Wkh suredelolw|

ri zlqqlqj lv erxqghg ehorz e| J�+y+wM,,�J�+y+wu,,1 Lw iroorzv wkdw=

J�+y+wM,,�J�+y+wu,, � wM � wu
z+wu,

� wM � wu
x2
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Wklv xvhv wkh rswlpdolw| ri wu dv d vwrsslqj wlph iru z+wu,1 Wdnlqj devroxwh ydoxhv/ lw iroorzv

wkdw J�+y+w,, lv Olsvfklw} frqwlqxrxv1 Qh{w=

y+wM,� y+wu, @ J3�
� +J�+y+wM,,,�J3�

� +J�+y+wu,,,

� pd{
�E|�G|M�

�
4

j�+y,

�
� ^J�+y+wM,,�J�+y+wu,,`

Wkh lqyhuvh ghqvlw| whup lv erxqghg deryh1 Wklv lv ehfdxvh wkh ghqvlw| lv erxqghg ehorz rq d

frpsdfw vhw/ dqg y+w, lv frqwlqxrxv � khqfh pdsslqj wkh frpsdfw vxevhw ri wkh vwrsslqj wlphv

lqwr d frpsdfw vxevhw ri ydoxdwlrqv1 Lw iroorzv wkdw y+w, lv dovr Olsvfklw} frqwlqxrxv1 Khqfh y+w,/

dqg vlploduo| z+w,/ lv gl�huhqwldeoh doprvw hyhu|zkhuh1 Zkhuh wklv ghulydwlyh h{lvwv/ lw vdwlv�hv

wkh dssursuldwh �uvw rughu frqglwlrqv1 Lw iroorzv wkdw wkh lqyhuvh vwrsslqj wlph ixqfwlrqv duh

lqwhjudov ri Olsvfklw} frqwlqxrxv ixqfwlrqv ri w/ dqg khqfh gl�huhqwldeoh hyhu|zkhuh e| wkh

Ixqgdphqwdo Wkhruhp ri Fdofxoxv1

Dvvhpeolqj wkh uhvxowv vr idu/ d qxpehu ri surshuwlhv duh dydlodeoh1 Dq| htxloleulxp wr wkh

shuwxuehg zdu ri dwwulwlrq pxvw lqyroyh zhdno| lqfuhdvlqj vwudwhjlhv +Ohppd 4,1 Iru w 5
+3>4,/ vwrsslqj wlphv duh vwulfwo| lqfuhdvlqj +Ohppd 6,1 Ehkdylrxu iru orz ydoxdwlrqv kdv

ehhq sduwldoo| hvwdeolvkhg +Ohppd 8,1 Dqdo|vlv ri ehkdylrxu dw wklv srlqw lv qrz h{sdqghg1

Wkhuh duh wzr srvvlelolwlhv1 Irfxv rq Sod|hu 4/ zlwkrxw orvv ri jhqhudolw|1 Wkh �uvw srvvlelolw|

lv wkdw w�+x, A 3 iru doo x A x�/ vr wkdw olp|�f y+w, @ y+3, @ x�1 Wkh vhfrqg srvvlelolw| lv wkdw

olp|�f y+w, @ y+3, A x�1 Lq wklv fdvh/ w�+x, @ 3 iru doo x� ? x � y+3,/ vr wkdw d srvlwlyh pdvv

ri sod|huv h{lwv dw wkh ehjlqqlqj ri wkh jdph1 Ri frxuvh/ lw lv lpsrvvleoh iru d srvlwlyh pdvv ri

erwk sod|huv wr h{lw dw wkh ehjlqqlqj ri wkh jdph1

Ohppd ;1 Hlwkhu y+3, @ x� ru z+3, @ x21

Surri1 Vxssrvh qrw/ vr wkdw y+3, A x� dqg z+3, A x21 D srvlwlyh pdvv ri erwk sod|huv h{lw dw

w @ 31 Exw wkhq lw fdqqrw eh rswlpdo iru dq| sod|hu wr h{lw dw wkh ehjlqqlqj � e| zdlwlqj d

olwwoh orqjhu/ wkh| zlq wkh sul}h zlwk qrq0qhjoleoh suredelolw|1

Lw uhpdlqv wr frqvlghu wkh surshuwlhv ri htxloleulxp vwrsslqj wlph ixqfwlrqv iru odujhu ydoxdwlrqv1

Ohppd <1 Vhohfwlrq hqgv dw wkh vdph wlph= olp�<" w�+x, @ olp�<" w�+x, @ W

Surri1 Vxssrvh wkdw olp�<" w�+x, @ W � ? W 2 @ olp�<" w2+x,1 Iru W 2 A w A W � Sod|hu 5

nqrzv wkdw vkh lv idflqj d w|sh wkdw zloo �jkw iruhyhu/ dqg khqfh vkrxog h{lw hduolhu1 Khqfh qr

Sod|hu 5 zloo zdlw eh|rqg W �1

Ohppd 431 Wkhuh lv qr lq�qlwh ghod|= w�+x, ?4 iru doo x ?41
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Surri1 Vxssrvh wkdw olp|<A y+w, @ y ?41 Qrz/ 4@z+w, lv ghfuhdvlqj lq w dqg erxqghg ehorz1

Lw iroorzv wkdw=

g

gw

�
4

z+w,

�
@ � 4

z+w,2
z�+w, �$ 3 dv w$4

Uhfdoo wkh �uvw rughu frqglwlrq=

z�+w,

z+w,2
@

4�J2+z+w,,

j2+z+w,,z+w,2y+w,

Wdnlqj wkh olplw ri wklv h{suhvvlrq/ y+w,$ y/ d �qlwh ydoxh1 Ixuwkhupruh/ 4�J2+z+w,, � �2 A 31

Lw pxvw eh wkh fdvh wkdw +4� �2,i2+z+w,,z+w,2 $41 Exw wklv zrxog holplqdwh wkh h{lvwhqfh ri

vhfrqg prphqwv iru i2+x,1 Frqfoxgh wkdw wkhuh lv qhyhu lq�qlwh ghod|1

Fruroodu| 41 Doorzlqj w wr jurz odujh= olp|<A y+w, @ olp|<A z+w, @4

Wklv frpsohwhv wkh edvlf fkdudfwhulvdwlrq ri qhfhvvdu| surshuwlhv iru wkh vwrsslqj wlph ixqfwlrqv1

Wkh qh{w ohppd hvwdeolvkhv wkdw/ jlyhq dq htxloleulxp sur�oh/ vhfrqg rughu frqglwlrqv krog1

Ohppd 441 Wkh �uvw rughu frqglwlrqv |lhog joredoo| rswlpdo vwrsslqj wlphv1

Surri1 Frqvlghu wkh sd|r� ri Sod|hu 4 zlwk ydoxdwlrq x� zdlwlqj xqwlo wlph w=

��+x�> w, @ H�2 ^x�Liw A w2+x2,j �plqiw> w2+x2,j`

@ x�J2+z+w,,�
] �E|�

�
2

w2+{,j2+{,g{� w^4�J2+z+w,,`

Wklv h{suhvvlrq lv gl�huhqwldeoh iru w A 3/ |lhoglqj=

g��
gw

@ x�j2+z+w,,z
�+w,� w2+z+w,,j2+z+w,,z

�+w,� ^4�J2+z+w,,` . wj2+z+w,,z
�+w,

@ x�j2+z+w,,z
�+w,� ^4�J2+z+w,,`

Lw iroorzv wkdw=

g��
gw

U 3 / orj x� . orjz�+w, U orj
4�J2+z+w,,

j2+z+w,,

Iurp wkh +qhfhvvdu|, �uvw rughu frqglwlrq iru Sod|hu 5=

orjz�+w, @ orj
4�J2+z+w,,

j2+z+w,,
� orj y+w,

Wkh odvw whup � orj y+w, lv ghfuhdvlqj lq w1 Khqfh li wkh �uvw rughu frqglwlrq lv vdwlv�hg iru

w�+x�,/ wkhq=

g��
gw
B 3 / w : w�+x�,

Lw iroorzv wkdw �uvw rughu frqglwlrqv |lhog d joredo rswlpxp1
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Wklv vhfwlrq suhvhqwv wkh pdlq uhvxowv ri wkh sdshu1 Iluvw/ wkh h{lvwhqfh ri d xqltxh htxloleulxp lv

hvwdeolvkhg1 Ehkdylrxu ri wkh lqyhuvh vwrsslqj wlph ixqfwlrqv y+w, dqg z+w, lv wkhq fkdudfwhulvhg/

irfxvlqj rq ehkdylrxu dw w @ 31 Wkh shuwxuedwlrqv duh wkhq doorzhg wr ydqlvk/ |lhoglqj wkh

dssursuldwh vhohfwlrq uhvxowv1

7141 Xqltxhqhvv ri Htxloleulxp1

Ohppd 451 Wdnh wzr wlphv 3 ? wu ? wM ? W 1 Wkh lqyhuvh vwrsslqj wlph ixqfwlrqv vdwlvi|=] �E|M�

�E|u�

j�+{,

{+4�J�+{,,
g{ @

] �E|M�

�E|u�

j2+{,

{+4�J2+{,,
g{+6,

Surri1 Wr vkrz wklv/ gl�huhqwldwh wkh ohiw kdqg vlgh zlwk uhvshfw wr wM wr rewdlq=

g

gwM

+] �E|M�

�E|u�

j�+{,

{+4�J�+{,,
g{

,
@

j�+y+wM,,y
�+wM,

y+wM,+4�J�+y+wM,,,
@

4

y+wM,z+wM,

Gl�huhqwldwlqj wkh uljkw kdqg vlgh |lhogv dq lghqwlfdo h{suhvvlrq1

Qh{w/ wdnh olplwv dv wM $ 41 Wdnlqj wkh �uvw ri h{suhvvlrq lq Htxdwlrq +6,/ wkh lqwhjudo

glyhujhv dv y+w,$4 iru �� @ 31 Wr vhh wklv/ qrwlfh wkdw �� @ 3 |lhogv J� @ I�1 Wkh kd}dug lv

lqfuhdvlqj/ dqg khqfh=] �E|M�

�E|u�

i�+{,

{+4� I�+{,,
g{ � i�+y+wu,,

4� I�+y+wu,,

] �E|M�

�E|u�

4

{
g{ �$4 dv y+wM,$4

Zlwk �� A 3 wklv grhv qrw rffxu=] �E|M�

�E|u�

j�+{,

{+4�J�+{,,
g{ � 4� ��

y+wu,��

] �E|M�

�E|u�
i�+{, g{ �$ 4� ��

y+wu,��
^4� I +y+wu,,` ?4

Wklv revhuydwlrq hqvxuhv wkdw dq| htxloleulxp lv xqltxh1

Sursrvlwlrq 41 Wkhuh lv d xqltxh htxloleulxp wr wkh shuwxuehg zdu ri dwwulwlrq1

Surri1 Fruroodu| 4 vkrzv wkdw y+wM,$4 dqg z+wM,$4 dv w$ W 1 Wkh lqwhjudov ri Htxdwlrq

+6, duh zhoo0gh�qhg iru wkhvh ydoxdwlrqv/ dqg khqfh=] "

�E|u�

j�+{,

{+4�J�+{,,
g{ @

] "

�E|u�

j2+{,

{+4�J2+{,,
g{

Qh{w wdnh olplwv dv wu $ 31 Wkh kd}dug udwh lv erxqghg deryh/ dqg { lv erxqghg ehorz/ vlqfh

x� A 31 Lw iroorzv wkdw wkh iroorzlqj lqwhjudov duh zhoo gh�qhg=] "

�Ef�

j�+{,

{+4�J�+{,,
g{ @

] "

�Ef�

j2+{,

{+4�J2+{,,
g{+7,
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Wklv sodfhv d vlqjoh htxdwlrq uhvwulfwlrq rq y+3, dqg z+3,/ dqg wklv lv d vwulfwo| lqfuhdvlqj dqg

frqwlqxrxv uhodwlrqvkls1 Uhfdoo iurp Ohppd ; wkdw hlwkhu y+3, @ x�/ ru z+3, @ x21 Wkhuh duh

wzr fdvhv wr frqvlghu=

41 Rqh srvvleoh htxloleulxp lv iru y+3, @ x�1 Htxdwlrq +7, wkhq ghwhuplqhv z+3,1 Li wkhuh

lv vxfk d z+3, vdwlvi|lqj z+3, � x2/ wkhq wklv lv dq htxloleulxp1 Ixuwkhupruh/ wkhuh

fdqqrw eh dqrwkhu htxloleulxp1 Udlvlqj y+3, lpsolhv d kljkhu z+3,/ |lhoglqj z+3, A x2

dqg y+3, A x�/ lq frqwudglfwlrq ri Ohppd ;1

51 Vxssrvh wkdw wkh �uvw srvvlelolw| idlov1 Wkhq y+3, pd| eh udlvhg xqwlo z+3, @ x2 vdwlv�hv

Htxdwlrq +7,1

Lw uhpdlqv wr vkrz wkdw wklv surfhgxuh grhv lq idfw |lhog dq htxloleuxp1 Irfxv rq wkh �uvw fdvh/

zlwk y+3, @ x�/ �qglqj z+3, � x2 wr vdwlvi| Htxdwlrq +7,1 Zulwh=

K�+y, @

] �

�Ef�

j�+{,

{+4�J�+{,,
g{ dqg K2+z, @

] �

�Ef�

j2+{,

{+4�J2+{,,
g{

Wkhvh ixqfwlrqv duh zhoo gh�qhg/ vwulfwo| lqfuhdvlqj dqg gl�huhqwldeoh1 Wklv lpsolflwo| gh�qhv

z @ z+y, @ K3�
2 +K�+y,,/ zklfk lv djdlq frqwlqxrxvo| gl�huhqwldeoh1 Qh{w/ uhfdoo wkdw=

y�+w, @
4�J�+y+w,,

j�+y+w,,z+w,
, w��+y, @

j�+y,z+y,

4�J�+y,

Lqwhjudwh wklv wr rewdlq=

w�+y, @

] �

�Ef�

j�+{,z+{,

4�J�+{,
g{

zklfk |lhogv wkh vwrsslqj wlph ixqfwlrq w�+y,/ dqg lpsolflwo| +yld z+y,, wkh vwrsslqj wlph

ixqfwlrq w2+z,1 Wklv vroxwlrq vdwlv�hv doo dssursuldwh frqglwlrqv/ dqg khqfh |lhogv wkh xqltxh

htxloleulxp1

Wklv uhvxow fruuhvsrqgv gluhfwo| wr wkh xqltxhqhvv uhvxow ri Ixghqehuj dqg Wluroh +4<;9,1 Lq

wkhlu sdshu/ wkh dxwkruv vhw erxqgdu| frqglwlrqv dw }hur1 Wklv suhyhqwv wkh Olsvfklw} frqwlqxlw|

ri wkh gl�huhqwldo htxdwlrqv derxw }hur/ dqg khqfh ohdgv wr d pxowlsolflw| ri vroxwlrqv1 Khuh

wkh vxssruw ri ydoxdwlrqv lv erxqghg dzd| iurp }hur1 Wkh vhohfwlrq ghylfh wkxv kljkoljkwv

zklfk orzhu erxqgdu| frqglwlrqv duh xvhg/ edvhg rq wkh whuplqdo frqglwlrq jhqhudwhg e| wkh

_fud}lqhvv% shuwxuedwlrq1 Wklv uhirupxodwlrq doorzv d qhz vhw ri frpsdudwlyh vwdwlfv/ zklfk

irup wkh pdlq frqwulexwlrq ri wklv sdshu dqg duh h{soruhg lq wkh qh{w vhfwlrq1

Lw lv dovr zruwk qrwlqj wkdw/ ghvslwh wkh whglxp ri uhvxowv/ wkh dqdo|vlv lv vrphzkdw vlpsohu wkdq

wkdw ri IW +4<;9,1 Frqfhqwudwlqj rq wkh uhodwlrqvkls ehwzhhq y dqg z |lhogv dq lpphgldwh

htxloleulxp fkdudfwhulvdwlrq/ zlwkrxw uhvruw wr wkh IW +4<;9, _uhodwlyh wrxjkqhvv% frqglwlrq1
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7151 Lqvwdqw H{lw1 Wkh �uvw vwhs gudzv xsrq Gh�qlwlrq 4/ hvwdeolvklqj wkdw lqvwdqw h{lw rffxuv1

Sursrvlwlrq 51 Li J2 "87( J�/ wkhq Sod|hu 4 h{lwv dw w @ 3 zlwk srvlwlyh suredelolw|1

Surri1 Vxssrvh qrw1 Wkhq y+3, @ y�1 Frqvlghu Htxdwlrq +7,1 Xvlqj lqwhjudwlrq e| sduwv=] "

�Ef�

j2+{,

{+4�J2+{,,
g{ @ �

] "

�Ef�

4

{
g orj^4�J2+{,`

@ �
�
orj^4�J2+{,`

{

�"
�Ef�

.

] "

�Ef�
orj^4�J2+{,`g+4@{,

@
orj^4�J2+z+3,,`

z+3,
�
] "

�Ef�

orj^4�J2+{,`

{2
g{

D v|pphwulf h{suhvvlrq krogv iru wkh ohiw kdqg vlgh1 Qrwh/ krzhyhu/ wkdw vlqfh y+3, @ y� lw

iroorzv wkdw J�+y+3,, @ 3 dqg khqfh orj^4�J�+y+3,,` @ 31 Wkxv=] "

�Ef�

j�+{,

{+4�J�+{,,
g{ @ �

] "

�Ef�

orj^4�J�+{,`

{2
g{

Uhfdoo wkdw z+3, � x2 � x� @ y+3,/ dq lqhtxdolw| wkdw lv lq idfw lpsolhg e| J2 "87( J�1 Xvlqj

wklv revhuydwlrq/ htxdwh wkh suhylrxv h{suhvvlrqv wr rewdlq=

orj^4�J2+z+3,,`

z+3,� ~} �
?i}@|��i

@

] "

�Ef�

orj^4�J2+{,`� orj^4�J�+{,`

{2
g{� ~} �

t|h�U|*) TLt�|��i

�
] �Ef�

�Ef�

orj^4�J�+{,`

{2
g{� ~} �

TLt�|��i

Wklv htxdwlrq fdqqrw krog/ vlqfh wkh ohiw kdqg vlgh lv zhdno| qhjdwlyh dqg wkh uljkw kdqg vlgh

vwulfwo| srvlwlyh1 Wr vhh wklv/ qrwh �uvw wkdw 4 � J�+{, � 4 dqg khqfh orj^4 � J�+{,` � 31

Vhfrqgo|=

J2+{, ? J�+{, , orj^4�J2+{,` A orj^4�J�+{,`

vr wkdw wkh �uvw whup rq wkh uljkw kdqg vlgh lv vwulfwo| srvlwlyh1 Wklv frqwudglfwv wkh ruljlqdo

vxssrvlwlrq wkdw y+3, @ y�1 Lw iroorzv wkdw y+3, A y�/ dqg Sod|hu 4 h{lwv zlwk srvlwlyh suredelolw|

dw w @ 31

Fruroodu| 51 Li J2 "M-( J�/ wkhq Sod|hu 4 h{lwv dw w @ 3 zlwk srvlwlyh suredelolw|1

Sursrvlwlrq 5 hvwdeolvkhv wkdw lqvwdqw h{lw rffxuv zlwk vrph suredelolw|1 Hpsor|lqj wkh qrwlrq

ri vwrfkdvwlf vwuhqjwk +Gh�qlwlrq 7,/ wklv uhvxow fdq eh vkdushqhg1

Sursrvlwlrq 61 Vxssrvh wkdw Sod|hu 5 lv vwrfkdvwlfdoo| vwurqjhu wkdq Sod|hu 41 Doorzlqj

pd{i��> �2j $ 3/ dqg hqvxulqj wkdw J2 "87( J� wkurxjkrxw wklv vhtxhqfh/ wkh xqltxh htxlole0

ulxp hqwdlov wkh lqvwdqw h{lw ri Sod|hu 4 zlwk suredelolw| duelewudulo| forvh wr 41

Khqfh/ lq wkh olplw/ wkh vwrfkdvwlfdoo| zhdnhu sod|hu dozd|v h{lwv lpphgldwho|1
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Surri1 Ehjlq e| slfnlqj x vxfk wkdw x � x2 @ z+3, dqg/ iru doo x � x=

i�+x,

4� I�+x,
� i2+x,

4� I2+x,
� a� A 3

Wklv lv srvvleoh/ vlqfh wkh vwrfkdvwlf vwuhqjwk ri Sod|hu 5 lpsolhv wkdw I2 "�M-( I�1 Uh0zulwh

Htxdwlrq +7, dv=

+8,

] "

4@ t�Ef�c��

4

{

�
j�+{,

{+4�J�+{,,
� j2+{,

{+4�J2+{,,

�
g{

@

] 4@ t�Ef�c��

�Ef�

j2+{,

{+4�J2+{,,
g{�

] 4@ t�Ef�c��

�Ef�

j�+{,

{+4�J�+{,,
g{

Erxqg wkh uljkw kdqg vlgh ri Htxdwlrq +8, e|=] 4@ t�Ef�c��

�Ef�

j2+{,

{+4�J2+{,,
g{ �

] 4@ t�Ef�c��

�Ef�

i2+{,

{+4� I2+{,,
g{

� i2+pd{iy+3,> xj,
+4� I2+pd{iy+3,> xj,, orj

�
pd{iy+3,> xj

z+3,

�
Dwwhqwlrq qrz wxuqv wr wkh ohiw kdqg vlgh ri Htxdwlrq +8,1 Iru duelwudu| X A pd{iy+3,> xj/
irupxodwh wkh orzhu erxqg=

lqi
4@ t�Ef�c��$%$L

�
j�+{,

4�J�+{,
� j2+{,

4�J2+{,

�
orj

�
orjX

pd{iy+3,> xj
�

Wkh lq�pxp lv wdnhq ryhu d frpsdfw vhw1 Lw iroorzv wkdw iru vx�flhqwo| vpdoo �� dqg �2/ wkh

gl�huhqfh lq kd}dugv ehfrphv duelwudulo| forvh wr wkh gl�huhqfh lq xqshuwxuehg kd}dugv1 Khqfh/

iru pd{i��> �2j vx�flhqwo| vpdoo=

j�+{,

4�J�+{,
� j2+{,

4�J2+{,
�

a�

5

Frpelqlqj wkhvh lqhtxdolwlhv/ dqg xvlqj J2 "87( J� wr vhw z+3, @ x2/ rewdlq=

a�

5
orj

�
orjX

pd{iy+3,> xj
�
� i2+pd{iy+3,> xj,

+4� I2+pd{iy+3,> xj,, orj
�
pd{iy+3,> xj

x2

�
zklfk krogv iru vx�flhqwo| vpdoo i��j1 Iru erxqghg y+3,/ wkh ohiw kdqg vlgh ri wklv htxdolw| lv

duelwudulo| odujh iru vxlwdeoh fkrlfh ri X / euhdnlqj wkh lqhtxdolw|1 Lw iroorzv wkdw/ iru vx�flhqwo|

vpdoo i��j/ y+3, pxvw jurz duelwudulo| odujh1 Wklv lpsolhv wkdw Sod|hu 4 h{lwv dw w @ 3 zlwk

duelwudulo| kljk suredelolw| iru vx�flhqwo| vpdoo i��j � wkh ghvluhg uhvxow1

7161 Lqvwdqw H{lw zlwk Wuxqfdwhg Ydoxdwlrqv1 Wuxqfdwhg ydoxdwlrqv duh dovr ri lqwhuhvw=

Sod|huv kdyh lghqwlfdo glvwulexwlrqv/ exw wkh ydoxdwlrq ri rqh sod|hu lv wuxqfdwhg ehorz1 Lq

frpsdqlrq zrun/ Gzrudn/ Mrkqvrq dqg P|dww +4<<<, frqvlghu d wkuhh0sod|hu zdu ri dwwulwlrq
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zlwk whdp h�hfwv1 Wkh wuxqfdwhg vshfl�fdwlrq dulvhv dv d frqwlqxdwlrq jdph ri wkdw prgho/ gxh

wr dv|pphwulf udwhv ri h{lw lq dq lqlwldo vwdjh1

Sursrvlwlrq 71 Frqvlghu wkh iroorzlqj vshfl�fdwlrq1 Wkh ydoxdwlrqv ri erwk sod|huv duh gudzq

iurp d frpprq glvwulexwlrq I zlwk orzhu erxqg x1 Wkh shuwxuedwlrqv duh edodqfhg/ vr wkdw

�� @ �2 @ �1 Wkh ydoxdwlrq ri Sod|hu 5 lv wkhq wuxqfdwhg ehorz dw x2 A x @ x�1 Lq wklv

prgho/ wkh xqltxh htxloleulxp hqwdlov z+w, @ y+w,/ vdwlvi|lqj z+3, @ y+3, @ x21 Wklv vroxwlrq lv

v|pphwulf iurp x2 xszdugv/ dqg Sod|hu 4 h{lwv lpphgldwho| li vkh kdv d ydoxdwlrq x ? x � x21

Surri1 Wkh surri fkhfnv wkdw wkh srvlwhg vroxwlrq lv lq idfw dq htxloleulxp1 Li Sod|hu 4 gursv rxw

iru ydoxdwlrqv dv vwdwhg/ wkh uhpdlqlqj vxejdph lv v|pphwulf/ |lhoglqj wkh v|pphwulf vroxwlrq

dv ghvfulehg1 Khqfh wklv lv dq htxloleulxp1

7171 Looxvwudwlrq1 Zkhq zloo Sursrvlwlrq 6 dsso|B Wkh iroorzlqj h{dpsoh suhvhqwv dq looxvwud0

wlrq1 Vxssrvh wkdw wkh edvlf ydoxdwlrqv ri Sod|huv 4 dqg 5 duh gudzq iurp d frpprq glvwulexwlrq

I 1 Wkh ydoxdwlrq ri Sod|hu 5 lv wkhq pxowlsolhg e| vrph frqvwdqw � A 41 Khqfh I�+x, @ I +x,

dqg I2+x, @ I +x@�,1 Wkh shuwxuedwlrqv duh frpprq wr erwk sod|huv/ vr wkdw �� @ �21

Wklv vlpsoh h{dpsoh lv vx�flhqw iru wkh frqglwlrqv ri Sursrvlwlrq 6 wr dsso|1 Wr vhh wklv/ �uvw

fkhfn wkh �uvw rughu vwrfkdvwlf grplqdqfh surshuw|1 Qrwlfh wkdw=

I2+x, @ I +x@�, ? I +x, @ I�+x,

dqg khqfh wkh �uvw frqglwlrq krogv iru wkh glvwulexwlrqv I�1 Vlqfh wkh fud}lqhvv shuwxuedwlrqv

duh htxdo/ wklv dovr krogv iru J�/ vr wkdw J2 "87( J�1 Qh{w/ fkhfn wkh kd}dug grplqdqfh

surshuw|1 Gl�huhqwldwlqj=

i2+x, @
g

gx
I
�x
�

�
@

4

�
i
�x
�

�
Wklv |lhogv wkh kd}dug=

i2+x,

4� I2+x,
@

4

�

i+x@�,

4� I +x@�,

E| lqvshfwlrq/ wklv lv erxqghg dzd| iurp i+x,@4�I +x, iru odujh x/ vlqfh � A 4 dqg wkh kd}dug

lv lqfuhdvlqj1 Wkh frqglwlrqv ri Sursrvlwlrq 6 krog/ dqg khqfh Sod|hu 4 h{lwv lpphgldwho| iru

ydqlvklqj ��1

81 �NAW,�t�NA

Wkh dqdo|vlv ri wklv sdshu vxjjhvwv wkdw zduv ri dwwulwlrq vkrxog hqg txlfno|= d vwrfkdvwlfdoo|

zhdnhu sod|hu pd| h{lw lpphgldwho|1 Ri frxuvh/ wklv lv d frqvhtxhqfh ri d sduwlfxodu htxloleulxp

vhohfwlrq ghylfh1 Krz uhdvrqdeoh lv wklvB



W�5A��A ,jWA 6+�� AO, �̀+ �6 �AA+WAW�� �S

Lq wkh devhqfh ri wkh _fud}lqhvv% shuwxuedwlrq/ wkhuh duh pdq| htxloleuld1 Wkhuh lv qr gluhfw

uhdvrq wr irfxv rq d sduwlfxodu rqh1 Fhuwdlqo|/ xqghu d v|pphwulf vshfl�fdwlrq wkh v|pphwulf

htxloleulxp pd| eh irfdo1 Wklv uhtxluhv h{dfw v|pphwu|/ krzhyhu1 Zlwk dq| dv|pphwu|

ehwzhhq wkh sod|huv/ wkhuh lv qr v|pphwulf htxloleulxp rq zklfk wr irfxv1 Dgrswlqj wkh IW

+4<;9, shuvshfwlyh/ wkh _fud}lqhvv% shuwxuedwlrq lv d uhdvrqdeoh rqh1 Lw uh�hfwv wkh srvvlelolw|

ri qhjdwlyh �jkwlqj frvwv1 Ixghqehuj dqg Wluroh*v h{dpsoh lv rqh ri h{lw iurp d gxrsro|= D

gxrsrolvw fdqqrw fryhu khu �{hg frvwv/ zkhuhdv d prqrsrolvw fdq/ |lhoglqj d zdu ri dwwulwlrq wr

ghwhuplqh h{lw1 Ri frxuvh/ lw lv shuihfwo| uhdvrqdeoh wr vxssrvh wkdw d gxrsrolvw pd| fryhu khu

�{hg frvwv zlwk vrph suredelolw|1 Wkh vpdoo suredelolw| ri d grplqdqw _dozd|v �jkw% vwudwhj|

lv wkhq uhdvrqdeoh1

Vxssrvh wkh dujxphqw ri wklv sdshu lv dffhswhg1 Zlwk ydqlvklqj fud}lqhvv/ zh vkrxog vhh qr

�jkwlqj1 Vr pljkw h{sodlq wkh odfn ri h{lw lq dq revhuyhg zdu ri dwwulwlrqB D srvvleoh dqvzhu lv

wkh odfn ri ohduqlqj1 Ri frxuvh/ gxulqj d zdu ri dwwulwlrq/ hdfk sod|hu ohduqv derxw wkh ydoxdwlrq

ri khu rssrqhqw1 Wklv ohduqlqj/ krzhyhu/ lv qrw gluhfw1 Udwkhu/ lw rffxuv e| uhyhodwlrq= Wkh

frqwlqxhg suhvhqfh ri d sod|hu doorzv khu rssrqhqw wr uhvwulfw wkh udqjh ri srvvleoh ydoxdwlrqv1

Zkdw pljkw kdsshq zlwk wkh lqwurgxfwlrq ri gluhfw ohduqlqjB Iluvw qrwlfh wkdw lq wkh prgho

suhvhqwhg khuh/ wkhuh lv juhdw dgydqwdjh lq d sulrul vwuhqjwk> wkh _vwrfkdvwlfdoo| vwurqjhu% sod|hu

zlqv wkh zdu dw plqlpdo frvw1 Frqvlghu d suh0jdph vwdjh1 Sod|huv pd| zdlw iru wkh uhyhodwlrq

ri d sxeolf vljqdo derxw wkhlu uhvshfwlyh ydoxdwlrqv1 Vkrxog d sod|hu zdlwB Wkh vljqdo pd|

|lhog d sxeolf srvwhulru wkdw vzlwfkhv ru pdlqwdlqv wkdw vwrfkdvwlf rughulqj ri wkh ydoxdwlrq

glvwulexwlrqv/ sulru wr wkh vwduw ri wkh _uhdo% zdu ri dwwulwlrq1 D sod|hu kdv dq lqfhqwlyh wr zdlw

iru vxfk d vljqdo= D idyrxudeoh uhdolvdwlrq zloo |lhog dq lqvwdqw zlq lq wkh vxevhtxhqw zdu1

Irupdo lqyhvwljdwlrq ri wklv lghd lv wkh wrslf ri rqjrlqj uhvhdufk1 Prwlydwhg e| wkh uhvxowv

ri wklv sdshu/ wkh remhfwlyh lv exlog d prgho ri frpelqhg ohduqlqj dqg uhyhodwlrq1 Xqwlo wkdw

uhvhdufk lv frpsohwh/ krzhyhu/ lw pd| zhoo eh zlvh wr iroorz wkh dgylfh ri Doiuhg Klwfkfrfn=

_Wkhuh*v qrwklqj wr zlqqlqj/ uhdoo|1 Wkdw lv/ li |rx kdsshq wr eh eohvvhg zlwk d

nhhq h|h/ dq djloh plqg/ dqg qr vfuxsohv zkdwvrhyhu1%

-jujijAWjt
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