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Abstract

If additional information about the distribution of a random variable is available in the form of moment con-
ditions, a weighted kernel density estimate reflecting the extra information can be constructed by replacing the
uniform weights with the generalised empirical likelihood probabilities. It is shown that the resultant density
estimator provides an improved approximation to the moment constraints. Moreover, a reduction in variance is
achieved due to the systematic use of the extra moment information.
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1 Introduction

Nonparametric density estimation is an important tool in applied econometrics, finance, and many other areas, where
it is often used for exploratory data analysis or as a part of another estimator; see e.g. Pagan and Ullah (1999), Wand
and Jones (1995), Silverman (1986) and Li and Racine (2007).

Let X = (Xq,... ,Xd)T be a random vector which has a continuous probability density function f. Given a random
sample X; = (X1,,... 7Xdﬂ-)T, i =1,...,n, the kernel density estimator (KDE) of f at an arbitrary point = € R? is
given by

f(van) :nilzKHn(x*Xz)v (1)

i=1

where Ky () = det(H,) /2K (H{lﬂz), K(-) is a d-variate kernel function, and H,, is a non-stochastic sequence
of symmetric positive definite bandwidth matrices. This estimator was proposed by Rosenblatt (1956) and Parzen
(1962) and can be motivated as a smoothed version of a histogram. We will write f(z) for f(z; H,) and H for H,;
the dependence of f on bandwidth and of H on sample size being implicit.

In some applications it may be necessary to construct an estimator of a probability density function (pdf) which
obeys certain constraints. For instance, the mean of X may be known or there may be a known relationship between
the moments, perhaps implied by estimating equations. Extra distributional information may be due to a certain
physical law as in the example considered in Chen (1997) where according to the line transect theory the distribution
of the perpendicular sighting distances in an aerial line transect survey should have mean zero.

Assumptions about the relationship between the mean and variance of the observations underlies the standard
quasi-likelihood estimation; see Wedderburn (1974) and Godambe and Thompson (1989). If the variance of X is a
known function of the (unknown) mean, u, the information about f can be expressed in the form of two moment
conditions, viz. EX = pand E(X — u)Q = 9(u), where (+) is a known function. The method presented in this paper
allows such information to be incorporated into an estimate of f.

Incorporating auxiliary population information is also of interested when using survey data; see e.g. Qin and
Lawless (1994, p. 301) and Chen and Qin (1993). For example, one may be interested in estimating the density of
household income based on a survey data. If the average income is known from, say, census data, it can be treated as
a known population mean and incorporated into the estimate.

This paper considers the case when the extra information can be formulated in the form of moment conditions on
X. This case has been examined by Chen (1997) who proposes re-weighting the Rosenblatt-Parzen KDE (RPKDE)
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using empirical likelihood weights instead of equal probability weights, n~!, placed at every data point. A similar
approach has been applied by Hall and Presnell (1999).
Specifically, suppose that additional information about f is available in the form

E[g (X;5o)] =0, (2)

where g (z;8) = [g1(z; 8),. .. ,gq(sc;ﬂ)]T is a known real vector-valued function representing ¢ moment conditions,
B € B CIRPis apx 1 vector of unknown parameters, p < ¢, and expectation is taken with respect to the distribution
of X.

In this paper, we seek an estimator of f, f(), which satisfies constraints (2) in the sense that [ g;(u; ﬂo)f(u)du =0,
l=1,...,q. As shown in section 2, RPKDE will not in general possess this property. The reweighted KDE defined in
section 4 will better satisfy conditions (2).

This work extends the previous analysis by allowing parameters in the moment conditions to be estimated using
generalised empirical likelihood (GEL) estimation, described in section 3.

Prior to computing an estimate with the constraints imposed, one should test whether the constraints are consistent
with the data. For example, in a simple case when the mean is hypothesized to be known a standard t-test can be
employed. GEL-based tests can be used as described in section 3. As GEL estimation is part of the proposed procedure,
such test statistics can be computed at no extra cost.

Properties of the GEL-based estimator are presented in section 4. In particular, it is shown that, provided moment
conditions contain some overidentifying information, a reweighted estimate will have smaller variance than the standard
kernel estimate. We show that the reduction in the variance occurs in the second order term and is the same for all
members of the GEL family.

Section 5 analyses the performance of the proposed density estimator in small and medium samples via a Monte-
Carlo study. The final section concludes.

Throughout the paper, derivatives of a scalar-valued function of a scalar argument are denoted as h(j)(zo) =
D h(z))0z |z:zo' For a vector-valued function (z) : R? = R?, Z.h(z0) = [0hi(20)/0%;]]}_, is the ¢ x p Jacobian ma-
trix, and S, h(2p) is the gp X p matrix of second derivatives obtained by vertically stacking the px p matrices S, h;(z0) =
[82hi(zo)/8zjazk}§f=1. It will also be convenient to define J#°h(zy) = reshape (K 4p vec (#h(20)) , ¢, p*), where
K, qp is the gp? x gp? commutation matrix, and vec (+) is the vectorisation operator. @ denotes the Kronecker product;
tr (A) and det(A) are the trace and determinant of a square matrix A, respectively; I, denotes the g x ¢ identity matrix,
tq is the ¢ x 1 vector of ones. [ denotes a definite (multivariate) integral, usually over R (R?).

2 Rosenblatt—Parzen kernel density estimator

The Rozenblatt-Parzen KDE has been studied extensively and its properties are well-documented. Asymptotic ap-
proximations to the mean integrated squared error (MISE) of f can be obtained under additional assumptions on
kernel, bandwidth, and density of X.

Assumption 1 (a) K(-) is a d-variate kernel satisfying [ K(z)dz =1, [2K(z)dz =0 and [ 22" K(z)dz = ps(K)I4,
where po(K) = [22K(z)dz < oo, independent of i; (b) all entries of the sequence of bandwidth matrices H = H,,
approach zero as n — oo and lim,, o, n~! det(H)~1/2 = 0; and (c) all entries of .7, f(2) are bounded, continuous and
square integrable.

If Assumption 1 holds, the asymptotic mean and variance of f (x) are

E () = f(2) + grua(K) tr (HA () + o (ix (H))
Var f(x) = n~" det(H)~ 2 R(E) f(x) + o (n~" det(H) /%),

where R(¢) = [4?(z)dz for any square-integrable function t; see e.g. Wand (1992). Thus the mean integrated
squared error (MISE) of f is

MISE f() = n~! det(H)~V/2R(K) + iug(K) /u« (HAf (@) dz + o (n-l det(H)~/2 + tr (H)Q) NE))

The first two terms in (3) give the asymptotic MISE (AMISE) of f , which provides a useful large-sample approximation
to MISE.

For general H, minimisation of AMISE can be performed numerically (Wand, 1992). A considerable simplification
occurs when the choice of bandwidth is restricted to H = h%I,;. In this case it is easy to see that the bias term is of order
h*, whereas the variance term is of order n~'h~%. Hence the bandwidth is to be chosen to balance the bias-variance
trade-off: smaller values of h reduce bias but increase variance. The asymptotically optimal (AMISE-minimising)
bandwidth, is proportional to n=1/(4+4) setting both terms in AMISE to be of the same order, n=%/(4+% In practice,
the choice of bandwidth is very important; see Sheather (2004) for a recent review and the references given above.

In general, the RPKDE will not satisfy conditions (2).



Example 1 In the univariate case, d = 1, E; X3 =n 13" [(z; + 2zh)?K(2)dz, and since K(-) is a symmetric
density function, E fX =n! Z?zl x;, the sample average. Hence the constraint that the mean is u, say, will not
generally be satisfied in finite samples. The same is true for higher moments, e.g. E; X? = n~' 3700, a7 + h?us(K),
E; X% =n~t 300 af + 302 pa(K)n ™" 300 @y, ete. O

Suppose that g(-) satisfies the following conditions:

Assumption 2 For all 8 € B,. (fy), an open ball around Sy, all entries of J#,g (z; ) are bounded, continuous and
square integrable.

If Assumptions 1 and 2 hold, then for general g(z; ) and 8 € B,. (6y), for i =1,...,q,

/ (2:8) f(@)do = 31 (8) + o) tr (H 1 (8)) + o (1x (H). (4)

where g; (8) = n=' >0 g1 (z;8) and J; (B) = E#,g; (z;;8). The results follows by the change of coordinates;
detailed proofs are given in the Supplement.

As shown in section 4, the reweighted estimator provides an improved approximation to the moment conditions;
in particular, the first term in (4) is zero.

3 Generalised empirical likelihood

Implied probabilities, obtained as a by-product of the GEL estimation, can be used to reweight the RPKDE so that
the resultant density estimator better approximates conditions (2).

GEL is an estimation method for models based on moment conditions of the form (2); see inter alia Smith (1997),
Imbens (2002) and Newey and Smith (2004), NS. To give a brief overview of GEL, introduce the carrier function
p(-) : ¥ — R, a concave real-valued scalar function defined on an open interval ¥ C R containing zero. Let
) (v) = 0% p(v)/Ov* denote the k-th derivative of p(-), k = 0,1,2,.... It will be convenient to impose the innocuous
normalisation p™)(0) = p()(0) = —1.

Special cases of GEL include empirical likelihood (EL), exponentially tilting (ET) and continuously updating
estimators (CUE). These correspond to p(v) = In(1 —v) for v < 1, p(v) = — exp( ) and p(v) = —v?/2 — v respectively,

all of which are members of the Cressie and Read (1984) family, p(v) = 5 L1+ w) ;rl see also NS.
Assume further that

Assumption 3 (a) By € Z is the unique solution to E[g(X;;5)] = 0, £ is compact and Sy is in the inte-
rior of #; (b) g(z,8) is continuous at each 3 € Z with probability one and E [supgellg(Xi, 8)[1?] < oo; (c)

Q=E [g(Xi;ﬁo)g(Xi;BO)T] is nonsingular; (d) in an open ball B, (5y) around Sy, E [supﬁeBT(ﬁo)Hg(Xi,B)HG] < 00,
Pg(X;; ) is continuous, E [SUPﬁeBT(ﬂo)||—@ﬁ9(Xi75)||2 < 00, , and there exists d(x) with E[d(X)] < oo such that

for each § € By (fo), |739(x, ) — Hig(w, fo)l| < d@)IB — foll, and E [supsen 50| 739(Xi HIP] < o0i (e)

G = E[Z39(X;; Bo)] has rank p; (f) p(v) is four times continuously differentiable with Lipschitz fourth derivative
in a neighbourhood of zero.

The class of GEL criteria considered here is defined as
Pu(\B) =171 p (AT g:(8)) — p(0), (5)
i=1

where g;(8) = g(x;; ). The estimator of 3, 3, solves the saddle point problem

B =argmin sup P,(\B), (6)
BEB AeA,(B)

where A, (8) = {)\ ANg(B) e, i=1,... ,n}. For given f3, the vector of auxiliary parameters (Lagrange multipliers),
X = A(B), solves the first-order conditions

Qn(A(B) -1Zp<1> (A"0i(8)) 9:(8) = 0. (7)

The implied probabilities are then defined as

o 0 (0 (5) /3500 (70 (3) ©



By construction, the 7;’s sum to unity over ¢ = 1,...,n. Furthermore, the first order conditions imply that
S g (ﬁ) = 0. It is this latter property that eliminates the first term in (4) when the expectation is taken
over the reweighted density estimator.

As shown in NS, 3 is a consistent and asymptotically normal estimator of Sy, the solution to the inner optimisation
in (6) when 8 = 8 exists with probability approaching one, and A = O, (n_l/ 2). The latter result of course holds
when [y is known.

If 5y is known, only the inner optimisation in (6) has to be carried out, and the implied probabilities are defined
by (8) with Sy replacing .

GEL allows the construction of the tests for overidentifying restrictions that are similar to the classical likelihood
ratio, Wald, and Lagrange multiplier tests. For example, the normalised GEL criterion evaluated at the estimated
parameters 5 and A, 2n13n ()\, ﬂ), possesses a chi-square limiting distribution with ¢ — p degrees of freedom, X‘ZI—P'
Other test statistics can be constructed as described in, inter alia, Smith (1997), Kitamura and Stutzer (1997), and
Ramalho and Smith (2005).

3.1 Computational aspects

It should be noted that the solution to (7) does not always exist. In particular, there is no solution when zero is not
in CH ({g; (8)},_,), the convex hull of {g1(8), ..., 9.(3)}; see e.g. Kitamura (2006, sec. 8.1). When £y is known, it is
only required that 0 € CH ({g; (0)},_,), but when f3 is estimated, zero must be in the convex hull of {g; ()}, for
all 8 at which the GEL criterion is evaluated.

Example 2 Let X;, i =1,...,n, be an i.i.d. sample from a standard normal distribution and g(z;; 8o) = ;; i.e. it
is known that the mean is zero. Then with probability 277! in a sample of size n, the z;’s will be either all positive
or all negative, and there will be no solution to (7); see also Qin and Lawless (1994, example 2).

It is interesting to note that when all the sample values are positive, P, (A) is a decreasing function of A for both

EL and ET, and the maximum is achieved at N = —oo. (A similar argument applies to the case when all sample

values are negative). The EL probabilities then become limy_, o rea, 7 = 1/ [zi Z;;l (1/z;)|, and >0 | mz; =

”/2?21 (1/z;) = H,, the harmonic average of z;’s.
ET in this case assigns weight one to the smallest observation (assuming no ties in the data) and zero to all other
data points. CUE avoids this problem, but at a cost that some of the implied probabilities are negative. ([

One possibility then is to use adjusted GEL, whereby an artificial observation, g,+1 (8), is added to the data such
that zero is in the convex hull of {g1 (8),...,9n (8)} U gnt1 (B8). In particular, adding g,+1 (8) = —ang (8), where
g(B) =n"13"  gi(B) and a, > 0 ensures that 0, € CH({g1 (8),...,9n (8),gn+1(B)}); see Chen, Variyath, and
Abraham (2008) and Liu and Chen (2010, sec. 3). Their suggestion is to set a,, = max(1,In(n)/2) and to use a
trimmed mean of the g; (8)’s in place of g (3) if desired.

In computations performed in section 5 the following approach was employed:

1. By known.

IF 04 € CH({g; (Bo)};—,) use unadjusted GEL;
ELSE use adjusted GEL.

2. Bo unknown.

o Obtain a preliminary estimate of 3, Bim-t, by GMM or another appropriate method;
IF 04 ¢ CH ({g; (Binit)};—,) use adjusted GEL.
ELSE try estimation using unadjusted GEL;
IF unadjusted GEL fails, use adjusted GEL.

Finally, the outer optimisation can also be challenging as several local minima may exist; see e.g. Guggenberger
(2008). Whilst in low dimensions, a grid search over § may be feasible, as the dimension of 8 becomes large, stochastic
optimisation methods such as simulated annealing can be used, perhaps combined with a direct search near the final
value.

4 GEL-based KDE

The GEL-based KDE (GELKDE) is obtained by replacing the empirical probabilities n~! by the implied probabilities
(8), i.e.

fola) = 3" #iKp(x — ). (9)
i=1



Because the GEL weights, 7;, are not always non-negative, fp(x) may also take negative values (typically, in the
tails of the distribution). In this case, one can ‘shrink’! the implied probabilities, for example, by transforming to

1 € 1
Fr = 7 LRy
Yo l4€, it 1+e, n
7?(-7,+€n/n . . ~
= where €, = —nmin | min 7;,0{;
Yimy (Fit+en/n)’ ! L<z‘<n " }’

see Smith (2011) and Antoine, Bonnal, and Renault (2007). Consequently, 77 > 0 and sum to one by construction,
thus ensuring that f,(-) is a proper density.

Because Y., T:g; (3) = 0, GELKDE approximates the constraints (2) better than RPKDE. For example, in the
univariate case, since Ez g; (X;8) = >0 7 [ g(z; + zh; B) K(2)dz, when the mean is known to be yu, g (z;;p) =
zi — p, By (X) =Y, Mz = p, ie. the constraint is satisfied exactly (provided the solution to (7) exists). Note
also that Ej (X?) =31 | #a? + hPpg(K). Hence if the constraint is E (X?) = m?, say, although it will not be met
exactly, Efp (X2) =m? + h2uy(K), the GELKDE approximates this constraint better than RPKDE; cf. Example 1.

For general g (x;;0),l=1,...,q, 8 € B, (B), one obtains

[ o0w33) Fo(w)dz = Spah) tr (A (9)) + o, (e (1), (10)

Note that the first term in (10) is the same as the second term in (4), whereas the first term in (4) vanishes. Hence
in general GELKDE provides a better approximation to moment conditions than RPKDE.

4.1 Bias and variance

Since the GEL estimator is defined implicitly, the exact expectation of GELKDE cannot be obtained. Hence, an
asymptotic analysis is required.

-1
Let T = (GTQ71G) 7, Q = XGTQ ™, P = Q71-071GQ, W = B [ (9 (B0) 9: (8)") @ 01 (80)" | T = B [ #5791 (80)]
T=E [gi (Bo)" @ D39 (ﬁo)}7 and k, =1+ pég) /2. Remark that k, = 0 for EL and any other carrier function with
P = —2,1/2 for ET, and 1 for CUE.

Theorem 1 If Assumptions 1, 2, and 3 hold, then
E fy(x) = B f(@) +n~" (k,Bi(x) + Ba(2)) f(x) + O (n~" tr (H)), (11)
where
Bi(w) = —g" (w3 Bo) Pg(w; Bo) + vec (P)T W' Py (x; Bo) + ¢ — p;

By (z) = vec (Q)T T"Pg (x; Bo) — % vec (E)T I'"Pyg (x; Bo) -

Var fp(x) = Var f(x) —n"tgT (3 Bo) Py (x; Bo) f*(x) + O (n_l tr (H)) . (12)
MISE f,(-) = MISE f(-) = n™ ' Cipar + O (n~ ' tr (H)) , (13)

where Cipar = [ g7 (23 80) Py (3 Bo) f2(z)da.
If By is known, equations (11), (12), and (13) are valid with p =0, P = Q7

Bi(x) = —g" (2; B0)2 " g(a; Bo) + vee () UTQ g (23 B) + g,
and Ba(z) = 0. O

The proof is given in the Supplement. For the univariate case, Oryshchenko (2011, Prop. 3&4) derives approximations
up to an order o (n~'h?) listing the terms of order n='h? explicitly.

An immediate consequence of Theorem 1 is that the asymptotically optimal bandwidth remains unchanged since
the leading terms in MISE f,(-) are the same as in MISE 7).

If By is known, then whenever k, = 0 (e.g. for EL), the n™! bias term in (11) vanishes. The derivations indicate

that under sufficient smoothness EL-based KDE will have the same expectation as f, asymptotically, to a higher order
than O (n_lhz).

L Alternatively, one can simply take a positive part of fp(ac), f,jr(x) = max (fp(x)7 0), to be the final estimate. In this case fj() should

be renormalized to ensure it integrates to one. However, as the latter is computationally difficult, one may prefer to shrink the implied
probabilities if any are negative.



As Cjyar 18 non-negative, there is always an 1/n reduction in variance, which does not depend on the GEL carrier
function. Asymptotically the effect entering via variance dominates and GELKDE enjoys a 1/n reduction in mean
integrated squared error.

The relative difference between ISB fp(-) and ISB f(-), A% ISBf 7=|ISB fp( ) —1ISB f(- } /ISBf ~n~ttr (H) ™,

whereas A% IVar; ; ~ det(H)'/2. With asymptotically optimal bandwidth, n~! det(H)~*/2 ~ tr (H)?, A%ISB
vanishes at a faster rate than A% IVar; ;

P
Provided g > p, these results hold in the case when f is estimated. However, unlike the known [j case, in general
it is no longer true that the n~! bias term may be set to zero for a particular choice of carrier function as in general

By(x) # 0.

Forf

4.2 Univariate density

Let K(-) be a symmetric second-order univariate kernel with y16(K) < 0o and p4(K?) < oo, where p;(¢) = [ 2?4(z)dx
and let X be a scalar random variable with density f(z). Then under sufficient smoothness of f(x), it can be shown
that

ISB f(-) = ih“u%(K)R (r@@) + ihﬁuz(K)m(K ) / F@ @) O (@)de + O (b)),

IVar f(-) = (nh)'R(K) — n 'R(f) + %n’lhm (K?) /f(2)(9c)dx — 7 Ry (K) / f(@) fP(z)dz + O (n~'h%),

and the asymptotically optimal bandwidth is hanrse = en™'/%, where ¢ = [R(K) /(u3(K)R (f(2)))]1/5. Further-
more,

ISB fp() =1ISB f() + nilh’zlLLQ(K)Cisb + 0 (TL73/2> )
IVar fp(') = IVar f() — " Cpar + 0 R pn (KO, + O( _3/2> 7

where Cisp = [ (k,Bi(x) + B2(2)) f()f? (z)dz and the terms entering Cy,,, are given explicitly in Oryshchenko

mar
(2011, Eq.(3.16d)). Hence,

4C;sp —1;-2 —3/23 —4
A%ISB; ;= —————— h (0] h . 14
% Foof 12(K)R (f(z))n + (n ) (14a)
o Civar N CivarR(f) 2 3
A%IVarfwff R(K)h R(K)? h*+ 0 (h%). (14b)

With h ~n= 15 A% ISB ; Vanlshes at rate n=3/5, whereas A% IVarfp 7 and hence A% MISEJ;p 7 approach zero at

a much slower rate, n 1/5. Spe(nﬁcally, when h = hanmrse,

R %Oivar -1/5 16 CwaTR(f) 2,—2/5 —-3/5
A%MISEfP’f__E)R(K)cn % RK? cn —|—O(n ), (14c)

where the O (n’3/5) term depends, inter alia, on Cj4p,, entering with a positive sign.

Example 3 Suppose that X;, i = 1,...,n, is an i.i.d. sample from the Gaussian distribution, and that a Gaussian
kernel is used, i.e. f(z) = ¢(z) and K(z) = ¢(x), where ¢(-) denotes the standard normal density. In this case
R(¢) = ﬁ, R(¢®) = %, and ps(¢) = 1, and the constant in the asymptotically optimal bandwidth is ¢ =

(4/3)"/® ~ 1.0592. Then,
2 18 — — —
A%ISB 3 fc b 1h +O< 3/2h 4);

A%IVary ;= —2\/7Fcy-mh — 2y/7Cparh® + O (B?) .

Table 1 presents the constants Cjs, and Cjyq, for five examples of moment constraints. Remark that in scenarios

Table 1: Leading constants for GEL-KDE with Gaussian data

Moment constraints Leading constants

Cisb Civar
1. Known mean — 3k,/ (8y/m) 1/ (44/)
2. Known mean and variance 15k,/ (32y/m) 7/ (164/7)
3. Known mean and third moment — 41k, / (64y/m) 13/ (32y/7)
4. Unknown mean and known variance 15k,/ (32y/7) + 3/ (16y/7) 3/ (164/7)
5. Unknown mean and known third central moment — 17k, / (64y/7) 5/ (32y/7)




2 and 4 reweighting leads to an increase in the integrated squared bias. In particular, in scenario 2, with hayrse,
A% ISB PR A Skon =3/5 and A% IVar P ~ —0.93n"1/% — 0.98n~2/5. Thus, for example, with n = 100, ISB will

increase by about 28% for CUE and by about 14% for ET-based KDE, whereas IVar will decrease by about 53% for
all GEL-based estimators. O

The following example examines some departures from normality.

Example 4 Mixtures of normal densities can approximate many interesting densities thus providing a powerful tool
to study the performance of kernel estimators. The three densities selected here are the skewed unimodal, the strongly
skewed, and the outlier densities shown in Figure 1 alongside the normal density with the same mean and variance
plotted for reference. These are, respectively, densities #2, #3, and #5 of Marron and Wand (1992). Densities N M;
and N M, are constructed to resemble the extreme value and the lognormal densities respectively. The outlier density
is similar to the normal but with 10% of observations being strong outliers.

N M7i: Skewed unimodal N Ms: Strongly skewed N Ms: Outlier
512 2k
INOD+IN(L(27)+ 2N (,0)°) SN[ -1].3)™) LN+ 3N (0,(4)%)
0.6 1.4
3.5¢
sl 1.2 o
1
0.4f 251
0.8 ol
0.3t
0.6 15l
0.2t
0.4 1k
!
01r 0.2 o5k //
/
/
0 T - - - = 0 0
-3 2 -1 0 1 2 3 3 -3 2 -1 2 3

Legend: solid line—normal mixture density, dashed line—normal density with the same mean and variance as NM;.

Figure 1: Selected normal mixture densities
For each mixture density Table 2 lists the mean, ju, variance, o2, third central moment, my, as well as R(f),

R ( f (2))7 and the constant in the asymptotically optimal bandwidth, c¢. The leading constants, C;s, and Cjyqr, for the
case when the mean in known are given in the last two columns.

Table 2: Leading constants for GEL-KDE of selected normal mixture densities

Density Momer;ts R(f) R ( f(z)) . Leading constants

2 g ms3 Cisp Civar
N M, 0.75 0.6657 -0.3968 | 0.3768 1.9630 | 0.6784 -0.4562  0.1600
N Mo, -1.9189 1.0778  1.6352 | 0.5569 7508.5 | 0.1303 13.8243 0.3135
NM; 0 0.109 0| 23592 17137.5 | 0.1105 | -120.2040 0.1242

Remark that qualitative predictions for the moderately skewed density N M; are similar to those for the normal
density (scenario 1 in Example 3). For the strongly skewed density, however, the ISB increases, and the relative
change in variance is small. Thus, A% MISE = —0.1159n"1/5 — 0.0238n~2/°> + O ( *3/5), which predicts only a
5% decrease in MISE with n = 100 and 3.1% decrease with n = 1000. A very moderate decrease in MISE is predicted
for the outlier density, too. In this case, A% MISE Fof = = —0.0389n~1/5 — 0.0288n2/5 + 0( *3/5), which predicts a

2% decrease in MISE with n = 100 and 1.2% with n = 1000. O

4.3 Bias correction

Although the contribution from the 1/n bias term in (11) to the MISE of GELKDE is of a lower order than the
contribution from the variance, in small and moderate samples the bias effect can be substantial, offsetting the
reduction in variance. Simulation evidence presented in the next section suggests that for moderate and large sample
sizes the reduction in variance dominates, but in very small samples MISE may increase.

As the direction of the bias is not known a priori, unless the true density is known, it may be advisable to bias-
correct GELKDE by estimating and subtracting the 1/n bias term. To be specific, the bias-corrected GELKDE is

defined as ~ ~ _ _ ~
Tpe@) = fol@) =0 (ko B (@) + Bala)) (o), (15)



where Bj(z) and By(z) are suitable estimates of By (z) and By(xz). We suggest using implied probabilities to obtain
weighted estimators of quantities entering Bj(z) and By(z); see e.g. Smith (2011, sec. 3). To ensure that the
bias-corrected estimate is a density, any negative values can be set to zero and renormalised as necessary.

4.4 Higher-order kernels

A common bias-reduction technique in kernel density estimation consists in employing higher-order kernels. Consider
a univariate density f and a symmetric kernel K(-) such that po(K) = 1, pj(K) = 0 for j = 1,...,k — 1, and
finite pr(K) # 0, for some even k > 2. Then K(-) is said to be a k-th order kernel. Then it is easy to see that
if f possesses a k-th derivative which is continuous and square integrable, then the bias of RPKDE is of order
B*, B f(z) = f(z) + Hu(K)RE f®)(z) 4+ o (h*), whereas the leading terms in the variance remain the same, viz.
Var f(z) = (nh) " *R(K) —n~f2(z) + o (n~1). The asymptotically optimal bandwidth is proportional to n=1/(2k+1),
and MISE f ~ n~%/[+1/(8)] which can be set arbitrarily close to n=! as k — co. It should be noted that kernels
of order higher than two necessarily take negative values, and thus the resulting density estimate can take negative
values.

From the proof of Theorem 1 it is evident that O (n™!) terms in (11) and (12) remain when higher-order kernel is
employed, but the reminder terms become of a smaller order. Hence, the main results remain valid.

5 Monte-Carlo study

The small sample performance of GELKDE in situations presented in Examples 3 and 4 is investigated here via
simulation. The exact MISE of the unweighted KDE is evaluated analytically (Fryer, 1976; Marron and Wand, 1992),
and the exact MISE-minimising bandwidth, hj;rsg, is used throughout. The setup is thus the most favourable for
PRKDE. All results are based on 500,000 replications. Multiple-segment trapezoidal rule numerical integration over
a grid of 1,000 points on the [—4,4] interval is used to obtain the ISB, IVar and MISE of GELKDE; the simulated
values for the unweighted KDE are checked against the exact values. In all cases, implied probabilities are shrunk
where necessary to ensure f is nonnegative. More detailed simulation results are given in the Supplement.

For each of the cases presented in Examples 3 and 4, the performance of the unweighted KDE is compared to the
GEL-based estimators (9) using the three special cases of GEL: EL, ET, and CUE. In the figures these are marked by
a triangle, V, square, 0, and circle, O, respectively; the shaded markers correspond to the bias-corrected GEL-based
estimators, (15). Remark than when the parameters are known, the 1/n bias term of the EL-based KDE is zero, and
hence, no bias-correction is performed.

Figures 2 and 3 show simulation results for scenarios 1-3 and 4-5 of Example 3, and Figure 4—for scenarios in
Example 4, respectively. In these figures horizontal axes show sample size on a common logarithm scale, and vertical
axes show percentage change in ISB, IVar, and MISE on a linear scale.

The results generally confirm the conclusions of the previous section. In the examples considered, the asymptotic
approximation is good for samples of more than about 100 observations. In very small samples an increase in ISB
can dominate the reduction in variance and lead to an increase in MISE. This is especially evident when the amount
of overidentifying information is small and, additionally, estimation error contributes to the variance term (Figure 3).
For instance, ISB of GELKDE is bigger than that of RPKDE in cases 2 and 4 in Example 3, but while in case 2
the reduction in variance offsets the effect of ISB in samples as small as 25 observations, in case 4 there is less extra
information available (only variance is known, mean is estimated), and hence the bias effect dominates for n < 100.

In general, neither of the considered GEL-based estimators dominate in small samples, although they are equivalent
asymptotically. When C;4, > 0, EL should perform better asymptotically as the 1/n bias term is zero for EL. However,
this is not necessarily true in small samples: in case 4, for instance, ET-based KDE has a lower MISE for sample sizes
less than about 80 observations.

Bias-corrected GELKDE behave as EL-based KDE asymptotically. As evidenced in the simulation results, however,
it may be ill-advised to bias-correct GELKDE when the sample size is very small, say, less than 100, and moment
conditions involve higher moments. Remark that in scenario 5, Example 3, the 1/n bias term happens to be zero for
EL, and both the bias-corrected and uncorrected EL-based KDEs have an almost identical ISB, but the bias-corrected
KDE has a slightly higher variance.

The only additional information used by GEL-based estimators of the normal mixture densities? listed in Example
4 is that the mean is known. For the mildly skewed density, N M, the results are qualitatively similar to case 1
in Figure 2, but the reduction in MISE is smaller. For the strongly skewed density, NMs, ISB increases and the
reduction in MISE is quite small. With 25 observations MISE of the CUE-based KDE is 1.65% larger than that of
the unweighted KDE; otherwise, the results are consistent with those suggested by the asymptotic analysis.

Perhaps the most interesting results are those for the outlier density. Relative to RPKDE, the EL-based KDE has
a significantly larger variance and MISE for small and moderate sample sizes (n < 200). CUE and ET estimators,

20ryshchenko (2011, Sec.3.5) also presents simulation results for the Student’s ¢-distribution with degrees of freedom v = 16, 8,4, and 2.
Qualitatively, the performance of GELKDE there is similar to the case when the data is Gaussian. However, as the tails become heavier,
the reduction in variance is smaller.
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Figure 2: Performance of GELKDE with Gaussian data and known parameters



Case 4: Unknown mean and known variance
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however, perform remarkably well, even though the achievable reduction in MISE is quite small in this case. This is
consistent with the empirical evidence suggesting sensitivity of EL to outliers.

6 Conclusions

Additional information concerning the distribution of a random variable formulated in terms of moment conditions de-
pending on a finite-dimensional parameter vector, which may or may not be known, can be incorporated by reweighting
a kernel density estimate using implied GEL probabilities.

The resultant density estimator better approximates the moment conditions than the unweighted, Rosenblatt-
Parzen, estimator. Furthermore, a reduction in variance is achieved due to the use of the extra moment information,
provided that, if the parameter vector is unknown, it is overidentified. The effect on variance does not depend
on the GEL carrier function and dominates the bias effect asymptotically. Simulation evidence suggests that the
above conclusions hold in moderate and large samples, whereas in small samples bias can increase and dominate the
reduction in variance. The bias of GELKDE depends on the carrier function; however, bias-corrected estimators may
be formulated to eliminate the bias.

An extension of these methods for dependent processes may be of interest in economics and finance. Preliminary
simulation evidence (Oryshchenko, 2011, App. 3.C) suggests that incorporating information about the dependence
structure gives a reduction in variance and mean integrated squared error as compared with RPKDE. GEL methods
need to be modified appropriately to deal with dependent data. One possibility is to use a version of GEL defined via
smoothed moment indicators, developed in Smith (2011), which extends this class of estimators to weakly dependent
data. Extensions to long-range dependence may be possible using frequency domain empirical likelihood; see e.g.
Nordman and Lahiri (2006). Furthermore, GEL methods can be coupled with penalisation methods thus combining
model selection and estimation steps; see inter alia Otsu (2007) and Shahidi (2009). This may be of particular relevance
for dependent data when the dependence structure is unknown.

Other possible extensions include the estimation of conditional densities and nonparametric regression with extra
moment conditions. De Gooijer and Zerom (2003) propose an ad hoc reweighting of a Nadaraya-Watson estimator
of a conditional density which is an improvement over the unweighted case and enjoys superior bias properties of the
local linear smoother. In particular, EL is used to make the Nadaraya-Watson weights more resemble local linear
weights. The encouraging results of this paper suggest that further extensions may be developed for the estimation of
conditional densities.
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1 Proof of Theorem 1

1.1 Consistency and asymptotic normality of GEL

Assumption 1. (a) By € B is the unique solution to E[g(X;,8)] = 0; (b) B is compact; (¢) g(x, ) is continuous at
each B € P with probability one; (d) E [supﬂe(@Hg(Xi,ﬁ)HQ] < oo; (e) Q=E [g(Xi, ﬁo)g(Xi,,Bo)T] is nonsingular; (f)
p(v) is twice continuously differentiable in a neighbourhood of zero.

Except for (d), Assumption 1 is the same as Assumption 1 in NS. The requirement in NS Assumption 1(d) that
E [supgesl9(Xs, 8)|*] < oo for some a > 2 can be relaxed to o = 2 using Lemma 3 of Owen (1990), which is
reproduced below; see also Guggenberger and Smith (2005, p. 673).

*Address for correspondence: Department of Economics, University of Oxford, Manor Road Building, Oxford OX1 3UQ, United
Kingdom. E-mail: vitaliy.oryshchenko@economics.ox.ac.uk.
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Lemma 1. (Owen, 1990, Lemma 3.)
Let Y; > 0 be i.i.d. random variables. If E[Y{] < oo, then

max Y; = o, (n1/2)
1<i<n

with probability one as n — oo.
Let b; = supgegllgi(8)]| and A, = {X: [[A]| < n~'/2}. Then by Assumption 1(d) and Lemma 1, maxi<;<p b; =
Op (n1/2). Hence, by Cauchy-Schwarz,

sup IATg:(8)] < n~Y? max b; = op (1).
BeEB, AeA,,, 1<i<n 1<i<n

Lemma 2. (Newey and Smith, 2004, Lemma A1)
If Assumption 1 is satisfied, then for A, = {\: |\ < n=1/?}, SUDgez. ren,, 1<i<nlN Gi(B)] 2, 0, and with probability
approaching one, A,, C Kn(ﬁ) for all B € A.

Theorem 1. (Newey and Smith, 2004, Theorem 3.1)

If Assumption 1 is satisfied, then B 25 S, Q(B) =0, (n_1/2), A= argmax, .3 z Pn(A,B) exists with probability
approaching one, and A= Op (nil/z).

Assumption 2. (a) 5y € int (A), the interior of B; (b) g(x,B) is continuously differentiable in a neigbourhood
B, (6o) of Bo, and E {supﬁeBr(ﬁO)H@gg(Xi,ﬁ)H} < o0; (¢) G=E[Zs9(Xi,B0)] has rank p.

Theorem 2. (Newey and Smith, 2004, Theorem 3.2)

If Assumptions 1 and 2 are satisfied, then
d ¥ 0
= N 0paygs P Xq]) ,
( p+q {qup P

where ¥ = (GTQ'G) ™ and P = Q-1 —Q 1GEGTOL,

nl/2

B - Bo
A

1.2 GEL expansions
Strengthen Assumptions 1(f) and 2(b) to

Assumption 3. (a)-(i) E {SUPﬁeBT(gO)HQ(Xi,5)“6} < oo, (ii) E [supﬁeBr(ﬁo)||95g(Xi,ﬂ)||2] < o0, and (i) there
exists d(x) with E[d(X)] < oo such that for each B € B, (Bo), ||#5s9(x,B) — H#sg(x,Bo)|| < d(@)||B — Boll, and
E {supﬁeBT(ﬁo)H%g(Xi,ﬂ)Hﬂ < 005 (b) p(v) is four times continuously differentiable with Lipschitz fourth derivative

i a neighbourhood of zero.

Recall that Q = G, @ = B[(g:(80)9:(80)") © 9:(B0) 7], T = B [#5g:(B0)], T = B [9:(50)T © Zag:(50)]
and T° = E [gi(ﬁo)T ® @ggi (ﬁo)] Note that 2, 3, and P are symmetric matrices. Furthermore, note that PQP = P,
QNQT =3, and PQQT = 0yx,- R R R

For notAational convenience, let g; = g:(8), o = A'gi, 90 = 9(Bo), Q = n:l S 1 gi(Bo)gi(Bo)T — Q, Gi(B) =
259:(8), G = n~ 13" Gi(Bo) — G, and similarly, T';(8) = H59i(B), and T = n~ Y Ti(Bo) — . Also let
T=n! Yoy 9i(Bo)" © Dpgi(Bo) — T, and U=n" S (9i(B0)gi(Bo)T) ® gi(Bo)T — .

Lemma 3. Let X1, Xo, ..., be independent, identically distributed random variables, E X1 = 0, and 0 < E|X;]? < oco.
Put S, =31 | X;. Then n~1/28, = O, (1).

Proof. By independence, E X; X; = 0 for ¢ # j; then E|n~1/28,|?> = E|X,|? for all n. Given ¢ > 0, for M large enough,
E|X;[2/M? < e. Then by the Bienaymé-Chebyshev inequality, P (|n=1/2S,| > M) < ¢, i.e. the law of n=1/28,, is
uniformly tight. R N ]

Then by Lemma 3, invoking Assumption 3(a)-(i),  and ¥ are O, (n_1/2); and invoking Assumptions 3(a)-(ii) and
(iii), @, f, and T are Op (n_l/Q).

1.2.1 First order conditions

Consider the GEL first order conditions

Qxn=n""> pM(8:)Gi, (1a)
i=1
n R T/\
Qan=n""Y_ V(@) (B) A (1b)
i=1



Expanding p™)(¢;) around A = 0 zero gives p(l)(A )= —-1—19; + ép((f’) 05 + %p(4) (ATg;) 03, where p(()j) = p)(0),
pél) = (2) —1 by normalisation, and A = t)\ t € [0,1], is a point on a line segment joining A and zero. By
Asbumptlon 3(b) and Lemma 2, for some constant L > 0, max;<;<,|p¥ (ATgi) — p(()4)| < L-maxi<icn NG| & 0.
Substituting into the first order conditions for A gives

_ 1 ~
IZ[ Y i +6pé4>§<1+op<1>>}gi

R " 1 1 SR
:79(5)771 1szgl+ (3) Zv gz+ () IZ 39 (1+ 0, (1))

=1 i1
:—§<A)—n 12% T)\—i— i; @@T ®gz (X®X>+Op (n—3/2>’

because n=! Y"1 | 3G, = O, (n‘3/ %) by Markov inequality, invoking Assumption 3(a)-(i) and Theorem 1.
Let 8 = B —Boand B = By +t (B—ﬁo), t € [0,1], be a point on the line joining Sy and B As B 2 By, and

E =0, (nil/ 2), an expansion around Sy yields

(BoB). (22)

T+nt Z (Ti(B) — Ti(6o))

By Assumption 3(a)-(iii), n™t 31 |T(8) — Ti(Bo)|| < nt 7, d(2:)[|B — Boll = Op (n~/2). Hence, the last term
n (2a) is O, (n=3/?).
By the Mean Value Theorem, g; = g¢;(8o) + G’l(B)E Writing Gi(ﬂ)ggi(ﬂ)T = (gi(ﬁ)T ® Gi(ﬁ)) (Iq ®§), one

obtains

9(8) =ao+CB+ 8B+ ,r (Foh) +

—1Z’g\fTA D+ D+ (1, @ BT) T+ T (1,0 B) X

n

N
+ (Iq ® ET> {T\Jr n~t Z [9:(B0)" ® (Gi(B) — Gi(ﬁo))]} A

N = (2b)
{T-H”L 12 9:(Bo)" ® (G (ﬁ)—Gi(ﬁo))]}(Iq(@g)X
i=1
P S GBI
i=1
The last three terms are O, (n=3/2) by a similar argument. Finally,
Y (@) @ a) (FeR) = ¥ (Re k) + 0, (n2). 20

i=1

Combining terms gives (3a).
Note that one can write f}iGi(ﬁ)T:\\ =G 0G;(B)") (;\\ ® //\\) Then by an analogous argument,

Q=3 [ =i 5ol 2<1+0p<1>>]ai(a)3
=-—n" (A5 S e (3) A ®),-15" 4
=-n 1;G1<,3> A—n 1;U1G1(ﬁ) /\—|— p 1ZU2G () (140, (1))
:—GT/):_GTX_(IP®ET)PTX_TO(/)\\®’):>

(L& FT)ER - (1,05 )n Z A7 (Red)



which gives (3b). Hence, up to an order n=3/2, the first order conditions are
Qrn=—0XN—Go — G — G — QA
_ %r (E@ E) -7 (Iq ® 5) P (Iq ® BT) T + épg% (X ® X) +0, (n_3/2) (3a)
Qo =-GA=GA— (Lo BT ) I"A-1° (X2 ) + 0, (n ). (3b)
If By is known, expansion (3a) is valid with B=0,ie. A solves
Orm = —OX—Go— A+ %pg% (X ® X) +0, (n-3/2) . (3¢)

1.2.2 Lagrange multipliers
From (3a), setting @ , = 0 and premultiplying by Q! gives

A= —Q G -0 G- QG - 00 — %Q‘ll“ (B@ B’) + %,083)9_1\11 (X ® X)
—0' T (1,0 8) A= 07 (1,9 87) TR+ 0, (n™92).
Iteratively solving for A one obtains
—Q7IOA = Q700 G + QIO GB + 0, (n—S/z) 7
%pgf")sz—l\p (X ® X) - %pgﬁm—l@ [(Q—lgo + Q—lGE) ® (Q—1§0 + Q‘1G§>] +0, (n—3/2) ,
—0'T (L,0 B) A= 'T (1, 5) (27 + Q7'GB) + 0, (n?2),
ot (Iq ® ET) TTh =0t (Iq ® ET) TT (Q*lgo + Q*IGE) +0, (n*i”/?) :
and hence,
N=-Q"15 - QG- 0GB - %Q*lr (5@ B) + Q7100 G, + Q00 'GB
+ %pg?’)srl\y [(Q’lﬁo + Q*laﬁ) ® (Q*lgo + Q*laﬁ)} +ooiT (Iq ® 5) (Q’lﬁo + Q*lGB)
+Q7 (L@ FT) 7 (2790 + 97'GB) + 0, (n72) . ()
Substituting from (4) into (3b) gives
Qs = GTO G0 + GTQIGR + GTQ G + %GTQ*T (FeB) - cTa a0 g - G000 6B
- %pé‘?’)GTQ*I\If [(Q*lao + Q*laﬁ) ® (Q*lao + Q*laﬁ)} —GTo'T (Iq ® B) (Q*lgo + Q”GE)
—GTo ! (Iq ® B’T) 7T (Q—lgo + Q‘lGﬁ) +GTQ G+ GTQIGE + (Ip ® BT) 015,
+ (L) I GE - 10 [ (2719 + 07'GB) @ (2150 + 27'GB) | + 0, (n*?)
Setting Qs., = 0 and premultiplying by & = (GTQ™'G) ™" gives
B =—-Qgo— QGB - %QF (F@B) +Q00 5 + Q00 'GE + %pﬁf’)m} (9750 +97'GB) @ (2750 + 0 7'GB)]
QT (Iq ® B) (Q‘1§0 + Q‘lGB) +Q (Iq ® BT) TT (Q‘1§0 + Q‘lGﬁ) —xGT0 G, — 24T G
=5 (1, @ BT) 1T 15— 3 (1, @ BT) T 1GH+57° [ (27190 + 7'GB) @ (27190 + 07'GB) | + 0, (n~%/2).
Since 8 = —Qgo + O, (n™1), iteratively solving for j gives

F = Qo + QGQFo — LT [(QF) @ (QG)] + QAN 5y — QO™ GQgo — GG + 2ETO G Qo
+ %pﬁf’)Q\P (2 G0 — 27'GQFo) ® (250 — 7'GQv)] — QT (I, ® (QF0)) (2 g0 — ' GQ7p)
- Q (1, ®(Qa0)") T (15 — 271G Qgo) + % (1, ® (@50)") T 15

-3 (1, @ (@3)") T GQgo + 2T° (2750 — 076QG) (750 — 27 GQGo)] + Oy (7).



Combining terms, one obtains

5 = Qi+ QGQFo — LT [(QG) @ (@) + QPG + Lo QW [(Pgo) © (PGo)]
— £GP+ XT° [(Pjo) @ (Po)] — QT 1, © (Q50)) P — Q |1, © Q)| TT P
+3 [Ip ® (QﬁO)T} I'" PGy + O, (n*f’/ 2) .
= ~QGo+Q (3 © ) vee (@) — fczr vee (QGog Q) + Q (5 © ) vec (P) + 7 QW vec (Pgiog P)
. ( ® GT) vec (P) + XT° vee (PGogh P) — QT vee (QGogh P) — [Q ® vec (PgogTQT) } vec (T)
+ [2  vec (PGogy QT)T] vec (T) + O, (n_3/2>
where the second equality follows because one can write QGQg = Q vee (GQgo ) = Q (31 @ G ) vec (Q), and similarly

for Qﬁp/g\o and Z@TP/g\O; also, QU [(Pgo) ® (Pgo)] = QU vec (PﬁoﬁgP), and similarly for QT [(Qgo) ® (Qgo)] and
XT°[(Pgo) ® (Pgo)]. Furthermore,

1, ® (QGo)] Pgo = [I ® (QGo)] [(Pgo) ® 1] = (PGo) © (Qgo) = vec (QGogy P) -
Finally,
Q [Iq ® (QﬁO)T] TT Pg, = Vec< [I ® (Qdo) T} T Pgo) - { TP) @ [Q (Iq ® (Q@o)T)}}vec )
={@P) @ Qe @)} vec (17) = {(PGo) © [QT @ (QG0)] } " vee (T7)
= {Koap [Q7 © (Q90)] @ (PGo)} " vee (T7) = {Q @ [(Qdo) @ (PGo)]" } Kap,q vee (T7)
_ [Q ® vec (PGogy QT)T} vec (T,

and similarly, ¥ [Ip ® (QZI\O)T] I''Pgy = [E ® vec (Pgog QT) } vec (T).
Remark that

E [E] = Bo+n"tQT vec (Q) — %n*IQI‘ vec(X) +n (1 + p(g)/2> Q¥ vec(P)+ O (n*?’/z) ,

or Bias [ﬂ = B+ (1 + p(g)) Bq, where By = —n~'1QT vec (2) + n QT vec (Q) and Bg = n~'QU vec (P), cf. NS,
Theorem 4.2.
Substituting from (5) into (4) gives

X = —Pjo+ PP+ 3087 PY(PGo) @ (Po)] + PGQJo + QTG P = QT [(PG) & (o)
~ ST 1(@30) @ (@d)] ~ QT [, @ (@3)"| T P

- PT [Iq oY (Q@\O)] Pgy— P {I ® (Q/g\o)T} TTP@\O + Op (n_3/2)

— P+ P (gg ® ﬁ) vec (P) + pg ) P vec (Pogl P) + P ( ® G) vee (Q) + QT ( ® G ) vec (P) o
— QT vee (PGody P) — 5 P vee (Qaodl Q") — [@T @ vee (Pigg @") ] vee (1)
— PTvec (QGogi P) — [P ® vec (PGoge QT)T} vec (T) + O, (n_3/2) .
If B, is known, expansion (6a) is valid with Q = 0 and P = Q"1 i.e
A= 071G + Q700 g + %pg?’)srl\y [(@750) @ (27'50)] + 0y (n~*/?)
(6b)

~ 1 )
=050 +07! (Z]}T ® Q) vec (71) + fpé?’)Q*l\I/vec (Q7'G0ge Q) + 0, (n*3/2> _
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1.2.3 Implied probabilities

The implied probabilities are defined as

ROYOIEIC



~

Using (2a) and (5), E(B) = [I; = GQlgo + O, (n™1); and from (6a), A = —Pgo + O, (n™'). Hence, expanding the

denominator yields
-1
- 1 1- 1 3 lag ~
1) (5. _ _ T inT _ ~ 1 (3)IRT -5/2
[g p (vz)] = n+n>\ I, — GQl g0 3P0 n)\ QX+ O, (n )

=-—nt— (1+p /2)gTPgO+O ( 5/2).

As in subsection 1.2.1, the numerator is

pW () = 1 — NG + 2p JGTANTG: + 6po (/\T ) (1+ o, (1)).
Let g; denote g;(8p), and as before, 3 = BO—&—t(E—BO), t € [0,1]. Then gT)\)\Tg = gT)\)\Tg +( ® G;i(B))-0p (n _3/2)+

— T . ~ . P _ —
(9f @ Gi(B)) - 0y (n=3/%), and ATg; = ATg; + §§ PG;(Bo)Qo + Gi(Bo) - Op (n=3/2) + T4(B) - O, (n~3/2). Thus,
) ~ 1 .

p(0:) = =1 = ATg; — §g PG4(B0)Qdo + pé )91 PGogs Pgi + R, (7b)

where R} contains g;g7, G:(Bo), Ti(B), (gZT ® Gi(ﬁ)), (gi ® Gi(ﬂ)), and (g;g;) ® g] multiplying a O, (n’3/2) term.

Multiplying (7a) and (7b), and substituting for \ from (6a) yields

fi=n"t—n71gl Pg; —n~ %Pg )gz PGoga Pgi +n~ vec P)" (90 ® QT) Py + 2p( )1 vee (P§0§§P)T WPy,
+nt (1 + pé3)/2) Z]}IP% +n~Lvec (Q)T (50 ® aT) Pg; +n~vec (P)T <§0 ® @) Qus
e (P?]OEJP)T (T°)" Qg - " vee (QGogy QT) [T Pg; —n~ ' vec ()" [Q @ vec (PGogo Q")] gi
e @R TP -t [P e (PO o PG50+ (5
where
R =0T [gi + gigT g + ((9:97) @ g7 ) tq2 (1 + 05 (1)) + G(Bo)tp + Ti(Bo)ty2 (1 + 0, (1))
+ (97 © Gi(B0)) tpal1 + 0p ()] - O (n772),

and ¢, is a k x 1 vector of units.
If By is known, (7a) is valid with P = Q=1 and (7b) with @ = 0, and no derivatives in the remainder term. Hence,
(8a) is valid with P =Q71, Q =0, i.e.

. - 5 _ 1 _ 1 AT—1\T _
fi=n"t—n" ggQ gi +n" 1 vec (Q 1)T (go®QT)Q 1gi+§p(()3)n ! vec (Q 1goggQ 1) AKO Rl

gt gy g+ (1457 /2) G100 + Rl (8)

where R = o7 [gi + gigT tq + ((9:97) © g7 ) tg2 (1 + 0, (1))] - O, (n75/2).

1.3 GELKDE
1.3.1 Expectation

Write ~ .
Ef,(z) =Ef(z)+E[(nt1 — 1) Ky (z — X1)].

Considering each term in (82) in turn, one obtains
E [o Pg1 (Bo) Ku (z — X1)] = n"E [g] (Bo) P91 (Bo) Kur (x — X1)]
= [ g7 (0 B0) Py (3 o) Ko (@ = ) £(0)dy
— ! /gT (x . H‘1/2z;ﬁo> Py (x - H—1/2z;50) K(2)f (m - H—1/2z) dz
n=tg" (x5 B0) Py (; Bo) f(x) + O (™" tr (H)) . (9a)
Similarly,

E [g{ (Bo) PGogg Pa1 (Bo) Ku (z — X1)] =n"E [g{ (Bo) Pg2 (Bo) 95 (Bo) Pg1 (Bo) Ku (x — X1)] + O (n™?)
=n""E[g] (Bo) PQPg1 (o) Ku (x — X1)] + O (n™2) =n""g" (2; Bo) Pg(; Bo) f(x) + O (n~"tr (H)). (9b)



E [Vec (P’ (go ® Q) Pg1 (Bo) K (z — Xl)} =n"tvec (P)T U Py (z; Bo) f(w) + O (n~ ' tx (H)). (9¢)
B [vee (Pgogl P)" W Pay (80) Kit (¢ — X1)| =0 vec (P)T WPy (23 80) f(x) + O (" tr (H)). (94
E [y Pgo Ky (z — X1)] = n ' Etr (92 (Bo) 93 (Bo) P)EKp (x — X1) + O (n™?)
=n"1tr (QP) f(z)+ O (n_l tr (H)) =nYqg—-p)flx)+ 0 (n_l tr (H)) , (9e)
because tr (UP) = tr (I, — GQ) = ¢ — tr (SGTQ'G) = ¢ — tr (I,) = ¢ — p.
E [vec @7 (go ® GT) Pgi (Bo) Kn (z — Xl)] =n" vec (Q)T TPy (x;B0) f(x) + O (n~" tx (H)). (9f)
B [vee (P)" (G0 @ G) Qor (B0) Kt (& = X1)| =" vee (P)T (T°)T Qg (w5 o) f(2) + O (" tr (H)) . (%)

E |vec (PGogy P) ' (T°)T Qgr (B0) Kt (z — X1)| = 0™ vee (P)T (T°)" Qg (23 80) f(2) + O (n™"tr (H)) . (9h)

E [VGC (Q@ogTQT) I'"Pg1 (Bo) Kn (z — X1)] = n~tvec(S) TPy (x; ) f(x) + O(n~'tr(H)), (9i)

because QQQT = LGTQ'GY = ¥. Finally, the last four terms give contribution of order n=2, viz.

E [Vec ()7 [Q @ vee (PGoga Q)] g1 (Bo) K (w — Xl)]
=vec ()" [Q @ vec (PQQT)] Elg1 (Bo) Ku (x — X1)]+ 0 (n"2) = 0 (n"2), (9)
because PQQT = PGY = Q71GY — Q7 1GQGE = 0,x, since QG = EGTQ'G = I,,. Similarly,
B [vee (QGgy P) T Pgy (Bo) K (v — X1)| = 0 (n™?). (9%)

E [Vec ()" [P & vec (PGoga Q)] o1 (Bo) K (x — Xl)} = 0(n?). (91)

E [agPGl(/@o)QﬁoKH (z — X1)] =n""E [g3 (Bo) PG1(B0)Qg2 (Bo) Kn (x — X1)] + O (n™?)
“'Ex, {Exaix [tr (92 (Bo) PG1(Bo)Qgz (B0))] K (2 — X1)} + O (n™?)
=n"'Ex, [tr (QQPG1(B0)) Kp (x—X1)]+ 0 (n?)=0(n"?). (9m)

Combining terms gives
El(ni — 1) Kn ( — X2)] = 797 (@: o) Pola; o) f(x) — 5o~ 9" (2 6o) Pyl o) ()

+n "t vec (P)T VT Py (z; Bo) fz) + %p(()?’)rf1 vec (P)T UTPg (z; 80) f(z) + <1 + ;,083)) n~'(q—p)f(z)
+nvee (Q)T TTPg (w;80) f(x) +n~ vec (P)T (T°)T Qg (x; Bo) f(x) — n~ vec (P)T (T°) Qg (3 o) f ()

- %n_l vec (2)" T Pg (2 8o) f(z) + O (n~"tr (H))
= (1 + zpfﬁ)) |97 (@ B0) Py(a: Bo) + vee (P) W7 Py (a3 o) + (a — p)| £ (@)

+nt {vec (@) T"Pg (x:Bo) — % vee (3)" I Py (x; m)] f@)+ 0 (n~ "t (H)).

Hence, ~ X
Ef,(x) =E f(z) + n~t (k,B1(z) + Ba(z)] f(z) + O (nfl tr (H)) , (10)

where
Bi(w) = —g" (w3 Bo) Pg(w; Bo) + vec (P)" W' Py (x; Bo) + ¢ — p,
1
By (z) = vec (Q)T T"Pg (x; Bo) — 5 vec (E)T I'"Pg (x; Bo) ,
and k, = 1+ pg )/2 If By is known, (10) is valid with

Bi(z) = —g" (x; 80)2 "g(; Bo) + vec (Qfl)T VIO g (z:80) + g

It then also follows immediately that

ISB f,(-) = ISB f(-) +n*1u2(K)/tr (HA, f(2)) (kpBi(x) + Ba(2)) f(x)dx + o (n~ " tr (H))

7



1.3.2 Variance
Write f,(z) = f(z) + S(z), where 5(z) = n~! Yo (nf; — 1) Ky (x — X;) and let
S(xz) = E§(:17) =n""1(k,B1(z) + Ba(z)) f(z) + O (n71 tr(H)).

Recall that E f,(z) = E f(z)+5(z )/,\WhereEf( z) = f(x)+ O (tr (H)). Then E? f,(x) = E? f(2)+25(2) E f(x)+52(x)

and Efg(x):Efz( +2E[ )S( )]+E52( ). Hence,
Var f,(z) = Var f(z) + 2E [ f(z)§(x)} —25(2)E f(z) + E §%(z) — S2(x).
Considering each term in (8a) one obtains that

[f( )§ } —ZE[ii nt; — 1) Ky x—X)KH(aj—X)]

=S(z)E f(z) —n"'E[g3 (Bo) Pg1 (Bo) Kir(x — X1)Kp(z — X2)] + O (n7?),

where the extra O (n™!) terms comes from the first term in (8a), i.e. —gg Pg; (5o). Indeed,

n?E [Z > G5 Pgi (Bo) Kn(z — Xi)Kp(x — X;) | =n " E [g{ (Bo) Pg1 (Bo) Kn(x — X1)Kpi(x — X»)]

i=1 j=1

+n""E[g3 (Bo) Pg1 (Bo) Ku(z — X1)Kn(z — X2)] + O (n™?)
=n""E[g] (50) Pgr (Bo) K (x — X1)] E f(x) +n~"g" (23 80) Pg (w; fo) f*(x) + O (n™ ' tx (H)).

It is also easy to see that the only O (n_l) contribution to E §2(1;) comes from the first term in (8a), viz.

n

ES?(z) =n 2E lzi mr,—l)(mr]—1)KH(3;—X)KH(3U—X)]

=n""E [g] (Bo) Pg2 (Bo) K (x — X1) Kir (x — X2)] + O (n7?),

because

J

n’E {Z > 91 (B0) PGogs Pg; (Bo) K (¢ — Xi) Kt (x — Xj)]
=1 j=1

=n""E[g{ (Bo) Pgs (Bo) 93 (Bo) Pg2 (Bo) Kt (x — X1) Kir (z — X2)] + O (n™?)
= n71 E [gil' (,80) ng (,80) KH (I - Xl) KH (JZ - XQ)] + O (’I’L72) .

Thus,
Var f,(x) = Var f(z) —n " E [g3 (B0) Pg1 (Bo) Ku(x — X1)Kp(x — X2)] + 0 (n7?) (1)
= Var f(z) —=n~"g" (z; 60) Pg (w; fo) f*(x) + O (n™ " tx (H)).
Then
Var f,(z) = IVar f(z) —n~* /gT (5 Bo) Pg (z; Bo) f(z)dz + O (n~ " tr (H)) . (12)

If By is known, (11) and (12) are valid with P = Q~!. This completes the proof.



2 Moment conditions under GELKDE

Assuming g(z; §) possesses continuous and square integrable second derivatives with respect to x, equation (3) follows
since for for given 8 € B, (fy), and I =1,...,q,

/gl(ac B) f(x)dx =n~ 12/9; x;8) K (v — ;) xzn_lz/gl (:Ei—l—Hl/Qz;ﬁ)K(z)dz
i=1
=n! Z/ (91 (€5 8) + Dugu (w:; 8) H'/ 2 + %zTHl/gﬁf;gz (a3 8) H'?2 + o, (tr (H))) K (2) dz
=0y g (@i ) + %n*l Z/ZTHUQ%QI (z4;8) HY?2K (2) dz + o, (tr (H))
i=1 i=1

=n"! znjgl (zi; 8) + %n_l Zn:tr (Hl/Q%‘;gl (33 8) Hl/Q/zzTK (2) dz) + o, (tr (H))

i=1

1291 (wi; B) + uz(K) tr (Hn > g mm) + 0, (tr (H))

i=1

= G0 (8) + o) tx (L () + o, (i (), (13)

where g; (8) = n™' Y, gi(z;; 8), and the last equality obtains by writing n=* Y"1 | g (i3 8) = J1 (B) + 0, (1),
where J; (8) = E 5,.gi (x;; 8). Equation (10) follows because

/gz(xﬁ fola dﬂc—Zm/gz B) Ky (z — dar—Zm/gz v+ H'Y?z; ﬂ) (2) dz
= Zﬁ'igl (24 8) + §Zﬁi/zTH1/2«%’fvgz (zi;8) H'?2K (2) dz + o, (tr (H))
= %Mz(K) tr <Hn1 N Agi(xB) (1+ op(l))> + oy (tr (H)) = %M(K) tr (HJ,(8)) + op (tr (H)), (14)

i=1

where we used the fact that #; = n=! (1 + o, (1)).

3 Higher order expansion of f(z)

The mean and variance of f(z ) are Ef( )= (Kh % f) () and Var f(z) =n~? [(Kﬁ  f) (z) — (Kp * 7)? (x)}, where x

denotes convolution, i.e. (f*g)(z) = [ f(z —y)g(y)dy. Assuming sufficient smoothness of f(z), one obtains that

/Khx— dyf/f + h2)K(2)dz

_ / [ F@) + hafO (@) + §h2z2 £ () + 6h323 £O) () + 2—14]1424 FD () + 1555 FO) () + O (hﬁ)} K(2)dz

120
= () + 52V @) + s (K)FD (@) + 0 (1)

2

1B () = [ Bhwmﬂ?)(m oK) FD (@) + 0(h6>] da
= () [ [0 e a0 [ 12050 @+ 0 ().
Remark that since K(—z) = K(z), K?(—z) = K?(z), hence for odd j, f,zJK2 (z)dz = 0.
(K7 f) ( /Khx— y)dy =h /f + h2)K?(2)dz

=h" /[ )+ hzfD () + h2 2F@ (g )+6h3z3f(3)(1;)—|—2—14h424f(4)(x)+Eloh5z5f(5)(x)
+0 (h°)] K (z)dz

— W R(K) f(z) + %hm (K?) fO(z) + ih?’m (K2) fD(2) + 0 (h°) .



(K 1) () = P) 4 W () £0) £ ) 4 0 | 108080 (£90)) "+ a0 )10 + 0 ().
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Hence
Var f(z) = (nh) ' R(K) —n~" f2(z) + %n_lhuz (K?) f@(x) = n~ B2 po(K) f(2) f P () + O (n='h7) .
R _ _ 1
IVar f(z) = (nh) "'R(K) —n ' R(f) + o Yhus (K?) /f@)(x)dm —n R (K /f z)dz + O (n~'h?).

3.1 Relative difference
Let A%Wfp i= [Wfp() — Wf()} /Wf() , where W can denote ISB, IVar, or MISE. By an expansion around h = 0,

[h_4 ISB f()} o = 4py 2(K)R™T (f@) + O (h?), and hence,

b= [1SB /() - 1SB f()]

A%ISBj ;= B0 _ [nflhﬂuz(K)O,;sb +0 (n,3/2h,4>} [4%—2(1()3*1 ( f(2)) n 0(}#)]

Similarly, as [nhlvar f(-)] T ROUK) 1 R(R2(EK)h + 0 (2),

A% IVar; ;= [_hcm F R un(K)Ch, 4+ O (nfl/%)} [R™Y(K) + R(f)R2(K)h + O (h?)]

o Civar CivarR(f) 2 3
**R(K)h* R(K)? W+ 0 ().

With asymptotically optimal bandwidth, h = en='/%, where ¢ = [R(K) /(13(K)R (f(2))) ] 1/5,

MISE f() = gc_lR(K)n—4/5 _ R(f)n—l + A,6/5n_6/5 +0 (n_7/5) ,
where A_g/5 = 271406“2([()“4(1() ff(Q) (x)f ( )dx + cu2 (KQ) ff x)dz. Also,

MISE fp() = MISE f() - Civm’nil + (Cisb + Cz‘*var) .[1“2(K)C2n77/5 +0 <n73/2) ’

and hence
o A Cwar 15 16 CiarR(f) 5 _os 3. —3/5 —7/10
A%MISEfmfffg)R(K)cn 257]%( ) c“n + A_3/5¢°n +O(n ),
where
A=) o o o (64 R(f)? 8 p2(K?) [ [P (@)de 2 pu(K) [ FP () f P (2)da
-3/5 5 R(K) isb ivar war | To R(K) 95 R(K)2 75 R(K)ua(K)R (f(z)) .

3.2 Gaussian density

Let f(z) = ¢(z) and K(x) = ¢(x), where ¢(z) denotes the standard normal density. Let OF(2r) = (2r — 1)(2r —
3)---1=(2r)!/(2"r!) denote the ‘Odd Factorial’. Remark that for the Gaussian density, for 71 + ry even and r1 > ro,

’]"1!

/x”rzbﬁ,”)(x)dx = (=17 o T2OF (1 — r2);

ry —rg)!
otherwise fx"l(b((fg)(ac)dx = 0 (Aldershof, Marron, Park, and Wand, 1995, Corollary 3.4). For ry + ro even

/¢ r1) ¢((TZ2 )dl‘ — (_1)(r1+r2)/2(2W)71/20F(T1 +T2) /6,7‘1+7‘2+1 7

where ¢ = \/0? + 03, and for r; + ro odd fqb(rl) )qb((f;)(x)dx = 0 (Aldershof et al., 1995, Corollary 5.3). Also,

R (o) = / [¢<r>(x)}2d$ = m,
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(Aldershof et al., 1995, Corollary 5.4). Thus, R (¢) = ﬁ, R(¢®) = %, [P (x)dx =0, [ ¢(z)p? (z)dr = — 1
and [ ¢®)(x)¢p™ (x)dz = —155=. Also, pa(¢) = 1, pa(¢) = 3, hence

ISBf(:r):Zh“u%(qS) () + 24h 2 (0)pa(9 /W’ ()¢ (z)dw + O (k%)

3 15
B 32ﬁ 128fh6 +O(r).
Ivanﬂx>:(nhr”fu¢>frf*Row—%§n*Wuu(¢2)/3%”cwdxfvf*h?ux¢>/lwzy%”owdm+—O(n*WP)
1 -1 1 —132 -1

The asymptotically optimal bandwidth in this case is haprse = (4/ 3)1/ S5, Therefore,

_ 32l n=3/2 _16-20ymCish s =T7/10
2225 /7 Civar 2245\ /xC;,
A% IVar; = ~2/TCluarh — 2/7Charh® + O () = —%MW % 2540 ().

4 Example 3

In this example, X;, i = 1,...,n, are iid. N(0,1). Thus, 5¢(z) = (22 — 1) ¢(z), and
Crop = / (kpB1(2) + Ba(x) (2 — 1) ¢ (x)de,
Covar = [ 97 (23 0) Py (a1 o) 6 2)da

Remark also that for X ~ N(0,02), r =0,1,2,..., when r is even E [X"] = ¢"OF(r), and when r is odd, E[X"] = 0.
Also, ¢(2)" = (2m)1="/2¢, 1,2 (z) /r1/?. Hence, if r is even,

X OF
/x’“gsz(x)d:c = ((27r)_1/2 /\/5) /m7¢271/2($)d$ = W)Sg)w?
and 0 if r is odd.

4.1 Known mean
g(z,8)=z. Q=E[X?| =1, and ¥ = E [X?®] = 0. Hence By(z) =1 —2? and By(z) =0, and

1 1 3 3
. = — — 212 42 = — — = — — =~ —U. .
Cisp kp/(l 2?)2¢%(x)dz = —k, [2ﬁ 24\/7? + 8\5} /cpsﬁ 0.2116k,

1
Civar /J; $*(z)dx NG 0.1410.

4.2 Known mean and variance

o=l 0el 2, 5] )

T —E a3 xt — x? xt — 22 5 —223+z] [0 2 2 0

T et P -2+ 25 —-2% 42 (-1 | |2 0 0 8
0 2]

1 0 T 2 0f (1 0 x
_ 2
Bi(z)=—[z = 1][0 1/2] [x2_1}+[1 0 0 1/2] |, | {0 1/2} L _J+2
0 8
1
2—5.1344—31‘2—15.

Cish = kp/ (—;m‘* + 3% — 12) (z% — 1)¢*(x)dz = kp% / (=% 4+ T2 — 92” + 3) ¢*(x)da

1 15 3 1 1 15
=k,- 7 -9 3 =k,—— ~ 0.2645k,.
pz[ 67 | Bym  avm 2\/7?] N b
1, , [ 3 1 7
SRR 1 = = ~ (0.2468.
Clvar /2 (#" +1) ¢*(w)d = {&F f] Toym - 2408
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4.3 Known mean and third moment

2 4
sem =5 a-elh L=y B e=g

VB[l o |- [8 8 00
Bl(x):—%[x xﬂ[ }{3} +2= (2% — 62* + 152%) +
Cish = /cpé / (—2% 4 720 — 212 + 272% — 12) ¢*(2)dz = kpé {— 3;(3?% + 71613% - 218\?} + 274} - 122\1/%
=k, 6ff —0.3614k,,.
Civar = %/ (2% — 62 + 152%) ¢*(z)dx = é [161\5/7? - 68\3/7? - 154\1/%} = 32137? ~ 0.2292.

4.4 Unknown mean and known variance

g(x,B) = {(z f 5 J i Bo=0; Dpg(x,bo) = _211:] i Az, Bo) = [g} .

B8)? -
10 -1 0 0220 0 0
Q:[o 2]’ G_[o}’ F_M’ ‘I’_[2 0 0 8]’ 2=1, @=[-1 0], P_[O 1/2]’
- —z2+1] [0 0
and T_E{—QxQ —2x3+2x}_[—2 0
0 2
o s 0 0 x 2 0/fo 0 z 1 1
Bi(z) =—[z 2*—1] [0 12| |22 =1 +[0 0 0 1/2] 2 0|0 1/2] [22—1 +2—-1=—-2"+3z 12.
0 8

Baw) = -1 0] [8 _02} {8 132} [ﬁx 1] _%1'

o

Cisp = / l:k‘p (_;le 4+ 322 - 1;) + %(,1:2 _ 1)] (,1:2 _ 1)¢2(Qj)d$
15 3

= kp/ (—;x4 + 32% — 12) (2 — 1)¢*(x)dx + %/(ﬁ — 1)2¢*(z)dx = 32\F TG ~ 0.2645k, + 0.1058.

1 2 242 3
Cwar B /(.13 ) (ﬁ (.’L‘)dl‘ = 1 \/» 0.1058

4.5 Unknown mean and known third central moment

oo = | (T 0|5 =0 gt = | Sh]s et =),

13 S, 1]15 -3 -1 o 0000 o o
Q_[S 15}’ @ _6[—3 1}’ G_{—?)]’ F_[o]’ ‘I’_[o 0 0 0} andT‘{o 0]'

Hence By(z) = 0.

1[9 -3
¥=1 Q=[-1 0], P_6{3 1]
B(gg):_l[x 2% o 3| +2—1:—}(336—6x4+9a:2—6)
1 6 -3 1|]2® 6 '
1 8 6 4 2 2 105 15 3 1 1
A — — = —k,= — 1 -1
Cisp kPG/(gc 72 + 152" — 152% + 6) ¢*(z)dx ko NG 716ﬁ+ 5 N 54f+62ﬁ
17
= kp64f —0.1499%k,.
1 6 A o Lo 1] 15 3 1 5
2 _ i 9 = ~ 0.0882.
Civar 6/(x 62 +92%) ¢*(x)de = 5 vz C3vE TViE] T nvE

12



5 Example 4

In this example, X;, ¢ = 1,...,n, are i.i.d. with p.d.f f(z) = Z?:l Wjho, (x — pz), where w; > 0, j = 1,... k,
Zle wj = 1, and ¢, (z — 1;) denotes the density of a normal random variable with mean p; and variance sz. Noting

that ¢ (x—p) = (-1)"H, (=£) ¢ (=£) /o™, where H,.(z) is the r-th Hermite polynomial, H, = z? — 1, and using
(Aldershof et al., 1995, Corollary 4.2), gives

k k
= ZZU} wl¢cf /’Ll)¢5'_7‘l (LC - /[;l) (153)

j=11=1

N S S * * 2 2 2, +2).
where 07 = /o} + 0}, 651 = 001 /07, and pj, = (pjof + lefj) / (crj + 07);

e (x—m)* 1
(2) Z Z’u} ’U)l(ﬁo- ,LL[) |:0.;l — 0_l2:| ¢5'jl (.’L‘ — ,U/;(l) 5 (15b)
j=11l=1
and i
— )2 1 — )3 1
F0@)]° = 303w mﬂ@;“ﬁngmﬁM@@zw- (150
j=11=1 J J

From (15a), one immediately obtains that
N O SRR (s — m)?
-3 St~ = S S My (et
== 2ﬁ =i 115y Q(sz- +0?) 2(Uj +07)

Noting that the product [(z — p;)? — o] - [(z — w)* — o7 / (04014) in (15¢) can be written as

J
1 4 3, Uit T Uju N2 oy, UitiUii
U;lglzt(m )"+ ag(x — pj)” + oot (=) ta(z—pj) + otot

_ * 2 2 _ * 2 2 :
where Uj; ; = (,ujl — ;)7 — o5, Ujig = (,ujl — ) = oj, and for some a; and as, one obtains

kK =4 =2
307 i U Ujia
R (f(Q)) = Zijwzd)a;l (pj — pur) [04;4 + (Uji,; + Ujl’l)a4ja;1 + Z L
j J

j=11=1 771 g O'l
k k
_ (i —p)* 2(p5 — m)? 3
22 ek ”’w%ww CET R
k k
N U VED S TR 7L 1l i Py T
SV j=1 o] 3 J=11>j (03 +07)>/2 \ (07 +07)? (03 +0o7) 2(0% +a7)

In this example the mean of Xy, u = Z§:1 w;p;, is known, ie. g(z,p) = x — p. Then Q = E[(X —p)?] =
k k .
D j=1 Wj [O'JQ- 4+ (pj —p)?] = 0? and ¥ = E[(X —p)?] = D=1 Wy [(pj — ) + 307 (uj — 1)) = ms. Thus, using

(15a), gives
1 FE 2
mFﬁzzum 5= w0 (o3 + (= )]

Furthermore, By (z) = — 2 (z — p)* + 28 (x — p) + 1, and one can write
(x—wm)* 17
By () o B I § (& = pi)" + as(e — p5)° + Ujia + Vi) (@ — 1) + ax (2 — pfy) + Ui Vi
l i l

where Vj = (5, — p)* — %8 (uj, — p) — 0%, and for some a; and az. This yields

1=

<.
Il

i

_
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6 Monte-Carlo study

This simulation study investigates the small sample performance of GELKDE in situations presented in Examples
3 and 4. The sample sizes were chosen to be approximately equispaced on a common logarithm scale. The exact
MISE of the unweighted KDE is evaluated analytically, and the exact MISE-minimising bandwidth, ha;rsg, is used
throughout; the values are given in Table 1.

Table 1: Exact MISE-minimising bandwidth

Density
N(0,1) NM; NM, NM;
25 0.6094 0.4251 0.1481 0.0646
32 0.5755 0.3999 0.1316 0.0609
40 0.5469 0.3788 0.1190 0.0577
50 0.5199 0.3591 0.1082 0.0548
63 0.4936 0.3400 0.0984 0.0520
80 0.4680 0.3215 0.0898 0.0492
100 0.4455 0.3054 0.0827 0.0468
126 0.4235 0.2897 0.0762 0.0445
159 0.4025 0.2749 0.0705 0.0423
200 0.3830 0.2611 0.0654 0.0402
250 0.3651 0.2485 0.0610 0.0383
316 0.3472 0.2360 0.0569 0.0364
398 0.3306 0.2244 0.0532 0.0346
500 0.3150 0.2136 0.0499 0.0330
631 0.2999 0.2032 0.0468 0.0314
795 0.2857 0.1934 0.0440 0.0299
1000 | 0.2723 0.1841 0.0414 0.0285

n

All results are based on 500, 000 replications. Multiple-segment trapezoidal rule numerical integration over a grid
of 1,000 points on the [—4,4] interval is used to obtain the ISB, IVar and MISE of GELKDE. The simulated values
for the unweighted KDE are checked against the exact values. For the Gaussian density, the maximum absolute
difference between the exact and simulated MISE is 1.6 - 107?; for the mixture densities NM;, NM,, and N M; these
are 1.8-107°, 4.1-107°, and 1.2 - 10™%, respectively. For N M3, the largest error is for n = 25; for n > 25 the error is
less than 10~4. All comparisons are based on the simulated values.

In all cases, implied probabilities are shrunk where necessary to ensure f is nonnegative. EL and ET implied
probabilities are non-negative by construction. CUE, however, may produce negative ‘probabilities’; Table 2 shows
the percentage of times these were shrunk (— corresponds to no such cases, whereas 0.00 means that the proportion
is smaller than 0.005%).

Table 2: Percentage of replications in which CUE implied probabilities were shrunk

n Example 3 Example 4
Casel Case2 Case3d3 Cased Caseb | NM; NMy NDMs;
25 2.92 5.56 27.07 2.85 16.71 3.70 1.28 22.04
32 1.83 3.64 24.45 1.86 16.88 2.44 0.71  20.60
40 1.11 2.73 22.35 1.43 16.46 1.55 0.42 18.76
50 0.63 2.17 20.26 1.18 15.71 0.91 0.21 16.57
63 0.31 1.74 18.21 0.95 14.67 0.54 0.11  14.13
80 0.13 1.38 16.18 0.79 13.39 0.27 0.06 11.48

100 0.06 1.12 14.59 0.64 12.15 | 0.13  0.03  9.15
126 0.02 0.86 12.83 0.50 10.93 | 0.06  0.01 7.02
159 0.01 0.62 11.10 0.37 9.73 | 002 0.00 5.15
200 0.00 0.44 9.67 0.25 854 | 001 0.00 3.60

250 — 0.33 8.36 0.19 7.45 0.00 2.40
316 0.00 0.20 7.02 0.12 6.29 0.00 — 1.48
398 — 0.13 5.90 0.08 5.29 — — 090
500 — 0.09 4.85 0.05 4.43 — — 048
631 — 0.04 3.90 0.03 3.60 — — 0.22
795 — 0.02 3.08 0.01 2.86 — — 011
1000 — 0.01 2.45 0.01 2.26 — — 0.04

Finally, in a small proportion of replications in Case 2 of Example 3 zero was not in the convex hull of the data,
and an adjusted-GEL solution was taken (EL and ET only). The proportion of such cases was 0.084% with n = 25,
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0.006% with n = 32, and in one out 500, 000 replications with n = 40. There was also one such occurence in Case 3
with n = 25.

Tables 3-10 show simulation results for scenarios examined in Examples 3 and 4. For each scenario, the first table
(a) gives the ISB, IVar, and MISE of the (unweighted) KDE, EL-, ET-, and CUE-based KDEs, and their bias-corrected
(bc) versions (bias-correction for EL-based KDE is only done in cases 4 and 5 in Example 3 as otherwise the 1/n bias
term is zero). A denotes the difference between ISB (IVar, MISE) of a GEL-based KDE and the unweighted KDE,
and A% denotes the relative difference. In all tables, the values of A% ISB (IVar, MISE) are measured in percents;
whereas the values of ISB, IVar, and MISE, and the absolute differences, A, are multiplied by 10,000. Figures in
section 5 of the main text display the relative differences.

The second table (b) shows the rescaled absolute and relative differences, viz. nh=2A1SB, nh?A%ISB, nAIVar,
h=tA%1Var, nAMISE, and h~'A% MISE. The last row in each case (n = oo) shows the respective limiting values.
In all examples, the values with n = 1,000 are reasonably close to their respective limits. Remark that nh~2 can be
quite large, which accounts for the lack of precision of the rescaled differences in ISB.

It should be noted that in very small samples bias-correction can perform extremely poorly. An example of a ‘bad
case’ is shown in Figure 1. Here, 25 observations are drawn from a standard normal distribution (shown as small
spikes on the horizontal axes in panels (a) and (c)); the sample mean and variance are 0.039 and 0.4, respectively. The
extra information used by the GEL-based estimators is that the mean and variance are known to be zero and unity,
respectively. As the sample variance is much smaller than one, GEL implied probabilities, shown on panel (b), put
most of the weight on the extreme values, producing a bimodal density estimates (CUE probabilities were shrunk).
The 1/n bias term in this case is a fourth-order polynomial in 2 multiplying the density estimate, and hence the bias-
corrected estimates, shown on panel (c), place most of the mass at what should be the tails of the distribution. This
is especially evident with ET (EL in this case is not bias-corrected). Such cases are the reason behind the dramatic
increase in MISE of the bias-corrected ET- and CUE-based estimators in very small sample sizes.
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(b) Implied probabilities

—V—EL
—O0—ET
—O— CUE (shrunk)

1.4

1.2

0.8 1

0.6

0.4

0.2

-1 -0.5

0

0.5 1 15 2 2.5 3

(c) Bias-corrected density estimates
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Figure 1: A ‘bad case’ (Gaussian data, known mean and variance)
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