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Abstract

A uniform weak consistency theory is presented for the marked and weighted em-
pirical distribution function of residuals. New and weaker sufficient conditions for
uniform consistency are derived. The theory allows for a wide variety of regressors
and error distributions. We apply the theory to 1-step Huber-skip estimators. These
estimators describe the widespread practice of removing outlying observations from
an intial estimation of the model of interest and updating the estimation in a second
step by applying least squares to the selected observations. Two results are presented.
First, we give new and weaker conditions for consistency of the estimators. Second,
we analyze the gauge, which is the rate of false detection of outliers, and which can be
used to decide the cut-off in the rule for selecting outliers.

Keywords: 1-step Huber skip, Asymptotic theory, Empirical processes, Gauge,
Marked and Weighted Empirical processes, Non-stationarity, Robust Statistics, Sta-
tionarity.

JEL classification: C01, C22

1 Introduction

We study the uniform consistency of marked and weighted empirical distribution functions of
estimated residuals from a linear time series regression. This can be used to show consistency
of various procedures appearing in robust statistics. A common empirical strategy is to
estimate a regression equation by least squares or by a robust estimator, select observations
with small residuals, and then re-estimate the regression for the selected observations using
least squares. With the derived results, we can show consistency of the updated estimator,
which is an example of a 1-step Huber-skip estimator. We can also evaluate the gauge of
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the procedure, which is defined in terms of the falsely detected outliers when in fact there
are no outliers. The gauge is useful for choosing the cut-off for selection in the procedure.
These results can also be used to study more complicated algorithms that involve iteration
of 1-step Huber-skip estimators.

We consider a linear time series regression model

yz:xiﬁ—i_gz Z‘:17"'7,’17

where the regressors x; can be stationary, non-stationary, deterministically or even explo-
sively trending and the scaled errors ¢;/0 are assumed to be independent, identically dis-
tributed and independent of the regressors. Let B and & be initial estimators of § and o,
respectively, and define the estimated residuals by &; = y; — x;B .

The marked and weighted empirical distribution function of interest is

B () = n ' S e e . (-

where w;, are the weights, €” is the mark and ¢ € R. The main result is an asymptotic
expansion of the empirical distribution function IA:ﬁ’p (¢) uniformly in ¢. The proof of the result
has two ingredients. First, we show that, asymptotically, the empirical distribution function
Ieﬁ’p(c) does not depend on estimation errors. In order words, the empirical distribution
function of residuals F“*(¢) is close to the empirical distribution function of the true errors

Fg,p(c) = n_lz?zlwingfl(sigoc) .

Second, we derive a Glivenko-Cantelli theorem for the empirical distribution function F¥*(c).
These two results are combined to derive uniform consistency of IA:T‘f’p (c).

The problem does not appear to have been studied much, apart from some non-uniform
results in Johansen and Nielsen (2009). Rather, the literature has focused on the empirical
process formed from the empirical distribution function, that is,

FUP(c) = n*{F¥7(c) — FP(c)},

where F*(c) is a suitable compensator. A variety of results for this empirical process exist
in the literature. Billingsley (1968) studied the case without weights, marks and estimation
error. Koul and Ossiander (1994), see also Koul (2002), considered the weighted empirical
processes, in which the scale is known and p = 0, so that there are no marks. Johansen and
Nielsen (2016a) and Berenguer-Rico, Johansen and Nielsen (2019) considered the general
case with weights and marks. The marked empirical process of Koul and Stute (1999), and
Escanciano (2007) arise when the weights are w;, = n="/ ?1(z,<a) and the present indicators
1(e;<oc) are set to unity. Their expansions are uniform in d, which is not considered here.
By focusing on the empirical distribution function F“?(c) rather than the empirical
process IAFﬁ’p(c), we achieve simpler regularity conditions and a simpler proof. Plainly, to
obtain uniform consistency from uniform weak convergence imposes too strong assumptions
with a too complicated proof — the same way as deriving a law of large numbers result from
a central limit theorem would do. Thus, the technical contributions are two-fold. First,
the results for fF};”p(c) require certain moment conditions on the errors and regressors and
impose regularity assumptions on the density of ¢; /0, whereas the results for IA:Z’I’ (¢) require
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weaker moment conditions and impose regularity assumptions on the distribution function
of g;/0. Hence, the distribution function need not be differentiable everywhere when ana-
lyzing ﬁﬁ’p (¢) and the amount of moments required is substantially lower. Second, in both
cases the proofs require chaining arguments. The chaining argument is considerably simpler
in the case of the empirical distribution functions. Having, said that, since the marks are
unbounded, we still need to use the iterated exponential martingale inequality of Johansen
and Nielsen (2016a).

We apply the theory to study 1-step Huber-skip estimators. These estimators cover a
widespread practice in applied work. It is well known that outliers can severely affect the
results of a regression analysis. For this reason, applied researches often remove atypical
values from the data, which have been previously identified via the residuals of an initial
estimation of the model. Once the outliers have been removed, the model is re-estimated with
the selected observations. This procedure can be described by what is known in the literature
as 1-step Huber-skip estimators —see Rupert and Carroll (1980), Welsh and Ronchetti (2002),
Johansen and Nielsen (2009, 2016b) or Jiao and Nielsen (2017). These estimators also appear
as building blocks in iterative outlier detection algorithms such as the Forward Search, see
Atkinson, Riani and Cerioli (2010), and Impulse Indicator Saturation within Autometrics
by Doornik (2009), see also Pretis, Reade and Sucarrat (2018). Specifically, the 1-step
Huber-skip estimators of 3 and o2 are

Be = {0 imimil(zi<oo i Tl (zl<s0),
Ge = (16/m {1 Lai<o } 2o (0 — 7iB) Lz <s0),

for initial estimators 3, 52, residuals & = y; — 23 and where 7¢ = E{(¢;/0)"1(, /o|<e) }- The
sums in BC and 62 can be written in terms of marked and weighted empirical distribution
functions of residuals. For instance, introducing first the model for y; in f3. and normalizations
Zin = N'x; for a deterministic normalization matrix N, we can write

n PN (B = B) = {n T Y e, Le <o b o Tl <o0)- (1.2)

The numerator and denominator can be written in terms of the marked and weighted em-
pirical distribution functions in (1.1) as follows. Let w;, = n'/2N'z;(n*2N'z;) = nwy,a),
for the denominator and w;, = n'/2N'z; = n'/?x;, for the numerator. Then, noting that the
indicator functions in (1.2) are two sided, we can write

n AN (B = B) = {Fi0(e) = FrrO(—=e )} HER (o) — BN (=)},

where F“?(—¢™) = limy_g F¥?(—c — h). Hence, the theory presented in this paper allows us
to consider various aspects of these estimators.

First, we derive sufficient conditions for the uniform consistency of BC and 62. Suppos-
ing that the initial estimators are consistent, the following features arise. In models with
intercept, the estimators of intercept and scale are inconsistent when 71 # 0, in particular,
when the innovation distribution is asymmetric. The slope coefficients are always consistent,
but standard inference can be misleading due to the inconsistency of the scale estimator 62.
Correct inference requires a bias correction of 2. In models without intercept and 7{ # 0,
the consistency of BC depends on the type of regressors. It is inconsistent for stationary



regressors with a non-zero mean, but consistent for random walk regressors. However, when
Ty # 0, the scale estimator 6. is inconsistent regardless of the stationarity properties of the
regressors. Hence, a bias correction is required.

Second, we study the consistency properties of the empirical gauge, which is defined in
terms of the number of falsely detected outliers, when no outliers are present. The notion
of gauge was introduced by Hendry and Santos (2010), and it is based on an idea of Hoover
and Perez (1999) in the context of variable selection —see also Hendry and Doornik (2014)
and Johansen and Nielsen (2016b). The idea, in an outlier detection context, is that finding
outliers in a sample is a multiple testing problem. Algorithms for that purpose involve
tuning parameters, such as the cut-off ¢ in the case of 1-step Huber-skip estimators, for
instance. These tuning parameters can be chosen so as to control type I errors, that is the
false detection of outliers. Controlling the size of the algorithms is one such approach, that
is, controlling the probability of making no false detections at all. The size will inevitably
be fragile with respect to the number of decisions. In the extreme, if we make n independent
decisions with individual size p, then the overall size is 1 — (1 — p)™, which depends on n. In
this example, the gauge or frequency of falsely detected outliers is simply the average of the
individual sizes, that is p. Hence, it is independent of the number of decisions.

The empirical gauge for the 1-step Huber-skip estimator is defined as

’AYC = n_lz?zl 1(<§i>&c) .

We obtain sufficient conditions under which 4. converges to v, = P(|e; /0| > ¢) uniformly in c.
This result allows the investigator to set a level for the population gauge, say P(|e1/o| > ¢) =
0.01, which defines a cut-off value c. In particular, in a sample with n = 100 observations,
a gauge of 1% corresponds to, on average, falsely declaring one observation as outlier. This
calculation is feasible when the innovations are normal or follow some other known reference
distribution. The practical consequence is that we can choose the cut-off ¢ so as to control
the gauge in an uncontaminated sample, just as the critical value for a standard test is
chosen under the hypothesis. The asymptotic properties of the gauge have been studied by
Johansen and Nielsen (2016b) and Jiao and Nielsen (2017) using theory for the process F,,.
With the new results for IA:n, we can present significantly weaker assumptions.

The paper is organized as follows. In §2, the model and tools related to the empirical
distribution function of residuals are described. In §3, the uniform weak consistency results
for the marked and weighted empirical distribution function are presented. Applications to
1-step Huber-skip estimators and the gauge are given in §4. Most proofs are collected in the
Appendix.

2 Model and main tools

For i« = 1,...,n consider the multiple regression model
yi = ;8 + &, (2.1)

with possibly stochastic regressors x;, unknown parameters S and scale . We assume that the
scaled innovations ¢; /0 are independent, identically distributed with density f and distribu-
tion function F(c) = P(g;/0 < ¢), as well as independent of z;, x;_1,z;_9, ..., see Assumption
3.1.
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Let~6~,c~7 be estimators of the unknown f3,0. From j3, we compute the residuals & =
y; — ;5. Let N be a deterministic normalization matrix and define the normalized regressors
and estimation errors

Tin=Nz;, a=n"*G-0)/o, b=N-7)/o, (2.2)

so that xé(@ - p) = x;nga. In most situations, the normalization N is chosen so that
S @inah, has a positive definite limit. In this way, we can choose N = n~/2 for sta-
tionary regressors and N = n~! for random walk regressors. If the regressors are z; = (1,1),
we normalize them so that x;, = (n~/2,n73/27). If the regressors are explosive, say z; = 27,
we let N = 27" so that x;, = 2™". In the asymptotic analysis, we consider triangular arrays
to accommodate the normalization built into z,,. This means that we also cover certain
types of infill asymptotics. Suppose, in the context of model (2.1), that x; = 1(;<,1) for some
n' < n. The asymptotic constraint n'/n = 7 for some 0 < 7 < 1 can be accommodated by
choosing N~! = n'/? and 2, = n7"/?1 <, in (2.2).

Normalized estimation errors, a,b, and regressors, z,,, will be entering the marked and
weighted empirical distribution function of residuals as follows

Fo?(c) = F*(a, b, c) = ”_12?:11”2'715?1(5550) = n_lZ?:lwingf1(si/a§c+n—1/2ac+x;n5)v (2.3)

with weight w;, and mark €. Some relevant examples of the weights in applications are
wi, = 1 and wy, = n'2N'z; = n'%xy, and wy, = n'/2N'z;(n'?N'z;)" = na;,a),, see, for
instance, the 1-step Huber-skip estimator in (1.2).

We use three main tools when deriving a uniform law of large numbers for F¥*(, b, ¢) in
(2.3). The first tool allows us to replace F**(a, b, ¢) by

F:’lL}’p(a’u b7 C) = nilE?:lwingf1(si/0§c+n—1/2ac+x§nb)7 (24)

and study F¥?(a, b, ¢) uniformly over a, b varying in expanding compact sets depending on n
and ¢ € R. Specifically, we make use of Lemma 3.1 in Berenguer-Rico, Johansen and Nielsen
(2019). Tt states that if lim, ., P(§ € ©) > 1 — ¢ for some estimator f in a compact set ©
and € > 0, then for any function F),(0,c) of § € © and ¢ € R, we have that

P{|Fn(§, c)| > e}< P{Zlelg |F.(0,¢)] > €} +e. (2.5)

The second tool is a chaining argument which allows us to derive the required uniformity
results over a, b, c. The argument is as follows, see also Berenguer-Rico, Johansen and Nielsen
(2019). Consider the process F, (0, c) where § € © and ¢ € R. Introduce K grid points ¢
and cover the set © by M balls with centres 6,,, with a small radius d. The chaining argument
is

<
Sup Sup |Fn(0,0)| <  nax max | F (O, )|
F.(0.¢)—F. (0 .
T, B S sup F(0,¢) = Bl 1)

The two bounding terms are denoted the discrete point term and the oscillation term.
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The third tool is the lemma quoted below, which uses the iterated exponential martingale
inequality by Johansen and Nielsen (2016a). In turn, it is based on the exponential mar-
tingale inequality for unbounded martingales by Bercu and Touati (2008), see also Bercu,
Delyon and Rio (2015). Koul and Ossiander (1994) use the inequality by Freedman (1975)
for bounded martingales in their analysis of the weighted empirical process of residuals. That
approach is impractical with the inclusion of unbounded marks.

Lemma 2.1 (Johansen and Nielsen, 2016a, Lemma 4.2) For 1 < (< L, 1 <i<n
let zne be Fi, adapted and EzZ, < oo for some r € N. Let D,, = maxi<i<r, Y 1 Ei1224
for 1 < q < r. Suppose, for some A >0, ¢ > 0, that L, = O(n) and &,, = ED,,, = O(n°)
for1 <q <r. Then, if v > 0 is chosen such that

(1) ¢ < 2v, (17) ¢ + A <027,
1t holds that

max |35 (2nei = Bicr2nei)| = op(n).

Lemma 2.1 simplifies when z,,; is an indicator function.

Lemma 2.2 For 1 < ¢ < L,, 1 <1 < n let z,4 be F;, adapted indicator function. Let
D,, = maxi<i<r, Y1 1Ei-12ni. Suppose, for some A > 0, ¢ > 0, that L, = O(n*) and
&, = ED,, = O(n®). If, in addition, v > ¢/2, then

max 1> i1 (znei — Eio1zne)| = op(n").
Proof. Since |z, is an indicator function, then 22,, = |z,| for any r € N. Therefore,
we can apply Lemma 2.1 with 7 chosen so large that condition (i7) is satisfied. ®

3 Uniform consistency results
In order to find a uniform Law of Large Numbers for F¥?(a, b, ¢), see (2.3), we decompose
Fi?(a,b,c) = F(0,0,¢) + {F""(a, b, ¢) — Fi/?(0,0,¢)}. (3.1)

The first term, F¥?(0,0,¢), has no estimation error. For a fixed ¢, it is analyzed using a
martingale Law of Large Numbers. For a varying ¢, Theorem 3.2 below can be used to get
uniform convergence in ¢. The second term, {F*?(a, b, ¢) — F**(0,0, ¢)}, vanishes uniformly
in ¢ due to Theorem 3.1 below combined with the first tool (2.5) described above. This result
shows that, asymptotically, F**?(a, b, ¢) does not depend on the estimation errors a, b. The
main result, Theorem 3.3 below, combines Theorems 3.1, the inequality (2.5) and Theorem
3.2 to show the uniform consistency of F¥*(a, b, c).

First, we prove the uniform convergence of F¥?(a, b, ¢) under the following assumptions.

Assumption 3.1 Let F;, be an array of increasing sequences of o-fields so that F;_1,, C Fin
where €;_1, Tin, Wiy, are Fi_1, measurable and €;/o is independent of F;_1 ,, with continuous
distribution function F.



Definition 3.1 A distribution function F is

(i) additively Lipschitz if 3C, > 0: Vb, c € R it holds that |F(c + b) — F(c)| < CL|b|;

(i1) multiplicatively Lipschitz if 3CL, a9 > 0 : V|a| < ag,c € R it holds that |F(c + ca) —
F(e)| < CLlal.

Remark 3.1 Examples of Definition 3.1 include the normal, the triangular and the uniform
distribution. More generally, if F has support on an open interval S and derivative f on S
satisfying sup.cr(1 + |c|)f(c) < oo, then F is additively and multiplicatively Lipschitz. To
see this, first note that by the Mean Value Theorem, F(c + b) — F(c) = bf(c*) for some
c*so |¢* — c¢| < b. Here, f(c*) is bounded by assumption. Second, replacing b by ca gives that
|F(c+ca)—F(c)| = |a||c|f(¢*) for |c*—c| < |al|c|. By the triangle inequality, |c| < |c*|+|c* —¢]
so that |c| < |c¢*| + |alle| and |c|(1 — |a|) < |¢*|. Thus, if |a] < ag = 1/2 then |c| < 2|c¢*|, so
that |F(c + ca) — F(c)| < 2|a||c*|f(c*), where |c*|f(c*) is bounded by assumption.

Assumption 3.2 Suppose, for p € Ny and some ¢ > 1, that
(i) innovations e;/o satisfy
(a) moments: Eleg;[P¥ < oo;
(b) F is additively and multiplicatively Lipschitz (Definition 3.1);
(i) regressors sy, satisfy En~t>"" n'/?|z.,| = O(1);
(i41) weights wy, satisfy En=Y " |w;,|¥ = O(1).

Theorem 3.1 Let Assumptions 3.1, 3.2 hold. Then, for any B >0, ¢ >1,0< (<1,

sup  sup [FUP(a.b,c) — Fr(0,0,) = Op{n W/} = op(1).
c€R |a] |b<nl/2—¢B

The proof of Theorem 3.1 exploits that, with the inbuilt n-normalization in F}"P, the
marks and weights can be separated from the indicators using Holder’s inequality. Thus,
initially, we focus on the special case of Theorem 3.1 without marks and weights. This
result is presented in Lemma A.4 in the Appendix. Its proof relies on two other intermediate
lemmas. First, in Lemma A.2 we set a = 0 and chain over ¢ while bounding the influence of
b. Second, in Lemma A.3 we set b = 0 and deal with the scale estimation error a. Since a is
as a multiplicative distortion of the quantile ¢, we chain over two quantiles simultaneously.
These two results are then used in proving Lemma A.4.

Next, we establish an in probability version of the Glivenko-Cantelli theorem.

Theorem 3.2 Let Assumptions 3.1, 3.2(ia, tit) hold with ¢ = 2. Then, for any w > 0,

Sup |F:§”P<07 0, C) o (n_lz?:lwm>E€€1(ai/U§c)| = OP(nw_1/3).
ceR

Finally, we combine the theorems above to derive the main result, which analyzes the
terms in the decomposition (3.1). We consider normalized estimators @, b of order Op(n/27¢)
for 0 < ¢ < 2/3. In standard models ( = 1/2. However, when proving the following main
result, the combination of Theorems 3.1 and 3.2 allows for 0 < { < 2/3.



Theorem 3.3 Uniform consistency result. Let Assumptions 3.1, 3.2 hold with ¢ = 2
and suppose the estimators satisfy a = n'/?(6 — o) /o = Op(n'/*=¢) and b = N~Y(3— ) /o =
Op(n'/2=%) for some 0 < { < 2/3. Then

sup ‘F:’p(da 57 C) - (nilz?zlwin)ngl(ei/ch)| = Op(’ﬁ,iC/Q),
ceR

Proof of Theorem 3.3. Since @ = n'/2(5 — o) and b = N~'(3 — ) are Op(n/>=¢), we
can use (2.5) and consider R, (a,b,c) = [F*?(a,b,c) — (n™ '3 " jwin)Eell, <] uniformly
in |al,|b] < n'/?27¢B, ¢ € R. Applying the triangle inequality and Theorems 3.1, 3.2 using
Assumptions 3.1, 3.2 with 1) = 2 shows that R,(a,b,c) = Op(n=¢/2) 4+ Op(n®~*/3) uniformly
in a,b,c for any w > 0 and where 0 < ¢ < 1. Note that if ( = 2/3 — ¢ for some € > 0,

then we can always find an w < €/2 so that the first term dominates. Hence, the first term
dominates for 0 < ¢ < 2/3. In turn, R, (a,b,c) = Op(n~%/2) for 0 < ¢ < 2/3 as desired. =

Theorem 3.3 provides a stochastic expansion in terms of n=*>""  w;,. Depending on the
nature of the weights, this will be deterministic or random.

Example 3.1 Weights w;, are i.i.d. with mean p. Then, n~ 'Y " wi, AR i, so that
FuP(a,b,c) = pEel 1., /o< + op(1) uniformly in c.

Example 3.2 Weights w;, are normalized random walks w;, = n~/? 22:1 n; for i.i.d., zero

mean 1; with unit variance. Then, nilz?zlwm A fol W du for a standard Brownian motion
W, so that F*?(a,b, c) LA (fol Wydu)EeP1 (., jo<c) uniformly in c.

4 Application to 1-step Huber-skip estimators

We now apply the above results to show, first, the uniform consistency of 1-step Huber-skip
estimators and, second, the uniform consistency of its associated gauge.

4.1 Uniform consistency of the estimators

We define the 1-step Huber-skip estimators as follows. Let B and ¢ be initial estimators
from which we can form the residuals &; = y; — xé@ . Observations with large scaled residuals
£;/7, that is, satisfying |&;/a| > ¢ for a cut-off value ¢ set up by the investigator, are removed
from the sample and least squares regression is applied to the new sample giving the 1-step
estimators

Be = {1 mitil(g<00 ) i Ti¥il (<o)
62 = (15/m{D i Lga<o0t Doy (Y — #168)% 12, <50), (4.2)
where

TE = f_ccka(v)dv = E{(ei/a)qugi/g‘@)}.
2

We apply the above results to analyze the uniform weak consistency properties of Bc, oz.



The 1-step Huber skip estimators mathematically describe the following widely used
practice in applied work; namely, the procedure where a researcher estimates a model using
some initial estimator and, based on this initial estimate, removes atypical values from the
sample. Then, in a second stage the model is re-estimated by least squares using only the
remaining observations. This practice has been termed by Welsh and Ronchetti (2002) the
data analytic strategy. The asymptotic properties of this procedure have been previously
analyzed by Ruppert and Carroll (1980), Johansen and Nielsen (2009, 2013, 2016a, 2016b)
and Jiao and Nielsen (2017). These papers have derived asymptotic expansions for the
rescaled 1-step Huber-skip estimator. In this section, we focus on uniform consistency only
and achieve weaker regularity conditions.

Assumption 4.1 Part I. Suppose that
(i) innovations e;/o satisfy
(a) moments: E|e;|? < oo;
(b) F is additively and multiplicatively Lipschitz (Definition 3.1);
(17) regressors x;, satisfy
(@) n™ B [0 22|t = O(1);
(b) Sy = S0 @i, 2250 and fi, = nV2S o D
(4i1) the initial estimation errors N~*(B — B), n*/?( — o) are Op(n'/?>=¢) for some ¢ > 0.
Part II. Suppose Elg;|* < oo and 75° > 0 for some ¢y > 0.

We note that the limiting quantities ¥ and p in Assumption 4.1(#7), (b) will be determin-
istic in stationary settings whereas they can be stochastic in non-stationary models.

Theorem 4.1 Suppose Assumptions 3.1, 4.1,1 are satisfied. Choose co > 0 so that 75° > 0.
Then, uniformly in ¢ > cg,

_ _ A S—1 A~ c c D — c c
n'2N YBe—B) = Uznlﬂn(Tl/To) +op(l) = oX 1N<71/7'0)-
If, in addition Assumption 4.1,II is satisfied, then uniformly in c > cy,
~ A~ v—1 ~ c c_c D — c c.C
oo — 0" = —02;1;12”1””(7'1)2/(7'27'0) +op(l) = —o?u'S IM(Tl)z/(TzTo)-

Remark 4.1 In a model with an intercept, the bias expressions simplify. To see this, suppose
r; = (1,20) and x = (n7Y2,2,). We then get i!, = (1,0)%, so that ji’, X' = (1,0) and

35 i, = 1, even with non-stationary regressors. The consistency results are then

_ 1.4 P 1\ 7% R P (9)?
To T2 To

We see that the intercept and variance estimators can be biased, while the slope estimators
are not biased. This feature is shared with, for instance, quantile regression, see Koenker
and Bassett (1978). Moreover, the bias only depends on the T coefficients that are derived
from the innovation distribution. When 1 # 0 the intercept is biased and, more critically,
standard inference on both intercept and slopes is distorted because of the bias in 6. Hence,
a bias correction should be implemented. These results match the finding from least squares
theory that a mnecessary condition for consistency of [ is that €;/0 has mean zero, which
ensures that the intercept is identified.
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Remark 4.2 In a model without intercept, the bias on [ depends on the properties of the
regressors. First, for a stationary regressor we choose N~' = n'/? so that n= 2N~ is the
tdentity. In that case,

Be— B = 05 fin(75/75) + 0p (1) > 05 (75 /7).

The bias is present when uty # 0. If the stationary regressor has zero mean, then p = 0. If
the stationary regressor has non-zero mean, then 1 # 0 and the bias occurs if { # 0. Second,
for random walk regressors, we choose N~* = n and n™/2N~' = n!/? so that 3, — 3 = op(1).
Thus, in this case, 3. is consistent for all the coeficients even when 17 # 0. Nonetheless, if
7¢ # 0, the bias in 62 is present regardless of the stationarity properties of the regressors.

(&
Therefore, a bias correction for 62 is needed to conduct correct inferences.

Remark 4.3 The biases are proportional to the coefficient {. For a symmetric distribution,
7 = 0. For a non-symmetric distribution, 7{ can be non-zero. If ;/c follows a distribution
that is standard normal in the middle and unspecified in the tails, we can use the result to
detect which part of the distribution is normal. To be precise, suppose €;/0 has a density
f(z) that is standard normal for |z| < ¢ for some ¢ € Ry and asymmetric for |z| > . In the
context of a model with an intercept, Theorem 4.1 shows that the process of 1-step Huber-skip
intercept estimators (1, 0)(5C — B) will converge to a function that is zero for ¢ < 1 whereas,
depending on the form of the asymmetry, it is non-zero for ¢ > 1.

Remark 4.4 The result in Theorem /4.1 gives sufficient conditions for consistency that are
weaker than conditions previously derived in the literature. Ruppert and Carroll (1980) derive
an asymptotic expansion for n'/ 2(5’0 — B) in the case of fixed regressors, from which they
obtain pointwise consistency for BC. Jiao and Nielsen (2017) derive an asymptotic expansion
for N *1(55 — ) in a general setting, similar to the setup in this paper, but with stronger
conditions on the error term and the regressors. Specifically, the error term, on the one
hand, is assumed to have a density that is symmetric, satisfies certain smoothness conditions
and has moments which depend on the dimension of the regressors. The regressors, on the
other hand, are assumed to satisfy a maximal condition imposing in practice the existence of
many more moments than those required here. Ouverall, as shown in Theorem 4.1 above, the
conditions to derive uniform consistency can be substantially weakened.

4.2 Uniform consistency of the gauge

An important question in relation to the 1-step Huber-skip estimator is how does the in-
vestigator choose the cut-off value ¢? The 1-step Huber-skip algorithm to detect outliers
is defined as follows. Let 3 and & be initial estimators from which we form the residuals
€ = Y — :L';B Choose a cut-off ¢ > 0. The 1-step Huber-skip estimators BC,&E are the
least squares estimators on observations satisfying |&;/6| < ¢ as described in (4.1), (4.2).
Hence, the observations satisfying |&;/| > ¢ are declared outliers. The empirical gauge is

the frequency of declared outliers, that is

Yo =130 1z ja150)s (4.3)
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as introduced by Hendry and Santos (2010) and based on an idea of Hoover and Perez (1999).
The population gauge, say 7., is the probability limit of 4., when there are no outliers. We
can choose the cut-off ¢ indirectly, from a given value of the population gauge 7..

The asymptotic properties of the gauge in the context of 1-step Huber-skip estimators
have been analyzed by Johansen and Nielsen (2016b) and Xiao and Nielsen (2017). Their
analysis is based on expansions of the corresponding marked and weighted empirical process.
Hence, their derived sufficient conditions can be weakened by using the results above. Note
that in this case, p = 0 and w;, = 1 in the marked and weighted empirical distribution
function of interest. Hence, the assumptions to Theorem 3.3 simplify as follows.

Assumption 4.2 Suppose that
(1) innovations €;/o satisfy: F is additively and multiplicatively Lipschitz (Definition 3.1);
(i) regressors sy, satisfy n'EY i [nt 22| = O(1);

(4ii) the initial estimation errors N~'(3 — ), n*/?(6 — o) are Op(n'/?>=%) for some ¢ > 0.

Theorem 4.2 Suppose Assumptions 3.1, 4.2 are satisfied. Choose ¢y > 0 so that 75° =
P(le;/o| < ¢o) > 0. Then, uniformly in ¢ > co,

~

P C
e — (1 = 75).

Remark 4.5 Theorem 4.2 shows that the empirical gauge converges, uniformly in c, to the
population gauge, 7., so that

e = (1 =15) = P(le/o] > ¢),

This gives a way of establishing an overall rate of false rejection when deciding whether
observation i, fori =1,...,n, is an outlier or not. In particular, assuming a distribution for
the error term and choosing P(|e1/a| > ¢) to be a certain value, one gets a cut-off value c.
For instance, under normality, if . is set to be 0.01, then ¢ = 2.57. In this case, the gauge
coincides with the size of the individual tests. See also Johansen and Nielsen (2016b) for a
discussion on the idea of gauge and its relation to the false discovery rate for multiple test
of Benjamini and Hochberg (1995).

Remark 4.6 Theorem 7 in Johansen and Nielsen (2016b) derives pointwise consistency of
the gauge under the assumption of normal errors and a list of conditions on the normalized
regressors such as convergence of the first and second empirical moments, boundedness of
the maximum over i and the existence of 9th moments. Theorem 4.2 above derives uniform
consistency under the much weaker assumption 4.2.

5 Concluding remarks

The main result is Theorem 3.3, which gives a uniform consistency result of the weighted and
marked empirical distribution function of estimated residuals. The empirical distribution is
consistent for the limit of the product of the average weight times the expectation of the
truncated mark.



The result simplifies previous work on asymptotic expansions of the empirical distribution
function and on the associated empirical process. Both the regularity conditions and the
proofs are simplified in the same way as the Law of Large Number is simpler than the
Central Limit Theorem. In particular, the consistency result requires fewer moments than
the asymptotic expansions, and it requires continuity and smoothness of the distribution
function rather than of the density function.

The result was used to analyze 1-step Huber-skip estimators, which appear in various
robust statistical procedures. They also appear implicitly in the common data analytic strat-
egy of first estimating a least squares regression, dropping observations with large residuals
and then reestimating a regression on the selected observations. In particular, we show
consistency of the estimators and the associated gauge under weaker conditions than in the
previous literature.

A Appendix

For sequences s,,t, we say s, ~ t, if s, = O(t,) and t,, = O(s,). The weights w;, may
be matrix valued. To show that the resulting matrix of empirical processes vanishes, it
suffices to show this for each element. Thus, we proceed in this appendix as if w;, is scalar.
Throughout the rest of the Appendix we denote by C' a generic constant, which need not be
the same in different expressions.

A.1 Metric and cover

The chaining argument is based on a finite number of points ¢y € R, k =0,1,..., K, which
define a cover of R by K disjoint intervals with end points

—00=Cp <1 << Cg_1 < Cg = 00. (A.1)

The definitions ¢y = —oo and cxg = oo are convenient even when the support is finite.
In Johansen and Nielsen (2016a) and Berenguer-Rico, Johansen and Nielsen (2019), these
chaining points are chosen using the function

Ho(0) = E(L+ [e /o)L, oo (A.2)

for a given r = 0,1, .... Here, we will need r = 0 and K ~ n'/? when proving Theorem 3.1,
while 7 = 1 and K ~ n'/3~% when proving Theorem 3.2. The function H, is increasing in c.
It is bounded when

H, =H,(00) = E(1 + |&;/0]*?) < oo. (A.3)

The points ¢, are chosen so that
H,.(ck) —H.(ck—1) = H, /K for k=0,1,..., K. (A.4)
The inequality |*| < 1 + |e|” for 0 < s < r implies that, for ¢ < ¢f,
E{lei/0|L(cce,jocey}2 7 S EQ+ |21/ ) Lece,jo<ety = He(ch) — Ho(c). (A.5)

We refer to H,(c") — H,.(c) as the H,-distance between ¢ and c'.
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A.2 A preliminary lemma

The following Lemma, based on Lemma A.10 in Berenguer-Rico, Johansen and Nielsen
(2019), is used in the proof of the main results when chaining over @, c. On the one hand, it
bounds the effect of multiplicative perturbations using the H, distance. On the other hand,
it gives an estimate of the number of ¢, intervals that are needed to cover the perturbation.
The result applies for general distance functions, say H.

Lemma A.1 Let ¢, = c¢(1 +n~Y2a) so that co = c. Let H(c) be non-decreasing and multi-
plicatively Lipschitz with H = H(oo) — H(—o00) < co. Choose grid points ¢ as in (A.1) so
that H(cg) — H(ek—1) = H/K for all k. Then:

(a) A constant C > 0 exists so that for all { > 0,

sup  sup  |H(ca) —H(c)] < Cn¢.
c€R |g|<nl/2-¢B

(b) Choose an index k(cq,) and grid points cpc,) s0 that cye,)—1 < Ca < C(e,)- Then, the
number of grid points between c, and c¢ satisfies

SUD e SUD|q<p1/2—c g |[K(Ca) — k()] < 2+ Cn*K/H.

Proof of Lemma A.1. (a) The distance H = H(c,) —H(c). Since [n='/2a| < n~¢, which
vanishes for large n, then for any ag > 0 we have |n~/2a| < aq for large n. The multiplicative
Lipschitz assumption then shows |H|<Cn~¢ as desired.

(b) Translating the distance H in item (a) into a number of grid points. We start by
bounding H* = [H{ck(,)} — H{Ck(co)}|- Add and subtract H(c,) and H(c) and apply the
triangle inequality to get

H* < [H{ckeea} = H(ca)| + [H{ckie) } = He)| + [H(ca) = H(e)]. (A.6)

Each of the first two terms in (A.6) are bounded by H/K. Indeed, since cx(c,)-1 < Ca < Ci(e)
and, noting that ¢y = c,

0 < H{cken} — Hlca) < H{cren} — H{eren -1} = H/K.
The third term in (A.6) equals |H| and satisfies |H|<Cn~¢ as shown in part (a). Overall,
H* <2H/K +Cn ¢ = (2+Cn *K/H)H/K,

implying that |k(c,) — k(co)| < 2+ Cn~¢K/H uniformly in a,c. m

A.3 Auxiliary results

Theorem 3.1 gives a uniform Law of Large Numbers for F¥?(a, b, ¢). We start by considering
the case without weights and marks, that is FL%(a, b, c). First, we analyze the special case
where a = 0. Second, we consider the case where b = 0. Finally, both cases are combined to
study the general case in which a, b vary.

13
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Lemma A.2 Let Assumption 3.1 hold and suppose
(1) F is additively Lipschitz (Definition 3.1);

(i6) En ' 0, 2]y, | = O(L).

Then, for any B > 0,0 < ( <1, we get

sup  sup 1 30 Ly jrseral,b) — Lozl = Op(n™°).
ceR |p|<nl/2-CB

Proof of Lemma A.2. Let R,(b,c) = n '3 " [l /0<ctal b) — l(ei/jo<o)] and R, =
SUD,cp SUP|pj<p1/2—< 5 Ln(D, ¢). We show R, = Op(n~¢).

1. Partition the support. Because there are no marks, we take p = 0 and » = 0 so that
(A.2) and (A.3) reduce to H,(c) = 2F(c) and H, = 2. Partition the axis as laid out in (A.1)
with K = int(H,n¢). Thus, H,(cx) — H.(cx_1) = H,/K ~ n~¢.

2. Assign c to the partitioned support. For each ¢ there exists a k = k(c) and grid points
Crp_1,Cr S0 that cp_1 < ¢ < ¢

3. Bound R,(b,c). Since |b| < n'/?2~CB and ¢;,_; < ¢ < ¢,

|1(€z‘/USC+I;nb) o 1(€i/USC)| < 1(Ei/o§ck+|zm|n1/2*CB) - 1(si/o'§ck,1f\xm\nl/Z*CB) = Zik-

Thus, 0 < R,(b,¢) < R = = n 3" zik, which does not depend on b. In turn R, < R,
where R,, = = maxj<k<k R, It suffices to show that R, = = Op(n=°).
4. Martingale decomposition. Write Rnk = Mnk + M, where

My, =07 (2 — Ei12a), My =n""30 B g2

It suffices to show that M,, = MaxX)<kp<K |Mnk| and M,, = max;<p<x M, are Op(n=°).
5. Conditional mean of z;. The indicator function z;, is F;, adapted. We find

Eioazin = Flew + Jwm|n'* 7 B) = F(cxor — |2in|n' 7 B).

This can rewritten as

Ei-12ik = {F(ck + [win[n'/*"*B) — F(cx)} + {F(cx) — F(cx-1)}
+ {F(cx—1) — Fex—1 — |:1:m|n1/2’<B)}.

The second term equals 1/K by construction. By the additive Lipschitz assumption (i),
the first and the third term are each bounded by Cp|z;,|n'/?2=¢B. Overall, we get E;_;z;, <
1/K + Cl|z|n'/?=¢, for some C' > 0. In turn,

En = EIE}%(Z \Eivza < n/K + On'PEY |2
Since K ~ n¢ and EY " |2,| = O(n 1/2) by assumption (ii), we get &, = O(n'~¢).

6. The compensator M,, = Op(n~¢). The Markov 1nequahty implies that P(n¢|M,| >
C) < En§|M,|/C for some C > 0. Note that EM, = n~1E,. Thus, item 5 shows that
EM,, = O(n™¢) so that M, = Op(n~¢).

7. The martingale M,, = op(n=). We use Lemma 2.2 for

nM, = max |3 (2 — Ei1za)],

1<k<K



with index ¢ = k so that z;,; = z;, the count L, = K and parameters A = ¢ > 0 and
v =¢=1—(. We verify the conditions of Lemma 2.2. In item 5, it was established that
2y = 2, 18 Fi, adapted. Further, item 5 shows that &, = O(n'~¢) = O(n®). Since 0 < ¢ < 1,
then ¢ =1— ¢ > 0 and v = ¢ > ¢/2. Hence, applying Lemma 2.2, we see that,

nM, = n max | M| = max 1> i1 (zik — Eic1zin)| = op(n”).

In particular, M,, = op(n"~') = op(n=¢). =

Lemma A.3 Let Assumption 3.1 hold and suppose F is multiplicatively Lipschitz (Definition
3.1). Then, for any B> 0,0 < ( <1, we get

sup  sup 0 Y1 o<ornt/2a0) = Lieijo<e)l = Op(n7°).
cER |a|<nl/2-¢B

Proof of Lemma A.3. Let ¢, = ¢+ n~'2ac so that ¢y = c. Define R,(c,c,) =
1Y ey jo<ea) = L(eijo<o)|- We show that R, = sup,cg SUp|4j<p1/2-c g [Rn(c, ca)| is Op(n ).

1. Partition the support. Because there are no marks, we take p = 0 and r = 0 so that
(A.2) and (A.3) reduce to H,(c) = 2F(c) and H, = 2. Partition the axis as laid out in (A.1)
with K = int(H,n¢). Thus, H,(c;) — H,(c;_1) = H,/K ~n~¢.

2. Assign c and ¢, to the partitioned support. For each ¢, there exists a k(c,) and grid
POINtS Cp(c,)—1, Ch(ca) SO that cie,)—1 < ca < Cp(e,)- Lemma A.1, using the multiplicative
Lipschitz assumption shows that, for some C' > 0 and some D > 2,

SUD,.cR SUD|q|<p1/2-¢ |k(ca) — k(c)| <2+ Cn K/H < D. (A.7)

3. Bound R,(c,c,) and R,. Add and subtract Leifo<eneny} @04 Lie,jo<e, ) SO that

Ry(c,cq) = n_IZ?:lu(Q/USCa) - 1{8i/0§0k(ca)}
+ 1{5i/0§0k(ca)} - 1{5i/0§0k(c)} = Leijo<e) T 1{5i/0§0k(c)}|‘

By the triangle inequality we get
R (c,ca) < Ru{cCas Cien)} + Rnf{Crie)s Crea) } + Rudc, cr(o) }- (A.8)
Accordingly, the triangle inequality gives R,, < 2?21 R jn where
Rin =sup sup  Ry{ca, Cic)}

c€R |q|<nl/2—¢B

R2n = sup sup |Rn{0k(c)7 Ck(ca)}|’
c€R |a|<nl/2-¢B

Ran = sup Rp{c, ey }-

ceR

The quantities R, involve suprema over a, c. The next step is to replace the suprema with a
maximum over a finite number of grid point combinations. This maximum can, in turn, be
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analyzed using the iterated martingale inequality in Lemma 2.2. Thus, we start by arguing
that R;, <7, for each j, where

-1 n
To=max omax 03 {lejocan) ~ Leozen )
Note that the third term Rg, is a special case of the first term R, with a = 0 so that
Rsn < Rin. Accordingly, the triangle inequality gives R, < 2R, + Rap.
3.1. The term Riy: For this term, note that cy(.,)—1 < ¢4 < Cp(e,) SO that

Rn{ca> Ck(ca)} = n_lz?zl[l{si/ogck(cg’)} - ]-{si/agc,l}] < Rn{ck(ca)fh Ck(ca)}a

where the bound involves grid points that are one interval apart. It is, therefore, bounded
by 7,, uniformly in a, ¢ since 7,, takes maximum over pairs of grid points that are at most D
steps apart where D > 2. Hence, Ry, < 7,.

3.2. The term Roy,: This term involves grid points k(c), k(c,) that may be more than one
point apart. Indeed, by (A.7) we have |k(c,) —k(c)| < D uniformly in a, c. Thus, for any a, c
let kK = min{k(c,), k(c)} and k* = max{k(c,), k(c)} with the property that k < k* < k+ D.
As a consequence, we can bound

| Rn{Ch(e)s Criea) | < max o omax Ru(cr, cer) = Ty,

uniformly in a, c. Hence, taking supremum over a, ¢ we get Ro, < 7,,.

3.3. Combine items 3.1 and 3.2 to get R, < 2R, + Ron < 37,,.

4. Martingale decomposition of Ty,. Let Zipkr = L, jo<cpe) = L(e; Jo<cr) and let Ry (cy, ) =
Mn(ck, Cp) + M, (ck, cp) Where

Mn(cka Cpe) = nilzyzl(zikk* — Eis1Zikke ) M, (cp, cpe) = nilzyzlEiflzz’kk*-

It suffices to show that M, = MaxX)<g< K MAXpr k<k* <k+D \]\;[n(ck, cg+)|, for the martingale,
and M,, = max;<p<x MaxXp-.p<p+<itsp Mp(cr, cp+), for the compensator, are Op(n=°).
5. Conditional mean of z;p+. Note that z;.« is an F;, adapted indicator function with

Ei—1zikkr = Ferr) — F(ex) = (1/2){H,(cx+) — Hy(cx) }-

Since £ < k* < k+ D, we bound E; 1z < (1/2){H.(cksp) — H-(cx)}. Recalling the
construction (A.4) and that H, = 2 by item 1, we have E;_yz;« < (D/2)(H,/K) = D/K,
uniformly in 4, k. Therefore,

E,=E 121};;)% k*:k£9§k+D Y i Bicizi <nD/K.
Since D is a constant, see (A.7), and K ~ n¢ we get &, = O(n'™¢).

6. The compensator satisfies M, = Op(n~¢). The Markov inequality implies that
P(n‘M, > C) < En‘M,,/C for some C > 0. Note that EM,, = n~1&,. Thus, item 5 shows
that EM,, = O(n~°) so that M,, = Op(n~°).

7. The martingale M,, = op(n=¢). We use Lemma 2.2 for

nM, = max max | (Zik — Ei1Zigk)

1<k<K k*:k<k*<k+D ’
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with index ¢ = (k, k*) so that 2y = 2+, v = 1—, parameters L, = KD ~n‘and A = ( >0
while v = ¢ = 1 — (. We verify the conditions of Lemma 2.2. In item 5, it was established
that 2y = zg- is Fi, adapted. Further, item 5 shows that &£, = O(n'=¢) = O(n°). Since
0<({<1,theng¢=1->0and v=¢>¢/2. Hence, applying Lemma 2.2, we see that,
nM,, = op(n¥) = op(n'~—¢) so that M,, = op(n¢). m

Lemma A.4 Let Assumption 3.1 hold and suppose

(1) F is additively and multiplicatively Lipschitz (Definition 3.1);
(i6) En ' Y0 2| = O(1).

Then, for any B > 0,0 < ( <1,

—1In — —<
sSup sup n Zi:l|1(s¢/0§c+n*1/2ac+x§nb) - 1(6i/0§0)| - Op(n )
€ |a) Jb|<nd/2—C B

Proof of Lemma A.4. Let v;(a,b,¢) = |1, jo<cin1/2actal, 1) — Lei/o<e)| and Vi (a, b, ¢) =
n='y " wi(a, b, c). We show V, = Sup,cp SUP|, | jpj<nt/2—c g Va(a, b, ¢) is Op(n~¢).

Let ¢, = c+n~"2ac. Add and subtract Lieijo<etn—1/2ac) = L(e;/o<c,) and apply the triangle
inequality to get

U,;((L b; C) S |1(si/a§ca+x§nb) - 1(5i/a§ca)| + |1(ai/a§ca) - 1(ai/0§c)’ - Ui(07 b7 Ca) + Ui<(l, 07 C)‘
Correspondingly, V,(a, b, c¢) = V,,(0,b,¢,) + Vy.(a, 0, ¢). Taking supremum for each term gives

sup  sup 1Vn(0,b,¢0)| =sup  sup  [V,(0,b,¢)| = Vin,
c€R |ql,|b|<nl/2-¢B c€R |p|<nl/2—CB

sup  sup Vi(a,0,¢)| =sup  sup  |Vi(a,0,¢)| = Van.
ceR |a|,|b|§n1/27<B ceER \a|§n1/2*CB

Lemmas A.2, A.3, using assumptions (4, 7), show that V;,, and V,,, are both Op(n~¢). Thus,
by the triangle inequality we also get V,, = Op(n~¢). =

A.4 Proof of main results

Proof of Theorem 3.1. Define V,(a,b,c) = |F¥?(a,b,c) — F¥?(0,0,c)|. We show that
Vi = SUD g SUD|q jp<nt/2—<p Va(a, b, ¢) is Op{n=¢W=1/¥} = 0p(1). By the triangle inequality,

Vn(a’ b7 C) S n_lz?:llwingﬂ|1(8i/0§c+n*1/2ac+x;nb) - 1(€¢/U§0)|‘
Apply the Holder inequality to get, for v =1+ x > 1,

Vn(aa b7 C) < (n_lz?:l‘wingli)‘w)l/w(n_lz?zl|1(5i/0§c+n*1/2ac+x;nb) - 1(€i/U§C)|w/X)X/¢' (Ag)

Notice that |1, s<cin-1/2acta! b) — Le,jo<o)|P/X = Le,jo<ctn1/2actal b) — L(esjo<e)| and by
Lemma A.4 using Assumptions 3.1, 3.2(ib, i1), for 0 < ¢ < 1,

sup sup n_lz?:l|1(€i/a§c+n—1/2ac+x;nb) - 1(ai/0§c)| = OP(n_C)‘ (A]-O)
CER |al,b|<n1 /2= B



We show that n= > |wi,el[¥ = Op(1). By the Markov inequality P(n*> " [wi,ef[¥ > CO)
< E(n Y20 Jlwinef]?)/C. Using the independence of ¢; and F;_1, in Assumption 3.1
gives E(n 130 Jwinef|¥) = n7130" [E|win|YElE?|Y. Since €; are ii.d., E[ef|¥ < oo and
n~ 1" EJwi,|[¥ = O(1) by Assumption 3.2(ia, i7i), then E(n™'Y " |Jwi,e?|¥) = O(1) and
nI N Jwinel Y = Op(1) by the Markov inequality. Insert this bound and (A.10) into (A.9)
to get V, = {O0p(1)}/¥{0p(n=¢) /¥ = Op(n=/¥) = op(1), as desired. m

Proof of Theorem 3.2. Let V,(c) = n "> jwin{el 1, /o<y — Eic1€V1(, /o< }. We
want to prove, for all w > 0, that V, = sup.cg |Va(c)| = Op(n“~1/3). Note that it suffices to
prove the result for all 0 < w < 1/3.

We choose r = 1 noting H; < oo by Assumption 3.2(ia) with i) = 2. Partition the axis
as laid out in (A.1) with K = int(H;n'/?=). Thus, Hi(cx) — Hi(ck_1) = H1 /K ~ n*~1/3,
Thus, for each ¢ there exists ¢,_1, ¢ S0 cx—1 < ¢ < ¢4

Decompose V,,(c) = V,,(cx) + {Va(c) — Vi(cx)} where V, (¢x) is a discrete point term and
Va(c) — Vi(cx) is an oscillation term. By the triangle inequality V,, < Vi, + Va,, where

Vin = max |V, (cg)l, Vo, = max  sup  |V,(c) — Vp(ex)l-

1<k<K 1<k<K ¢, | <c<ep,

It suffices to show that Vy, and Vs, are Op(n“~'/3).

1. The term Vy, is op(n“~'/3). We use Lemma 2.1 for nV,,(c;) with index ¢ = k so that
2t = Zik = Win€s L (e, Jo<ep)s U = 2/3+w, parameters L, = K and A = 1/3—w and ¢ = 1 while
r = 1. We verify the conditions of Lemma 2.1. Note that z;, is F;, adapted while Ez? < oo,
since w;, and ! are independent with second moments by Assumptions 3.1, 3.2(ia) with
P =2.

The parameter A = 1/3 — w. The set of indices ¢ has size L, = K ~ n'/*~ ~ n* where
A>0for0<w<1/3.

The parameter ¢ = 1. Since w;, and ¢, are independent while E{"1 (., /p<0)}? < Ee?? < 00
uniformly in 7, & by Assumption 3.2(ia) with ¢ = 2 then

_ n ) 2 n 2 g 2p n 2
& =E 12}%}% >imiEic1zy, =E 12}%}% > ic1WinEic187 1 (e, o<y < CEY I w3, = O(n),

by Assumption 3.2(zii) with ¢ = 2. We check the conditions (,7i) of Lemma 2.1.
Condition (i) is that ¢ < 2v. This holds since ¢ = 1 < 4/3 4+ 2w = 2v when w > 0.
Condition (i1) is that ¢ + A < v2" with » = 1. We have ¢ + A = 4/3 — w, while v2" =

(2/3 + w)2 = 4/3 + 2w.

Hence, Lemma 2.1 shows that nV},(c;) = op(n?3+) so that V},(cx) = op(n®~1/3).
2. The term Vs,. Let V,,(¢) — Vi, (cx) = Bin(c, cx) — Ban(c, ¢x) where

Bln(cﬂ Ck) - n_lz?:lwmgf{l(Q/USC) - 1(5i/0'§ck)}7
Bon(c,cx) = n7 Y00 jwinEi el {1, jo<e) — L(eijo<en) -

Let zip = |winlle? {1, /0<cr) — L(eijo<er 1) }- Using the triangle and Jensen inequalities and
noting cp_1 < ¢ < ¢k, we get

| Bin(c, cr)| < n ' 300 zins | Ban(c, cr)| <t 300  Eizie
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A martingale decomposition gives a further bound |V,,(¢) — V,,(¢x)] < M, + 2M,,;, where
M, = 712?:1(211? — Eis1zie), My = 712?:15712@%-

Let Mn = maxX|<k<K ]\7[nk and M,, = maxj<j< K M, Tt suffices to show that /\;ln, M,, are
Op(n*~1/3) for all 0 < w < 1/3.
3. Conditional moments of z;y,. Note that z;, is F, adapted while Ez2 < oo since w;,

and € are independent with second moments by Assumptions 3.1, 3.2(ia, i77) with ¢ = 2.
In light of (A.4), (A.5), for ¢ = 0, 1 and uniformly in £,

Ei 12, < win|* {Hi(ex) = Hi(ex1)} = Jwin|* Hi /K.
In turn, we get using Assumption 3.2(éi7) with ¢ = 2 that, for ¢ =0, 1,

Eng=E 121}%)%( Z?:1Eiflzizl: < (HI/K)EZ?zl‘win‘zq = O(n/K).
Finally, since K ~ n!/37% we get that &,, = O(n?/3+%).

4. The compensator M, is Op(n“~/3). The Markov inequality implies that P(n'/3~%|M,,| >
C) < En'/3=%|M,|/C for some C' > 0. Note that E|[M,,| = n~1&,, = O(n*~'/3) by item 3.
Thus, n'/3“M,, = Op(1) and M,, = Op(n®~1/3).

5. The martingale M, is Op(n®~'/3). We use Lemma 2.1 for nM,, with index ¢ = k so
that z;y = zix, v = 2/3 + w, parameters L, = K and A = 1/3 — w and ¢ = 2/3 + w while
r = 1. We verify the conditions of Lemma 2.1. In item 3 it was established that z; is F;,
adapted and Ez? < oc.

The parameter A\ = 1/3—w > 0, since w < 1/3. The set of indices £ has size L,, = K ~ n*.

The parameter ¢ = 2/3+w > 0, since w > 0. Item 3 gives that £,; = O(n?3+¥) = O(n°).

We check the conditions (i, i) of Lemma 2.1.

Condition (i) is that ¢ < 2v. This holds since ¢ = v = 2/3 + w < 2v when w > 0.

Condition (i1) is that ¢+ < v2" with r = 1. We have ¢+ \ = 1, while v2" = (2/3+w)2 =
4/3 + 2w.

Hence, Lemma 2.1 shows that nM,, = op(n?/3*¥) so that M,, = op(n*~1/3). =

A.5 Proofs of application results

Introduce the two-sided empirical distribution function as follows

G:f’p(d, 57 C) = nilz?:lwmgfl(\éﬂﬁéc) = Fg’p(&v bv C) - lﬁlgFg’p(av 57 —C—= h)?

where we recall EL,B are the rescaled initial estimation errors for ¢ and [, respectively.
We will be interested in normalized least squares statistics GZ*0(-), G2 (-), GLO(+), GL2(.),
where the weight indices "zz", "z" and "1" are short hand for nw;,,, n'2g,, and 1,

respectively. All G, functions have argument @, b, c. In this way,

Gﬁx’o(-) = Gﬁw’o(&, B, c) = n_lz?:1n1/2in(xian/Q)/1(|gi|§5-C),



and the normalized least squares statistics (4.1)-(4.2) are

AN (B = 8) = {60 ()} TG (), (A1)
5 — 0" = GO} IGI) — P 2GL() — GG ()} 16 O
(A.12)

Proof of Theorem 4.1. Consistency of f,: We apply Theorem 3.3 to GZ*° and G=!,
noting that Assumption 4.1,I implies Assumptions 3.2 with ¢ = 2 and w;,, = nx;,x}, and
p =0 for G2*° and w;, = n'/2x;, and p = 1 for G='. We get

Grm0() = 758, +op(1),  GZ'(-) = o7{fi, + op(1).

The denominator matrix, GX*9(-), is invertible for large n by the assumptions on S,. Also
¢ > cg so that 7§ is bounded away from zero. Therefore,

GZ™0() = 7§%,{1 + op(1)}, (A.13)
uniformly in ¢ > ¢y > 0. Inserting the two expansions into (A.11) gives
n"VENTH B, = B) = (1550) " Homi i + op()H1 + 0p(1)} = (1650) " o7 fin + 0p(1).

By Assumption 4.1,I,(i4), (b) then n~Y2N~1(j3, — §) LA (152) Lo
Consistency of 62: We apply Theorem 3.3 to GL° and Gl? noting that Assumption
4.1,1IT imply Assumptions 3.2 with ¢ = 2. We get

G () =75 +op(l),  G*() =05 +op(l).
Note that GL2(-) — o?(75/75)GL0(-) = op(1), while
G (G (Y TIGRN () = {omin, + op (D} (7550) " {or{iin + 0p(1)H1 + 0p(1)},
reducing to o2(ji!, 3 fi, ) (7€)2/7¢ + 0p(1). Combine with (A.12) to get the desired result. m

Proof of Theorem 4.2. Write 4, = 1 — GL9(.) and apply Theorem 3.3 with wy, = 1

n

and p = 0 using Assumption 4.2 to get 7. AR (1—-75). =
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