






































Figure 3: Difference in auction surpluses, PMA minus SSA, June 2010 – January 2014
(averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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Feature 2 But the welfare losses could have been large if the BoE had mis-

judged the correct proportion to assign to good B

Figure 3 shows that the average net welfare loss from the SSA can be significant. For

example, if the BoE had fixed the quantity supplied of good B to be 50% of the maximum

supply, this would have led to an average welfare loss of over 2bps per auction for both 3-

and 6-month terms, equal to 32% of the average welfare generated by the PMA: if the BoE

had fixed the quantity supplied of good B to be 2/3 of the maximum supply, the average

welfare losses would have been approximately 2.4bps and 4.6bps (41% and 47% of PMA

welfare) respectively for the 3- and 6-month term auctions.34

Feature 3 Net welfare changes smoothly but changes in bidder surplus and

BoE surplus and revenue are lumpy

The average difference in net welfare changes smoothly as the fixed quantity supplied of

good B rises. In contrast, the average revenue, bidder surplus and BoE surplus differences

are lumpy.

The allocation changes approximately continuously35 as we change the proportion allocated

to good B, but the clearing prices are discrete and so change discontinuously. In addition,

at the optimum of 17.5% for 3-month terms and 25% for 6-month terms, welfare losses are

second order whereas the transfers between agents are first order. Net welfare is determined

by the allocation, whereas bidder surplus, BoE surplus and revenue are determined by both

the allocation and clearing prices.

Feature 4 Large transfer from BoE to bidders in some SSAs relative to the

PMA

In Figure 3, the average BoE surplus is uniformly higher in the PMA than the SSA across

all fixed quantities supplied of good B. The average bidder surplus is higher in the PMA

than the SSA for low fixed quantities supplied of good B (up to 7.5% fixed quantity in the

34Observe also that if none of the maximum supply were allocated of good B, the average welfare losses
would have been 3.1bps and 8bps (54% and 66% of PMA welfare) respectively for the 3- and 6-month term
auctions. This gives some indication of the foregone welfare had the BoE not extended the acceptable range
of collateral to include Level B collateral in the liquidity operations from June 2010. (This estimate is an
upper bound), because some bidders who bid against Level B collateral in the PMA might perhaps have
submitted bids against Level A, had Level B collateral not been accepted. However, the rare use of paired
bids suggests this substitution behaviour might have been limited.)

35The smallest unit of allocation is £100,000, equal to 0.002% and 0.004% of the maximum supply in
the 3-month and 6-month term auctions respectively, so the allocation can be treated as approximately
continuous.

19



3-month auctions and 20% in the 6-month auctions). It is uniformly higher in the SSA than

the PMA across all fixed quantities higher than these respective thresholds. In particular,

average bidder surplus is 1.5bps higher in the best-performing SSA than the PMA for the

3-month auctions and marginally higher for the 6-month auctions. This is the case despite

the fact that the efficiency loss of the best-performing SSA is small. The allocation chosen

by the PMA is not constant, and small differences in the allocation between the PMA and

best-performing SSA can create large changes in bidder and BoE surpluses through changes

in the clearing prices.

There are two reasons for these differences in bidder surplus and BoE surplus:

1. Misallocation of goods A and B

2. Transfer of surplus between the BoE and bidders through differences in the market

clearing prices

First consider the SSAs with very low fixed quantities supplied of good B and corresponding

high fixed quantities supplied of good A. In these cases, good A is over-allocated and good

B is under-allocated relative to the optimal quantities. There is large misallocation in the

SSA, causing both bidder surplus and BoE surplus to be higher in the PMA. The high fixed

quantity allocated of good A also pushes down the clearing price for good A, yielding a

transfer from the BoE to bidders in the SSA.

For higher fixed quantities supplied of good B, bidder surplus is lower and BoE surplus is

higher in the PMA relative to the SSA. As the fixed quantity allocated of good B rises

beyond a certain point, good B is over-allocated and A is under-allocated, holding the total

quantity fixed. In addition, the SSA allocation is determined independently of the BoE’s

relative supply curve so that there may be units allocated of good B for which the price

that the BoE would be willing to accept exceeds the marginal benefit of allocating the loans.

This generates further loss in BoE surplus and gain in bidder surplus in the SSA relative to

the PMA.

The transfer of surplus between the BoE and bidders in the SSA may also be substantial

at these higher fixed quantities supplied of good B. The market clearing prices in the SSA

are determined entirely by the highest-losing bids, independent of the prices that the BoE

would be willing to accept for the marginal loan. As the fixed quantity supplied of good B

rises, eventually all of the bids on good B are fulfilled, so that the clearing price for good

B falls to the reserve price. In contrast, the market clearing price in the actual PMA either
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equals the lowest winning bid or the maximum of the highest losing bid and the price the

BoE is willing to accept for the marginal loan. The market clearing price for good B in the

SSA is typically far below that in the actual PMA, generating a large transfer from the BoE

to the bidders.

In addition, the transfer from BoE to bidders is partly driven by the price determination rules.

Recall the PMA moves from an LWP rule to an HLP rule (which is a function of the price

that the BoE is willing to accept on the margin). In contrast, the SSA adopts an HLP rule

throughout the entire period, which is independent of the supply curve. By construction, the

LWP increases BoE surplus for a given allocation (assuming truthful bidding). To investigate

this, we also repeat the welfare calculations for a PMA with HLP for the entire period, where

the highest loser in the PMA case is the maximum of the price that the BoE is willing to

accept on the margin and the highest losing bid. The differences in BoE surplus and bidder

surplus are slightly attenuated, especially around the range of minimum welfare loss.36

Feature 5 Reserve prices do little to reduce misallocation

One key source of welfare loss in the SSA is an allocation of good B in excess of the optimal

quantity so that the price that the BoE would be willing to accept on the margin exceeds

the marginal bid (equal to the marginal bidder valuation).

A crude way to mitigate this welfare loss is to set reserve prices in the SSA. We assumed

the SSA has reserve prices equal to the minimum spreads of the relative supply curve in

each auction, shown in Table 1. We also calculate the welfare losses under three different

reserve prices: (i) no reserve prices, (ii) reserve prices of 5bps for good B across the whole

period, and (iii) reserve prices for good B of 5bps for all 3-month auctions and 15bps for all

6-month auctions. The average surpluses for 3- and 6-month auctions are very similar in all

four cases.

4.1 Separate auctions run sequentially

Running separate auctions sequentially would almost certainly yield similar results to run-

ning them simultaneously, because the fact that paired bids were hardly used suggests that

bidders would bid the same way in each auction whether they were sequential or simultane-

36The benefit to bidders of the PMA is small (but positive) when comparing the PMA-HLP to an SSA
with a small quantity supplied against Level B, but the bidders receive essentially no benefit from the PMA
when comparing with the actual version of the PMA used (with LWP in the earlier auctions, rather than
HLP).
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ous.37,38

5 The RPA

Second, we compare the surpluses between the PMA and the reference price auction (RPA)

as the reference price of B varies from 0bps to 60bps. The RPA seems a particularly natural

comparator since the BoE uses the design for its quantitative easing purchases and used

a somewhat related design in the LTR auctions prior to the implementation of the ILTR

auctions in June 2010.39

Figure 4 show the differences in auction surpluses between the PMA and RPA, averaged

over the 3-month and 6-month term auctions in June 2010 – January 2014, weighted by the

quantities allocated in the PMA. As for the SSA comparison, the surpluses in an auction are

measured in basis points per loan of the quantity allocated by the PMA in that auction.

There are five key features of the results.

37Paired bids allowed bidders to express one-for-one substitute preferences, but bidders with more complex
substitute preferences could still have gained by using them, so the near-absence of paired bids suggest that
bidders viewed the goods independently. Moreover, either one-for-one substitutability or non-substitutability
between the goods appears most plausible: they are measured in the same units and generate the same
amounts of liquidity. Indeed, the BoE designed the ILTR auction anticipating bidders to express one-for-one
substitutability, if at all.

38Running the auctions sequentially permits some adjustment between auctions by either bidders or the
auctioneer. The information bidders learn in the first auction could affect behaviour in the second auction,
but the effect seems likely to be small. The auctioneer could somewhat improve the performance of the
sequential auctions by making any unused supply from the first auction available in the second auction.

39In the LTR operations, loans over a 3- to 12-month term were auctioned against both Level A and B
collateral sets. This was a discriminatory auction in which bids were accepted in decreasing order, with a
reserve price of 50bps applied exclusively to bids for loans secured by Level B collateral.
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Figure 4: Difference in auction surpluses, PMA minus RPA, June 2010 – January 2014
(averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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Feature 1 Welfare could not have been maximised with RPAs given observed

quantities

The average net welfare difference between the actual PMA and the RPA does not fall to

zero in either the 3-month or 6-month auctions over the period studied. Figure 4 shows that,

for the entire range of reference prices of B, the average welfare loss of the RPA is at least

0.6bps and 0.8bps, respectively for the 3- and 6-month auctions. This is equivalent to 10%

and 14% of the average welfare generated by the PMA, respectively.

This results from (i) aggregation and (ii) persistent welfare losses at the individual auction

level.

Aggregation Firstly, the welfare losses in the RPAs do not all reach their minima at one

particular reference price of B, unlike the losses in the SSA which all reached their minima

at one particular fixed quantity. The optimal price difference between goods A and B varies

across auctions so that the BoE could not commit to a reference price of B that would achieve

the welfare-maximising allocation over time. This is the case despite the environment being

relatively stable over time.

Auction-level persistent welfare losses Moreover, there are some auctions in which

the welfare loss never reaches zero even for the individual auction. This is a more general

issue with the RPA, considered in the next section.

Feature 2 The RPA rarely maximises welfare and usually creates significant

losses

The welfare losses of the RPAs observed in the period studied is a general feature of the

RPA. The reason is that bidders typically submit single bids for large quantities, rather than

a set of smaller bids at laddered prices, so even a small change in the reference price of B can

cause a large change in the allocation, from a quantity of good B which is much less than

the optimal one, to a quantity of good B which is much more than is optimal. Thus even for

a given auction, an RPA with a reference price of B close to the optimal price difference for

that auction can still generate large welfare losses.40 Since the optimal difference between

40Indeed, even if the fixed price is optimal, there will still in general be welfare losses due to suboptimal
rationing of marginal bids. For example, consider the January 2011 auction: even an RPA which turned
out, after the fact, to be the best possible one would have generated a welfare loss equivalent to over 2bps
of the total quantity allocated that month by the PMA relative to the welfare-maximising outcome. The
optimal reference price of B would have been 26bps, but the RPA then accepts all the marginal bids on
good B, which represent 29% of the maximum supply (as the auction is uncovered, so the common RPA
rationing coefficient equals 1). By contrast, the optimal allocation accepts just 17.2 percentage points of
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the clearing prices for goods A and B varies across auctions (this was part of the point of

introducing the PMA), any RPA with a price difference that is constant across auctions will

lead to significant losses, even when the environment is relatively, but not perfectly, stable.41

Feature 3 Welfare losses, BoE revenue and BoE surplus change discontinuously

across reference prices but bidder surplus changes smoothly

Figure 4 shows that the differences in net welfare, and BoE revenue and surplus of the

RPAs change discontinuously as the reference price of B changes, yet the difference in bidder

surplus smoothly increases.

Welfare losses The lumpiness of the welfare loss is driven by the same property of the

RPA that causes the mechanism to be suboptimal in general. As the reference price of B

changes, the ordering of the bids relative to their reference prices changes. In particular, the

ordering of bids on goods A and B changes. If the ordering changes so that a large bid on

good B shifts from being allocated on the margin to fully unallocated, the overall quantity

allocated of good B decreases significantly, causing a large discrete change in welfare.

BoE surplus and revenue Since the allocation between goods A and B changes in

jumps, BoE revenue and BoE surplus also change discontinuously as the reference price of

B changes.

Bidder surplus Bidder surplus at the margin is equal to zero for bidders on both goods

A and B, because, for each good, the marginal bidder’s own bid sets the clearing price. So, a

small change in the allocation between goods A and B that does not change the prices does

not cause large shifts in bidder surplus. Moreover, the price of A changes very little as the

reference price of B changes and often equals zero, so the price for B increases, and bidder

these marginal bids on good B at the spread of 26bps.
For a given auction, a fixed price together with a sophisticated rationing rule that mimicked the behaviour

of the PMA would, of course, resolve the problem for that auction. However, this would not help much
across multiple auctions where different fixed prices would be needed, and where even a slightly “wrong”
fixed price for an auction could lead to substantial welfare losses.

41Note that this contrasts with the SSA which can perform relatively well in a fairly stable environment
if it is correctly calibrated. However, this gives no reason to suppose that either the RPA or SSA would
perform better than the other in an environment with significant shocks. (With larger shocks, their relative
performance would depend upon the issues discussed in Weitzman (1974) (with price-difference in our context
taking the role of price in that paper).)
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surplus decreases, almost smoothly with B’s reference price.42,43

In sum, the impacts of small changes in the RPA reference price are opposite to the results

of the SSA, described in Section 4. In the SSA, small changes in the quantities of loans

supplied against the two collateral sets cause small changes in the allocation, but can cause

large changes in the clearing prices, and hence bidder surplus; in the RPA, small changes in

the price difference between the two collateral sets can cause large changes in the allocation,

but cause only small changes in the clearing prices and bidder surplus.

Feature 4 Large transfer from BoE to bidders in some RPAs relative to the

PMA

In Figure 4, average BoE surplus and revenue are almost uniformly higher in the PMA than

the RPA for all reference prices, but bidders as a group only share the welfare gain of the

PMA relative to the RPA for high reference prices of B.

When the reference price of B is very small, the market clearing price for good B in the RPA

is typically far below the PMA clearing price for B. More bidders win good B in the RPA

and, holding the quantity sold constant, bidders benefit more from the RPA than the PMA

so that the RPA increases bidder surplus. Conversely, the BoE benefits from the higher

revenue in the PMA, and the PMA only allocates bids at prices that the BoE is willing to

accept (as measured by the supply curves), whereas the RPA overallocates B relative to the

PMA’s welfare-maximising quantity, at prices below the supply curve. Because of these two

factors, BoE surplus in the PMA is consistently higher than in the RPA.44

At the other extreme, when the reference price of B is very large, the difference between bid

42Figure 4 illustrates this. When the reference price of good B is zero, bidder surplus is much higher
in the RPA than in the PMA. In this case, bids on good A and good B are treated interchangeably and,
because the bids on B are almost always higher than bids on A, they are allocated first. Since the cover ratio
of good B is always less than 1, all bids on good B are allocated in all auctions. In almost all auctions, the
marginal bid is on good A, so that the clearing prices for both goods A and B is around 0-2bps (far below
the typical PMA clearing price for good B). This therefore generates a huge bidder surplus in the RPA
relative to the PMA. As the reference price of B increases, the ranking of the bids in each RPA changes very
little so that the allocation changes very little. The clearing price of B therefore increases almost smoothly
with the reference price, causing bidder surplus to smoothly decrease in the RPA.

43As the reference price of B increases above 26bps for the 3-month auctions and above 46bps for the
6-month auctions, the bidder surplus in the PMA exceeds bidder surplus in the RPA. This follows from the
fact that the marginal winning bid is constrained to be non-negative. When the reference price of B is very
large, the bids on good B are below their reference price and therefore go unallocated in the RPA. This leads
to a loss of bidder surplus relative to the PMA, in which some bids on good B are typically allocated.

44This is analogous to the result in Section 4 that BoE surplus is uniformly higher in the PMA than
the SSA. In that case, the difference acts through the price determination rule — the PMA clearing prices
depend on the relative supply curve, whereas the SSA clearing prices do not.

26



and reference price for many bids on good B is negative, so that they are unallocated. The

RPA therefore underallocates B relative to the PMA, which allocates the efficient quantities,

and raises the price paid for B, so that bidder surplus is lower and BoE surplus is higher in

the RPA than in the PMA.

As in Section 4, this transfer from BoE to bidders is partly driven by the price determination

rules, as the PMA moves from an LWP rule to an HLP rule. However, we calculated the

average differences in surpluses for the PMA with an HLP rule for the entire period and the

RPA and found only a small change in transfers.45

Feature 5 Fixed prices could also cause large welfare losses

A simpler alternative mechanism would be for the BoE to fix two prices, one for each of

goods A and B, at which bidders could borrow funds. However, this would likely cause

significant welfare losses, in excess of those estimated for the RPA over this period for two

reasons. Most importantly and akin to the difficulty of choosing the reference price of B

in the RPA, the BoE would have no ability to predict the optimal fixed prices prior to the

auction, so that the posted prices would possibly be far from optimal. Secondly, if the total

quantity of funds was capped and excess demand was rationed, the loans would not go to

the bidders that value it most, causing welfare losses.46

To illustrate this, we compared the surpluses for the PMA to posting a pair of fixed prices,

at a range of different levels, with a fixed supply, set equal to the BoE’s maximum supply,

and winning bids rationed pro-rata. Figures B.1 and B.2 show these differences in surpluses

as the fixed price for Level B changes, holding constant the fixed price of Level A, averaged

over the 3-month and 6-month term auctions, respectively. These are qualitatively similar

to the differences in surpluses between the PMA and RPA. We would expect the differences

between the PMA and fixed prices to be quantitatively larger in a period of greater stress.

45There are some minor differences. For example, the benefit to bidders of the PMA is small (but positive)
when comparing an RPA with a large reference price of B to the PMA-HLP, but is zero when comparing
with the actual version of the PMA used.

46If, instead, the total supply of funds was uncapped, posting fixed prices may lead to an extremely
adverse welfare outcome, depending on the prices that the BoE would be willing to accept to supply funds
beyond the BoE’s stated maximum supply. For example, if the prices that the BoE was willing to accept for
goods A and B were constant beyond the stated maximum supply and equal to the prices at that maximum
supply, there might be a large adverse welfare outcome, especially if the BoE underestimates the demand
for Level B at the posted price.
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6 Welfare and surpluses in periods of stress

Demand was relatively stable in the period studied, so that the welfare benefits, arising from

the flexibility of the allocation in the PMA, were fairly muted. To investigate the PMA’s

relative performance in a period of greater stress, we compare the surpluses and welfare of

the PMA with the SSA and RPA given simulated bids. We transform the observed bids by

multiplying the observed quantities demanded by 4 and 8 for the bids on Levels A and B,

respectively, and multiplying the observed bid prices submitted for Level B by 4. This is

intended to loosely reflect the pattern of demand at the beginning of the COVID-19 pandemic

in March 2020. Figures B.3 and B.4 repeat the calculations of the differences in surpluses

using these simulated bids.

The welfare gain of the PMA is qualitatively similar, but quantitatively significantly larger in

absolute terms, in this exercise simulating stress, reflecting the scaling up of benefits arising

from the flexibility of its allocation across collateral types.

As in the main analysis, the BoE’s surplus is always larger—and is now very much larger—in

the PMA than in either the SSA or the RPA in this experiment. Importantly, because

the PMA’s allocations respond to the BoE’s supply preferences, the BoE obtains (weakly)

positive surplus from every unit it allocates, which is not always the case in the SSA and

RPA, whose allocations are insensitive to its preferences.

However, the impact on bidders’ surplus differs across comparators: the bidders gain from

the PMA over a larger range of SSAs, but over a smaller range of RPAs.

Figure B.3 shows that the PMA now gives bidders more surplus (in aggregate) than all SSAs

that allocate less than 45% to Level B for 3-month terms, and all that allocate less than 75%

for 6-month terms. For the original demands, the PMA only gave bidders more surplus than

SSAs that allocated less than 10% and 20% to Level B, respectively. The reason for these

results is that the relatively flat demand for loans secured by Level A (which is preserved in

the transformations) means bidders can never gain much surplus on Level A. So when there

are a large number of high bids on Level B (as would be expected during a period of stress),

bidders gain more surplus from the PMA, which will allocate a large share of the maximum

supply to B in these circumstances, than from an SSA, unless the SSA also allocates a large

share to Level B.

By contrast, Figure B.4 shows that the PMA now only gives bidders more surplus than RPAs

with a reference price of B higher than 78bps for 3-month terms and higher than 68bps for
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the 6-month terms. For the original demands, the PMA gave bidders more surplus than

RPAs with a reference price of B higher than 26bps and 48bps, respectively. The reason is

that in periods of greater stress bids on B increase relative to A, so for any reference price of

B, the RPA accepts more on Level B, generating larger net surplus to the winning bidders.

The PMA also accepts some more on Level B relative to the original demands, because it

is more efficient to do so when bids on B are relatively high. But the change in the RPA

is typically larger—to the benefit of the bidders—as the PMA also takes the BoE’s supply

preferences into account. So, under stressed conditions, bidders prefer a PMA to an RPA

only if the RPA has a very high reference price of B.

We experimented with various alternative transformations of observed demand and they

yielded broadly similar results. However, the results about the bidders’ preferences between

the designs may not generalise beyond the specific case of two eligible collaterals of which

one is Level A, because these results seem to be caused by the flat demand on Level A.

7 BoE-surplus-maximising and BoE-revenue-maximising PMA

The PMA used by the BoE in the period studied is designed to maximise total welfare. We

find that changing this objective to maximising BoE surplus has limited qualitative impact

on the results. Figures B.5 and B.6 compare the surpluses of the SSA and RPA to a PMA,

in which the allocation adjusts to maximise BoE surplus.

The welfare gain of the PMA is broadly similar both qualitatively and quantitatively to the

case in which the PMA maximises total welfare. This reflects the importance of the PMA’s

responsiveness to the BoE’s supply preferences in driving the welfare gains relative to the

SSA and RPA.

The distributional impact, that is, the impact on the bidders’ and BoE’s respective surpluses,

is qualitatively similar but quantitatively larger to the main analysis. This is unsurprising

as the BoE-surplus-maximising PMA systematically favours the BoE relative to the bidders,

amplifying the observed benefits to the BoE of the PMA over the sample period.

The comparisons for a PMA that maximises BoE revenue are broadly similar. (The welfare

gain of a PMA which maximises BoE revenue, i.e. the total payment from bidders to the

BoE, is slightly smaller than that of the BoE-surplus-maximising PMA, whereas the transfer

of surplus from bidders to the BoE is also typically slightly smaller.)
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8 Broader benefits of the PMA

Unlike the SSA and RPA, the PMA adjusts both the price and the quantity allocated of

each good in response to the bidders’ and BoE’s preferences (expressed by the bids and the

supply curves, respectively). The benefits of this automatic adjustment can be split into

the direct welfare gains of meeting the liquidity needs of individual participants, and the

externalities that Fisher (2011) describes of providing liquidity insurance to the system as a

whole, avoiding moral hazard, and informing the BoE about stress in the market (in addition

to communicating the “correct” price to the market).47

One measure of the PMA’s performance in terms of the overall benefits would be how far

the outcome of an alternative design would be from the optimal prices and quantities. To

the extent that the BoE’s supply curves express the optimal price-quantity relationship, the

PMA is designed to allocate the “correct” quantity at the “correct” price but the alternatives

do not necessarily do so.48 The alternatives’ allocations would not just be inefficient as

measured by the spreads on the loans, but also for society more broadly. How one measures

this is a matter of choice — it could be the price difference from the optimum, the quantity

difference, or the product of the two. Our measure is roughly proportional to the product of

the two.49

The difference between the spreads that financial institutions were willing to pay and the

spreads that the BoE was willing to accept on the loans allocated in the auctions does not

capture all the benefits of the PMA. Our measure is therefore a conservative estimate of the

overall benefits.

47Only some of these broader benefits are relevant to the comparison of the PMA to each alternative. The
benefit of providing system-wide liquidity insurance is particularly important in the comparison of the PMA
to an alternative which supplies too little funds against Level B, but less important when comparing the
optimum to an alternative which supplies too much. The benefit of avoiding moral hazard is more important
in the converse case where too much is supplied against Level B.

48The PMA allocates the quantities at which the BoE’s supply curves meets the bidders’ demand curves
and it sets prices to implement this allocation. In contrast, in the SSA for example the allocation of funds
is fixed for each collateral set so, in a period of stress, demand against Level B might be far higher than the
BoE’s supply curve at this fixed allocation meaning the allocation of B would be far lower than optimal.

49It would be exactly equal if the BoE’s supply curve and the bidders’ demand curve were linear with
equal slopes in absolute value for each good. It is smaller than the product of the two if the average slopes of
the supply curves are smaller than the average slopes of the corresponding demand curves in absolute value
between the quantities sold in the two designs, the supply curves are weakly convex—which approximates
the BoE’s supply curves providing the quantity allocated against Level B is not too large—and the demand
curves are weakly concave. It is larger than the product of the two under converse conditions.
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9 Conclusion

We have shown that the flexibility in the allocation of the PMA generates welfare gains

relative to the two simple alternatives of the SSA and RPA. The RPA could not have

maximised welfare with any fixed reference prices, and hence fixed price difference, due to

the instability of the optimal price difference and the lumpiness of bids. And although

the SSA could have almost maximised welfare in the period had the BoE been able to

accurately forecast the optimal quantities, this result was specific to the stability of the

optimal quantities in this particular time period. Moreover, it seems unrealistic to think

that the BoE could have forecast these quantities.

The BoE always gained from the PMA relative to the comparators in the period studied.

However, the welfare gains of the PMA were not always shared with the bidders. Average

bidder surplus was higher in the PMA relative to the comparators only when either the fixed

share to Level B used in the SSA was low, or when the fixed reference price of B in the RPA

was high. Three features in the period can explain why the bidders did not always gain: the

absence of significant stress, only one collateral whose demand is not flat, and little paired

bidding. Absent any one of these three features, the bidders, as well as the BoE, might

have benefited more from the use of the PMA. Indeed, bidders might benefit more under

the current ILTR design relative to the sample period. Since 2014, participants can bid for

loans secured by an additional collateral set, which is less liquid than Levels A and B and

for which we would not expect demand to be flat. Moreover, the design might have been

more beneficial to bidders at the beginning of the COVID-19 pandemic in March 2020, in

which demand for loans was acute.

However, our analysis has ignored several significant advantages of the PMA.

One benefit of the PMA relative to the alternatives is that the PMA reduces the scope for

strategic behaviour.50 The PMA combines the markets into a single mechanism, encouraging

competition and reducing bidders’ incentives relative to the SSA to unilaterally understate

their demands. It also may reduce the bidders’ ability to coordinate prices relative to the

alternative designs, especially when the auctioneer’s preferences are not revealed to the

bidders, as in the ILTRs. We maintained an assumption of truthful bidding across all

designs, eliminating this potential source of welfare loss. If this fails to hold, the actual

welfare losses of the SSA and RPA relative to the PMA may in fact be much larger.

50Grace (in prep., a) tests for strategic behaviour in the ILTR operations and finds that truthful bidding
is a reasonable approximation under the PMA in the ILTR auctions.
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Furthermore, even in the absence of these effects, the welfare gain of the PMA would likely

have been much greater in a period with less stable demand.

Most importantly, neither the SSA nor the RPA would have achieved the BoE’s main objec-

tives in setting up the PMA. Any SSA is simply setting a quantity for funds lent against the

less liquid Level B collateral, and any RPA is simply setting a fixed spread between loans

secured by collateral assets with different liquidity levels. So neither of these natural alterna-

tive mechanisms to the PMA would both allow a substantial increase in allocations of funds

against Level B collateral in the event of stressed conditions, but only allow this at higher

interest rate spreads, as the BoE wished. Our paper has shown that the PMA enhanced

efficiency as measured by the difference between the spreads that financial institutions were

willing to pay and the spreads that the BoE was willing to accept on the loans allocated in

the auctions. Broader benefits of the auctions, e.g. the ability to stop runs on individual

banks (and the externalities of avoiding systemic failure) while avoiding moral hazard, are

taken into account, to the extent that the BoE’s supply curve internalises some externalities.

Paul Fisher (then Executive Director at the BoE) described the design as “potentially a

major step forward in practical policies to support financial stability” (Milnes, 2010). The

automatic adjustment to market conditions of both the amount of funds loaned in the PMA,

and the interest rate premium charged, improves efficiency not only directly, as analysed in

this paper, but also in this broader sense, too.
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Appendices

A The BoE’s algorithms

A.1 Detailed description

We simplify by ignoring the exceptional knife-edge cases, that never actually arose, in which

the competitive equilibrium prices were not unique, so write the competitive equilibrium

prices and quantities as pcA, p
c
B, q

c
A, q

c
B, respectively.

51 Based on the results, and on available

information about how the algorithm changed in October 2011 and March 2013:52

The BoE’s programs always set qA = qcA.

(a) From the beginning until September 2011: The BoE set pA equal to the highest price

for which demand on A equalled qcA. It then computed qB based on pA and the relative

supply curve. It then set pB equal to the highest price for B that was consistent with

a demand for qB (which price could exceed the unique price consistent with a supply

of qB).

(b) From October 2011 until February 2013: The BoE set pA and qB as in (a) above. It

then set pB equal to the unique price for B that was consistent with both the demand

for, and the supply of, qB.

(c) From March 2013 to January 2014: The BoE chose the competitive equilibrium prices

and quantities.

These changes in the PMA price determination rules are summarised in Table 1 in Section

2.

51If the auction is not fully allocated (in competitive equilibrium), pcA is unique (pcA = 0), and the
monotonic strictly upward-sloping relative supply curve then uniquely determines pcB (at the intersection
of the relative supply and the demand curve for good B). If, instead, the auction is fully allocated, pcA is
uniquely determined except in the knife-edge case in which the numbers of bids taken on A and B exactly
“fit” the amount to be allocated without any need for rationing on good A. Even in this case, the difference
between the prices, pB−pA, is uniquely determined, since the relative supply curve is upward sloping (see fig.
2 of Klemperer, 2008, for illustration). Moreover, qcB is therefore also uniquely determined. So only if there is
also no need for rationing good B, is there any ambiguity in the prices. (Similarly, in a simple uniform price
auction, only if the exact quantity offered is sold without rationing is there a distinction between “HLP”
and “LWP”.)

52There is less evidence for the period March 2013 – January 2014 than for the other periods, since there
were no bids on good A at prices above 0 prior in this period. However, the BoE definitely intended pA = 0
for non-fully allocated auctions starting in 3/2013, and competitive equilibrium prices and quantities should
have been the result. A completely different algorithm was used to find competitive equilibrium prices and
quantities from February 2014.
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A.2 Implications for welfare

In all fully allocated auctions, and in non-fully allocated auctions in which pA = 0, the

results were always as in Klemperer (2008), except in the first period, period (a) above, in

which sometimes pB > pcB.
53 Since the quantities were the same (even in the first period)

as in the originally-defined PMA, i.e. qA = qCA , and qB = qcB, it follows that the welfare (as

conventionally defined) was also the same.

In the two auctions in the first period, (a), and the five auctions in the second period, (b),

which were non-fully allocated with pA > 0, the results were as in Klemperer (2008) except

that pA > pcA (since pcA = 0) and sometimes pB > pcB and sometimes qB < qcB.
54 However,

only in January 2011, December 2011, April 2012, and June 2012,55 was qB < qcB, so only

in these auctions were the quantities allocated different from Klemperer (2008) and only

on good B. Only in these four auctions, therefore, did social welfare (as conventionally

measured) differ from Klemperer (2008).

A.3 Interpreting the BoE’s preferences

The PMA developed for the BoE is described in Klemperer (2008). The proposal was to

implement competitive equilibrium allocations and prices, assuming that the BoE’s relative

supply curve and the counterparties’ bids represent their true preferences.56 (In the event of

non-uniqueness, Klemperer (2008) recommended choosing the lowest competitive equilibrium

prices,57 so that small bidders, at least, have no incentive to misrepresent their valuations.58)

The PMA initially implemented by the BoE was a close approximation to, but differed from,

the PMA as originally proposed. It sometimes yielded different results, which create some

ambiguity in the appropriate measure of welfare. (Appendix A.4 shows that these differences

were infrequent and small, and the BoE subsequently moved in two steps towards an exact

53pcA was automatically identical to the good A clearing price in the originally defined PMA in fully
allocated auctions, except in exceptional “knife-edge” cases that never arose.

54It is theoretically possible, though it never happened, that an auction could have been fully allocated
in competitive equilibrium but not fully allocated by the BoE in periods (a) or (b). (The reverse could not
happen.)

55The three auctions of these seven in which qB = qcB were April 2011, March 2012, and October 2012.
56This was justified by the expectation that no bidder could gain much by misrepresenting their prefer-

ences.
57The lowest competitive equilibrium price vector is uniquely defined—it is the most “south-westerly”

point on a 45° line in fig. 1b of Klemperer (2008), if the competitive equilibrium price vector is not unique.
58If a bidder expects LWP, they have an incentive to misrepresent their preferences, regardless of their

size. They can increase their expected surplus by reducing their bid below their value, which lowers the
clearing price, increasing their surplus, in the case in which their bid determines the clearing price. (Large
bidders have the additional incentive to misrepresent their preferences by exerting market power, under both
the HLP and LWP.)
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implementation of Klemperer (2008).)

If the BoE’s relative supply curve represents the minimum price that the BoE is willing

to accept to supply good B relative to good A (as a function of the quantity of good B

allocated), then the social welfare from any given auction outcome is unambiguous and easy

to calculate.

The outcomes of the initial implementation and originally defined PMA differed because

choosing competitive equilibrium prices is not always the same as first choosing competitive

equilibrium allocations and then choosing (either lowest or highest) prices consistent with

total bidder demands equalling those allocations.59 This is because the auctioneer might

prefer different (either higher or lower) allocations at those prices. As discussed in Appendix

A.1, above, this difference only arose when cover was low enough that an auction was not

fully allocated.

To see this, suppose the only bids are a small bid on good A at 10bps, and a small bid on

good B at 12bps, and the BoE’s relative supply (of good B) for small allocations is 5bps.

Then the only competitive equilibrium prices are pcA = 0bps and pcB = 5bps, reflecting the

minimum prices that the BoE is willing to accept. With any higher prices on either good,

the BoE would not be in equilibrium, since it would wish to sell more than was demanded.

A result of this kind arose in the June 2012 auction, in which the BoE’s programme chose

pA = 10bps and no sale to good B (as if pB = 15bps).

A revealed-preference approach would be that the BoE was in fact always optimising its

welfare function. The BoE’s supply function would indicate a preference for a price difference

of 5bps in this case, so that if pA = 10bps—which would allow it to serve all the demand

on good A—then the correct price for pB should be 15bps. The problem is that it is then

hard to know exactly what the BoE’s welfare function was. It is unclear why pA = 10bps,

pB = 15bps is superior to pA = 0bps, pB = 5bps, or other choices with pB = pA + 5. For

example, pA = 7bps, pB = 12bps are the highest prices consistent with total bidder demands

equalling those allocations, and might be more “profitable”.60 And pA = 0bps, pB = 5bps

59The BoE’s initial approach was close to choosing competitive equilibrium allocations, and then choosing
the highest prices consistent with total bidder demands equalling those allocations (and was always equivalent
to this for fully allocated auctions). So for fully allocated auctions the BoE’s initial approach corresponded
to lexicographically maximising social welfare as conventionally defined, then, subject to this, maximising
BoE surplus. (Klemperer (2008) discouraged this choice of higher than competitive prices, since it gave
bidders incentives, albeit probably small ones, to misrepresent their preferences. Hence the BoE’s moves to
their subsequent implementations.)

60Choosing pA = 7bps, pB = 12bps would have yielded a greater BoE surplus (assuming the prices that
the BoE was willing to accept were 0bps and 5bps) in June 2012.
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yield the highest social surplus if we assume the “disutility” (i.e. “cost”) to the BoE of

allocating good B is pA + 5. Even if there is a clear reason why pA = 10bps, pB = 15bps

is preferred,61 it would be unclear what assumption should be made about the BoE’s utility

function when making comparisons with the RPA and SSA which won’t generally yield the

“correct” price difference.62

We have therefore assumed that the BoE all along intended to implement the PMA as

originally defined, as is consistent with its behaviour in the latter part of the period studied.

That is, we assume that the BoE’s objective throughout was to maximise the sum of bidder

surplus and BoE surplus, as defined in Section 3.3.

A.4 Relevance of the HLP versus LWP choice to measured welfare

Welfare, as defined in Section 3.3, is only affected by the difference between the BoE’s

implementation and Klemperer (2008) when all bids on good A are allocated, and the lowest

bid on good A is strictly positive, so that the clearing price for good A differs under the two

pricing rules. Under LWP, it is strictly positive and under HLP, it equals zero. In this case

the allocation of B may differ between the two rules (in which case, at least under LWP, B

will not be fully allocated).

Assuming, as in Appendix A.3, that the BoE’s relative supply curve represents the minimum

price it is willing to accept to supply good B as a function of its quantity, the BoE’s actual

implementations were slightly suboptimal on a few occasions. Table A.1 shows the actual

and optimal amounts allocated, cover ratios and clearing prices in the four auctions in which

the allocation in the sample period differs from the competitive equilibrium allocation.

This issue is not economically significant. It affects only four low-cover auctions in the

period studied—January 2011, December 2011, April 2012, and June 2012—and the resulting

61Perhaps the BoE wanted the highest price for good A that was consistent with demand matching the
competitive equilibrium quantity. And perhaps it also had a strong preference for the “correct” spread. The
BoE likely did have preferences over the price-spread (independent of the prices that the BoE was willing
to accept, as revealed by the supply curves), in order to send an informative signal to the market, and to
charge an appropriate premium for loans secured by poor-quality collateral. If, in our example, the small
bid on B was at 5bps rather than 12bps, and if the BoE wanted pA = 10bps, it would have been odd to
allocate the bid on B, which would have required pB < pA but have yielded no welfare gain (based upon the
bids and supply curves).

62For example, how much worse for the BoE are pA = 10bps, pB = 12bps, which are the highest prices
consistent with total bidder demands equalling the competitive equilibrium quantities? To what extent do
the extra allocation of B (and extra BoE surplus if one assumes the prices the BoE is willing to accept are
0bps and 5bps) mitigate the disutility of the price difference being smaller than the BoE’s relative supply?
Note that prior to the October 2011 revision of the algorithm the BoE sometimes chose price differences
larger than its relative supply, though it never chose smaller price differences.
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Table A.1: Auctions in which the actual PMA is possibly suboptimal in the ILTR auctions,
June 2010 – January 2014

Operation date Amount allocated in actual PMA Optimal amount allocated Cover Clearing spread (bps)
(% of auction) (% of auction) (% of auction)

Good A Good B Good A Good B Good A Good B Good A Good B

11 January 2011 54.4 15.65 54.4 17.6 54.4 40 5 26
13 December 2011 16.6 9.85 16.6 11.5 16.6 14.36 3 12

10 April 2012 4 2.7 4 3.7 4 5 4 10
12 June 2012 0.1 0 0.1 2.8 0.1 2.8 10 N/A

measured welfare loss is very small. The difference in net welfare between the SSA and PMA

is 0.06bps, 0.06bps and 0.15bps of the actual PMA allocation in these auctions, respectively.

Moreover, as discussed above, it is not clear whether this measured welfare loss is real, since

there is some ambiguity about the BoE’s preferences in these cases.

A further question then arises as to whether to compare the RPA and SSA with what the BoE

actually did, or to what the outcomes would have been if the BoE’s final implementation (i.e.

the PMA-HLP) had been used throughout. The latter choice is perhaps the most natural

one, since it is the most relevant guide for future policy. In the main analysis, consistent

with the other assumptions we have made, we have taken the conservative approach that

minimises the average welfare gain of the PMA over the RPA and SSA, and compared the

RPA and SSA with the outcomes of the BoE’s actual implementations. That is, we have

assumed the BoE made slight mistakes in some early auctions.

Because they were only in a minority of low-cover auctions, they are relatively unimportant

and have limited impact on the results. We repeat the surplus difference calculations using

HLP for the PMA price determination in all auctions, denoted PMA-HLP. Figure B.7 shows

the differences in auction surpluses between the PMA-HLP and SSA, averaged over the June

2010 – January 2014 auctions, weighted by the quantities allocated in the PMA. Figure B.8

shows the analogous surplus differences between the PMA-HLP and RPA.

The net welfare differences are almost identical to the corresponding results for the actual

PMA, shown in Figures 3 and 4. The transfers from bidders to the BoE under the PMA are

slightly smaller, as the clearing prices are on average lower when using HLP.

Since the PMA price determination rule has been HLP on both goods since March 2013, the

ambiguity or potential welfare loss can no longer arise.
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B Additional figures

Figure B.1: Difference in auction surpluses, PMA minus posting pair of fixed prices with
Level A price fixed at 0bps, June 2010 – January 2014 (averages, weighted by PMA alloca-
tion)

(a) 3-month term

(b) 6-month term
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Figure B.2: Difference in auction surpluses, PMA minus posting pair of fixed prices Level A
price fixed at 5bps, June 2010 – January 2014 (averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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Figure B.3: Simulated difference in auction surpluses, PMA minus SSA, June 2010 – Jan-
uary 2014 (averages, weighted by PMA allocation), transformed bids: Level B quantities
demanded multiplied by 8, Level A quantities demanded multiplied by 4, Level B bid prices
multiplied by 4

(a) 3-month term

(b) 6-month term
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Figure B.4: Simulated difference in auction surpluses, PMA minus RPA, June 2010 – Jan-
uary 2014 (averages, weighted by PMA allocation), transformed bids: Level B quantities
demanded multiplied by 8, Level A quantities demanded multiplied by 4, Level B bid prices
multiplied by 4

(a) 3-month term

(b) 6-month term
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Figure B.5: Difference in auction surpluses, BoE-surplus-maximising PMA minus SSA, June
2010 – January 2014 (averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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Figure B.6: Difference in auction surpluses, BoE-surplus-maximising PMA minus RPA, June
2010 – January 2014 (averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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Figure B.7: Difference in auction surpluses, PMA-HLP minus SSA, June 2010 – January
2014 (averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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Figure B.8: Difference in auction surpluses, PMA-HLP minus RPA, June 2010 – January
2014 (averages, weighted by PMA allocation)

(a) 3-month term

(b) 6-month term
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