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48 Vhswhpehu 4<<:

Vxppdu|

Fdqrqlfdo fruuhodwlrq dqdo|vlv surylghv dq h{dpsoh ri d vljql�fdqfh whvw
zklfk lv qrw hyhq dv|pswrwlfdoo| vlplodu1 Iru prvw ydoxhv ri wkh qxlvdqfh sd0
udphwhu d vwdqgdug dv|pswrwlf glvwulexwlrq dssur{lpdwlrq dssolhv/ zkhuhdv
iru vrph sduwlfxodu sdudphwhu ydoxhv/ zklfk pd| qrw eh ri sudfwlfdo lqwhuhvw/
d gl�huhqw dssur{lpdwlrq dssolhv1 Wkhuhiruh wkh dv|pswrwlf glvwulexwlrq dqg
dovr Eduwohww fruuhfwlrqv gr qrw kdyh d xqlirup h�hfw1 Lw lv vxjjhvwhg wr xvh
dq dv|pswrwlf dssur{lpdwlrq zklfk ghshqgv frqwlqxrxvo| rq wkh qxlvdqfh
sdudphwhu

Vrph nh| zrugv= Fdqrqlfdo fruuhodwlrqv/ glvwulexwlrq dssur{lpdwlrq/ qxl0
vdqfh sdudphwhuv/ vljql�fdqfh whvw1

41 Lqwurgxfwlrq

Lq fdqrqlfdo fruuhodwlrq dqdo|vlv lw lv riwhq ri lqwhuhvw wr whvw wkh k|srwk0
hvlv wkdw vrph ri wkh fdqrqlfdo fruuhodwlrqv duh }hur1 Wkh glvwulexwlrq ri wkh
olnholkrrg udwlr fulwhulrq iru wklv k|srwkhvlv ghshqgv/ hyhq dv|pswrwlfdoo|/
rq wkh ydoxh ri wkh qrq0uhvwulfwhg fdqrqlfdo fruuhodwlrqv1 Krzhyhu/ h{fhsw
iru d vxevhw ri wkh sdudphwhu vsdfh ri Ohehvjxh phdvxuh }hur dqg dovr ri
qr sudfwlfdo lqwhuhvw/ d olplwlqj �20glvwulexwlrq dssolhv1 Wklv glvwulexwlrq
dssur{lpdwlrq lv qrw dffxudwh dqg d vfdodu fruuhfwlrq wr wkh fulwhulrq zklfk
ghshqgv rq wkh xqnqrzq sdudphwhuv kdv ehhq vxjjhvwhg e| Odzoh| +4<8<,1
Hyhq wkh fruuhfwlrq kdv qrw jrw d xqlirup h�hfw/ lq idfw/ wkh vfdolqj idfwru
pljkw eh qhjdwlyh dowkrxjk wkh whvw fulwhulrq lv srvlwlyh1

D gl�huhqw dssurdfk lv dssolhg/ zklfk lv wr ohw wkh qxlvdqfh sdudphwhuv
fkdqjh zlwk vdpsoh vl}h lq wkh dv|pswrwlf dujxphqw1 Wkhuhe| d glvwulexwlrq
dssur{lpdwlrq lv irxqg zklfk ghshqgv frqwlqxrxvo| rq wkh xqnqrzq sdudph0
whuv1 Pruhryhu/ wkh vhfrqg rughu whupv lq wkh dv|pswrwlf h{sdqvlrqv ri wkh
prphqwv ri wkh fulwhulrq kdyh d udwkhu qlfh ehkdylrxu/ doehlw qrw h{dfwo| wkdw
ri d Eduwohww fruuhfwlrq1 Wklv dssurdfk zdv vxjjhvwhg e| Qlhovhq +4<<:, lq d
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frlqwhjudwlrq frqwh{w1 Frlqwhjudwlrq lv edvlfdoo| dq dssolfdwlrq ri fdqrqlfdo
fruuhodwlrq dqdo|vlv wr wlph vhulhv1 Glvwulexwlrqdo dqdo|vlv iru frlqwhjudwlrq
lv reylrxvo| pruh frpsolfdwhg dqg/ xqolnh lq wkh suhvhqw sdshu/ qr dqdo|wlf
dujxphqwv zhuh jlyhq1

Wkh h{dfw ghqvlw| iru vdpsoh fdqrqlfdo fruuhodwlrqv zdv irxqg e| Frq0
vwdqwlqh +4<96,1 Wklv h{suhvvlrq lv udwkhu frpsolfdwhg dqg wkhuhiruh wkh
suhvhqw sdshu lv olplwhg wr wkh vlpsohvw elyduldwh fdvh1 Wkh dqdo|vlv lv jlyhq
sulpdulo| lq whupv ri h{sdqvlrqv ri wkh h{shfwdwlrq ri wkh uhohydqw olnholkrrg
whvw fulwhulrq1

Lq Vhfwlrq 5 wkh jhqhudo vwdwlvwlfdo prgho lv suhvhqwhg1 Qh{w/ wkh vlp0
xodwhg h{shfwdwlrq ri wkh elyduldwh whvw fulwhulrq lv jlyhq lq Vhfwlrq 6 dv d
ehqfkpdun iru wkh vxevhtxhqw dqdo|vlv1 Lq Vhfwlrq 7 Eduwohww*v ghjuhhv ri
iuhhgrp fruuhfwlrq dqg qh{w lq Vhfwlrq 8 Odzoh|*v fruuhfwlrq duh glvfxvvhg1
Wkh qhz dssurdfk lv h{sodlqhg lq Vhfwlrq 9 e| dq lqirupdo dqdo|vlv ri Frq0
vwdqwlqh*v ghqvlw| dqg prphqw h{sdqvlrqv duh ghvfulehg lq Vhfwlrq :1 Wkh
qhz dssurdfk lqyroyhv qrq0vwdqgdug dv|pswrwlf glvwulexwlrqv zklfk duh glv0
fxvvhg lq Vhfwlrq ;1 Lq Vhfwlrq < wkh qhz dssur{lpdwlrq lv hydoxdwhg e|
frpsdulvrq zlwk wkh vlpxodwhg uhvxowv1 Wkh sdshu lv frpsohwhg zlwk surriv
lq Vhfwlrq 43 dqg d glvfxvvlrq lq Vhfwlrq 441

51 Wkh vwdwlvwlfdo prgho dqg lwv dqdo|vlv

Frqvlghu ?n � lqghshqghqw uhshwlwlrqv ri wzr qrupdoo| glvwulexwhg yhf0
wruv/ fc tc ri glphqvlrq R dqg ^ uhvshfwlyho|/ zkhuh R � ^� Wkh yduldqfh
pdwulfhv dqg wkh mrlqw fryduldqfh pdwul{ duh ghqrwhg Pff c Pt t dqg Pft �
Wkh k|srwkhvlv ri lqwhuhvw lv wkdw wkh fryduldqfh pdwul{/ Pft c kdv uhgxfhg
udqn ri dw prvw & 	 R�

Wkh k|srwkhvlv lv dqdo|vhg lq whupv ri fdqrqlfdo fruuhodwlrqv dqdo|vlv
zklfk zdv ghyhorshg e| Krwhoolqj +4<69, dqg Eduwohww +4<6;,1 Wkh vtxduhg
srsxodwlrq fdqrqlfdo fruuhodwlrqv/ � � b2� � � � � � b2R � fc duh wkh vroxwlrqv
ri wkh hljhqydoxh sureohp

_i|
�
b2Pff � PftP

3�
t tPt f

�
' f

dqg wkxv wkh k|srwkhvlv fdq dovr eh irupxodwhg dv b&n� ' f� Wkh olnholkrrg
ixqfwlrq lv pd{lplvhg lq whupv ri wkh vtxduhg vdpsoh fdqrqlfdo fruuhodwlrqv/
� : o2� : � � � : o2R : fc vroxwlrqv ri wkh hljhqydoxh sureohp
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zkhuh wkh pdwulfhv 7�� duh vdpsoh fryduldqfh pdwulfhv1 Wkh olnholkrrg udwlr
fulwhulrq iru wkh deryh k|srwkhvlv djdlqvw d jhqhudo dowhuqdwlyh lv jlyhq e|

u- ' �?
&[

�'�

*L}
�
�� o2�

�
� +4,

Wkh vtxduhg vdpsoh fdqrqlfdo fruuhodwlrqv duh lqyduldqw zlwk uhvshfw wr
ruwkrqrupdo wudqvirupdwlrqv ri wkh gdwd dqg wkhuhiruh wkhlu glvwulexwlrq rqo|
ghshqgv rq wkh sdudphwhuv wkurxjk wkh srsxodwlrq fdqrqlfdo fruuhodwlrqv1
Wkh glvwulexwlrq ri wkh fulwhulrq dovr ghshqgv rq wkhvh1 Iru b& 9' f lw fdq
eh dssur{lpdwhg e| d �20glvwulexwlrq zlwk ER � &�E^ � &� ghjuhhv ri iuhh0
grp zkhuhdv gl�huhqw glvwulexwlrqv dsso| iru b& ' f� Wklv glvwulexwlrqdo
dssur{lpdwlrq ghshqgv qrq0frqwlqxrxvo| rq wkh qxlvdqfh sdudphwhuv1

61 Vlpxodwhg h{shfwdwlrq iru wkh elyduldwh fdvh

Lq wkh vxevhtxhqw vhfwlrqv ydulrxv glvwulexwlrq dssur{lpdwlrqv duh frq0
vlghuhg1 Wkhvh duh ghyhorshg e| h{sdqglqj wkh prphqwv ri wkh fulwhulrq1
Wkh h{shfwdwlrq vhuyhv dv d ehqfkpdun1

Gxh wr wkh frpsolfdwhg dqdo|wlf wkhru| rqo| wkh fulwhulrq iru wkh k|srwk0
hvlv wkdw wkh vpdoohvw ri wkh fdqrqlfdo fruuhodwlrqv lv }hur/ & ' �c lq wkh
elyduldwh fdvh/ R ' ^ ' 2c lv dqdo|vhg1 Ehfdxvh ri wkh lqyduldqfh phqwlrqhg
deryh lw fdq eh dvvxphg zlwkrxw orvv ri jhqhudolw| wkdw Pff dqg Pt t duh
lghqwlw| pdwulfhv/ Pft lv wkh gldjrqdo pdwul{ zlwk wkh hohphqwv b�c fc wkh
revhuydwlrqv kdyh phdq }hur dqg wkhuhiruh rqo| ? revhuydwlrqv duh frqvlg0
huhg1 Khqfhiruwk wkh lqgh{ ri wkh odujhvw srsxodwlrq fdqrqlfdo fruuhodwlrq/
b�c lv rplwwhg1

Wdeoh 41 Vlpxodwhg h{shfwdwlrq ri wkh fulwhulrq1
?

b
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Vlpxodwhg ydoxhv ri wkh h{shfwdwlrq ri wkh fulwhulrq duh uhsruwhg lq Wdeoh
4 dv d ixqfwlrq ri wkh qxlvdqfh sdudphwhu b yhuvxv wkh vdpsoh vl}h/ ?� Wkh
vlpxodwlrqv duh edvhg rq 433/333 uhsolfdwlrqv1 Qrwh/ wkdw hyhq iru udwkhu elj
ydoxhv ri b wkh olplwlqj dssur{lpdwlrq/ rqh/ lv qrw yhu| dffxudwh1

71 D ghjuhhv ri iuhhgrp fruuhfwlrq

Eduwohww +4<6;, vxjjhvwhg wkdw d ghjuhhv ri iuhhgrp fruuhfwlrq ri wkh ful0
whulrq pljkw eh xvhixo1 Lq wkh elyduldwh fdvh wklv lpsolhv wkdw wkh h{shfwdwlrq
vkrxog eh ehwwhu dssur{lpdwhg e| � n D*2?� Wdeoh 4 vkrzv/ lq dffrugdqfh
zlwk Eduwohww*v rzq revhuydwlrq/ wkdw wklv fruuhfwlrq lv rqo| khosixo iru yhu|
odujh ydoxhv ri b� Wkh dssur{lpdwlrq lv dq h{dfw vhfrqg rughu h{sdqvlrq
ri wkh h{shfwdwlrq lq fdvh wkh qxlvdqfh sdudphwhu/ b/ wdnhv wkh ydoxh rqh1
Krwhoolqj +4<69, irxqg wkdw wkh plqlpxp vdpsoh fdqrqlfdo fruuhodwlrq wkhq
lv d sduwldo fruuhodwlrq dqg lwv glvwulexwlrq kdv ehhq irxqg e| Ilvkhu/ vhh
Pxlukhdg +4<;5,1

81 Odzoh|*v fruuhfwlrq

D vhfrqg rughu h{sdqvlrq ri wkh h{shfwdwlrq/ zklfk dovr dssolhv iru jhq0
hudo ydoxhv ri &c Rc ^c zdv jlyhq e| Odzoh| +4<8<,1 Surylghg wkdw b2 lv qrw
�vpdoo� kh irxqg wkdw

.bu- ' � n
D

2?
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?32
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+5,

dqg vxjjhvwhg vfdolqj wkh fulwhulrq zlwk wklv h{suhvvlrq1 Wklv zrxog dfwxdoo|
jlyh d Eduwohww fruuhfwlrq/ vxfk wkdw whupv ri rughu ?3� zrxog eh holplqdwhg
iurp doo prphqwv ri wkh fulwhulrq +Odzoh|/ 4<89,1 Qrwh/ wkdw iru b ' � wkh
ghjuhhv ri iuhhgrp fruuhfwlrq lv rewdlqhg1

Wkh frqglwlrq rq b2 lv vxssrvhgo| wkdw lw vkrxog eh odujhu wkdq S*? iru
vrph xqvshfl�hg frqvwdqw S1 Wkh vdpsoh fdqrqlfdo fruuhodwlrqv duh wkh fkdu0
dfwhulvwlf urrwv ri d elyduldwh pdwul{ dqg wkh h{solflw h{suhvvlrq iru wkhvh
lqyroyhv d vtxduh0urrw zklfk fdq eh h{sdqghg xqghu wkdw frqglwlrq1

E| frpsxwlqj wkh dssur{lpdwlrq dqg frpsdulqj zlwk wkh hqwulhv ri Wdeoh
4 wkh uhodwlyh huuru ri wkh dssur{lpdwlrq fdq eh irxqg1 Iru b2? �73c 43/ 5�Dc
uhvshfwlyho|/ wkh uhodwlyh huuru ydulhv ehwzhhq <<0433(/ <80<;(/ <90438(1
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Iru b2? ' � �2H wkh dssur{lpdwlrq plvvhv wkh hqwulhv lq wkh wdeoh e| d idfwru
wzr dqg iru b2? � f � Se wkh dssur{lpdwlrq lv qhjdwlyh1

Frqglwlrqdo lqihuhqfh zrxog eh suhihudeoh wr wkh vxjjhvwhg lqihuhqfh gxh
wr wkh qxlvdqfh sdudphwhu lq +5,1 Odzoh| sursrvhg vlpso| wr uhsodfh b2 zlwk
lwv pd{lpxp olnholkrrg hvwlpdwru/ o2�� Jo|qq dqg Pxlukhdg +4<:;, mxvwl�hg
wklv e| �qglqj wkdw wkh dv|pswrwlf frqglwlrqdo glvwulexwlrq ri o22 jlyhq o2�
grhv qrw ghshqg rq b� Hydoxdwhg zlwk wklv �wuxqfdwhg� phdvxuh wkh vfdohg
fulwhulrq kdv h{shfwdwlrq rqh xs wr dq huuru ri rughu ?32c surylghg wkdw o2� lv
qrw wrr vpdoo1

91 D qhz dssurdfk

Wdeoh 4 kdv wkh ihdwxuh wkdw wkh �jxuhv dorqj wkh gldjrqdov iurp wrs ohiw wr
erwwrp uljkw ydu| ohvv wkdq wkrvh dorqj krul}rqwdo olqhv1 Wklv kdv suhylrxvo|
ehhq revhuyhg lq d frlqwhjudwlrq frqwh{w e| Qlhovhq +4<<:,1 Wklv vxjjhvwv
uhsodflqj wkh qxlvdqfh sdudphwhu/ b2/ zlwk 1*? dqg wkhq �{lqj 1 lq wkh
dv|pswrwlf dujxphqwv1 Wklv jlyhv d olplw glvwulexwlrq zklfk lv d frqwlqxrxv
ixqfwlrq ri 1 dqg/ dv lw wxuqv rxw/ d udwkhu jrrg dssur{lpdwlrq wr wkh h{dfw
glvwulexwlrq1 Lq wkh iroorzlqj wkh ghqvlw| ri wkh vdpsoh fdqrqlfdo fruuhodwlrqv
lv dqdo|vhg xvlqj wkh qhz dssurdfk1

Wkh mrlqw ghqvlw| iru vtxduhg vdpsoh fdqrqlfdo fruuhodwlrqv zdv irxqg
e| Frqvwdqwlqh +4<96, lq whupv ri d k|shujhrphwulf ixqfwlrq zlwk pdwul{
dujxphqwv/ vhh dovr Pxlukhdg +4<;5/ s1 88:,1 Iru jhqhudo glphqvlrqv }rqdo
sro|qrpldov duh lqyroyhg lq wkh gh�qlwlrq ri wkhvh ixqfwlrqv/ krzhyhu/ lq
wkh suhvhqw fdvh d vlpsol�fdwlrq lv rewdlqhg1 Zkhq wkh vpdoohvw srsxodwlrq
fdqrqlfdo fruuhodwlrq lv }hur wkh ghqvlw| iru E%c +� ' ?Eo2�c o
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zkhuh ? : % : + : f� Qrz/ wkh k|shujhrphwulf ixqfwlrq zlwk wzr pdwul{
dujxphqwv fdq eh uhzulwwhq dv d k|shujhrphwulf ixqfwlrq zlwk rqh pdwul{
dujxphqw zklfk lv wkhq lqwhjudwhg ryhu d Vwlhiho pdqlirog zlwk uhvshfw wr dq
lqyduldqw phdvxuh/ vhh Pxlukhdg +4<;5/ s1 9:/593, ru irupxod +51;, ri Jo|qq
dqg Pxlukhdg +4<:;,1 Vlqfh rqh ri wkh wzr pdwul{ dujxphqwv kdv udqn rqh
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lw iroorzv wkdw
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Prvw whupv ri wkh h{suhvvlrq +6, duh zhoo0ehkdyhg iru odujh ?/ krzhyhu/ iru
b �{hg wkh odvw wzr whupv frqyhujh wr }hur uhvshfwlyho| lq�qlw| iru lqfuhdvlqj
?� Wkxv Jo|qq dqg Pxlukhdg +4<:;, qhhg wr dsso| Odsodfh*v phwkrg wr ds0
sur{lpdwh wkh lqwhjudo lq htxdwlrq +7,1 Qrz/ e| wkh qrupdolvdwlrq b2 ' 1*?
wkh �uvw ri wkhvh wzr whupv/ wkh ?*20wk srzhu ri � � b2c fdq eh dssur{l0
pdwhg e| dq h{srqhqwldo ixqfwlrq dqg wkh k|shujhrphwulf ixqfwlrq fdq eh
dssur{lpdwhg lq whupv ri prgl�hg Ehvvho ixqfwlrqv xvlqj +7, dqg Kdqvhq*v
frq xhqfh/ vhh Zdwvrq +4<8;, dqg dovr Ilhogv Wkhruhp +Oxnh/ 4<9</ s1 85,/
jlyh
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Iru odujh dujxphqwv wkh prgl�hg Ehvvho ixqfwlrq lqfuhdvhv dw dq h{srqhq0
wldo rughu1 Krzhyhu/ lw wxuqv rxw wkdw wkh ghqvlw| lv dfwxdoo| h{srqhqwldoo|
ghfuhdvlqj iru lqfuhdvlqj % zkhqhyhu 1 lv pxfk vpdoohu wkdq ?� Lq wklv fdvh d
jrrg dssur{lpdwlrq fdq eh surylghg iru wkh glvwulexwlrq ri wkh fulwhulrq dqg
wklv lv h{dfwo| wkh vlwxdwlrq zklfk lv ri sudfwlfdo lqwhuhvw1

:1 H{sdqvlrq ri wkh prphqwv

Wkh prphqwv ri wkh fulwhulrq fdq qrz eh h{sdqghg xvlqj wkh vxjjhvwhg
dssurdfk1 Frpsxwdwlrqdo dojrulwkpv iru wkh lqyroyhg Ehvvho ixqfwlrqv duh
jlyhq e| Deudprzlw} dqg Vwhjxq +4<98/ s1 6:;,1

Wkh dv|pswrwlf h{shfwdwlrq rewdlqhg e| wkh qhz dssurdfk lv jlyhq e|
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Lw iroorzv wkdw wkh h{shfwdwlrq iru 1 ' f lv 2 � Z*2 � f � e2b zkhuhdv iru
1 $4 lw whqgv wr rqh/ wkh h{shfwdwlrq ri wkh �20glvwulexwlrq1 Pruhryhu/ wkh
ixqfwlrq +8, dsshduv wr eh lqfuhdvlqj lq 1�
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Vlploduo| wkh dv|pswrwlf vhfrqg prphqw lv jlyhq e|
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Wklv kdv wkh ydoxh �f� �Z � f � D.D iru 1 ' f dqg lw whqgv wr 6 iru 1 $4�
Wkh vhfrqg rughu h{sdqvlrqv ri wkh �uvw wzr prphqwv duh ri wkh irup
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Vr dsduw iurp d uhpdlqghu whup/ -�c zklfk ghshqgv rq 1c wkh surshuwlhv ri
d Eduwohww fruuhfwlrq duh rewdlqhg1 Wkh uhpdlqghu whup ri wkh �uvw prphqw
kdv wkh h{suhvvlrq
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Iru 1 ' f wkh uhpdlqghu whup -� lv reylrxvo| }hur1 Wklv lv d fdvh zkhuh d
Eduwohww fruuhfwlrq dsso| dqg lw dovr irxqg wkdw wkh uhpdlqghu whup iru wkh
vhfrqg prphqw/ -2c kdv wkh ydoxh 3 iru 1 ' f� Wkxv Eduwohww*v ghjuhhv ri
iuhhgrp fruuhfwlrq/ � n D*2?c dsso| lq wklv fdvh1 Iru 1 $ 4 wkh uhpdlqghu
whupv ehkdyh vlploduo| qlfh1 Wkh whup -� lv 4 dqg -2 lv 91 Wklv fruuhvsrqg
wr d fruuhfwlrq ri �n.*2?c mxvw dv Odzoh|*v uhvxow iru b$41 Wkh uhpdlqghu
whup -� lv looxvwudwhg lq Iljxuh 41 Wkh vhfrqg uhpdlqghu whup kdv d vlplodu
vkdsh exw lw lv vkliwhg lq vxfk d zd| wkdw d Eduwohww fruuhfwlrq grhv qrw dsso|
iru jhqhudo 1c iru h{dpsoh/ -�c -2 duh }hur dw dssur{lpdwho| 3�bS uhvshfwlyho|
4�D�� Krzhyhu/ iru 1 	4��b wkhq -� lv vpdoohu wkdq 3�f�S lq devroxwh whupv/
zkhuhdv iru 1 	4�HH wkhq -2 lv vpdoohu wkdq 3���D� Wklv phdqv wkdw iru
sudfwlfdo dssolfdwlrqv wkh uhpdlqghu whup fdq eh ljqruhg/ hlwkhu ehfdxvh ?
lv odujh ru ehfdxvh 1 lv vpdoo1

^ Iljxuh 4 `
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;1 Dssur{lpdwlqj wkh dv|pswrwlf glvwulexwlrq

Wkh dv|pswrwlf glvwulexwlrq vhhpv wr eh dssur{lpdwhg yhu| zhoo e| d
Jdppd glvwulexwhg �wwhg wr wkh �uvw wzr prphqwv1

Iru wkh fdvh 1 ' f dq h{suhvvlrq iru wkh dv|pswrwlf ghqvlw| ri wkh fulwhulrq
fdq eh irxqg uhodwlyho| hdvlo|1 Lq wklv fdvh/ iru odujh ?c wkh mrlqw ghqvlw| +6,
uhgxfhv wr
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iru ? : % : + : f� Wkh ghqvlw| iru + lv qrz irxqg e| lqwhjudwlrq zlwk uhvshfw
wr %1 Wkh lqwhjudqg lv h{srqhqwldoo| ghfuhdvlqj iru odujh %/ wkxv wkh xsshu
olplw fdq eh h{whqghg wr lq�qlw|1 Wkh vxevwlwxwlrq +E5 n �� ' %c +_5 ' _%
wkhq jlyhv wkh iroorzlqj h{suhvvlrq iru wkh dv|pswrwlf ghqvlw| ri wkh fulwhulrq
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Wkh lqwhjudo gh�qhv d frq xhqw k|shujhrphwulf ixqfwlrq/ vhh Judgvkwh|q
dqg U|}kln +4<98/ <154417,1 D �qdo h{suhvvlrq iru wkh dv|pswrwlf ghqvlw| lv
rewdlqhg/ xvlqj wkh irupxodh :151515 dqg :144151<.6: ri Suxgqlnry/ Eu|fknry
dqg Pdulfkhy +4<<3,/ dv
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Khuh 8&E�� lv wkh glvwulexwlrq ixqfwlrq ri d �20glvwulexwhg yduldeoh zlwk &
ghjuhhv ri iuhhgrp dqg ihu lv wkh huuru ixqfwlrq/ d frqyhqlhqw prgl�fdwlrq ri
wkh vwdqgdug qrupdo lqwhjudo1 D frpsxwdwlrqdo dojrulwkp iru ihu lv jlyhq e|
Deudprzlw} dqg Vwhjxq +4<98/ s1 5<<,1

Wkh xsshu txdqwlohv ri wklv glvwulexwlrq fdq eh dssur{lpdwhg yhu| zhoo
e| d Jdppd glvwulexwlrq �wwhg wr wkh �uvw wzr prphqwv1 Wkh uhodwlyh huuru
lv xs wr <(/ krzhyhu/ iurp wkh 93( txdqwloh dqg xszdugv wkh uhodwlyh huuru
lv dw prvw 3�2eI�

Iru jhqhudo ydoxhv ri 1 lw lv qrw vr hdv| wr �qg h{solflw h{suhvvlrqv iru wkh
ghqvlw|1 D gl�huhqw phdvxuh iru wkh txdolw| ri d Jdppd dssur{lpdwlrq lv d
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frpsdulvrq ri wklug dqg irxuwk prphqw ri wkh h{dfw glvwulexwlrq dqg ri wkh
dssur{lpdwlrq iru gl�huhqw ydoxhv ri 11 Wkh uhodwlyh huuru zdv irxqg wr eh
dw prvw 5�2I uhvshfwlyho| 9�DI1

Iru 1 $4 dw ohdvw wkh �uvw irxu prphqwv ri wkh dv|pswrwlf glvwulexwlrq
duh wkrvh ri d �20glvwulexwlrq zlwk 4 ghjuhh ri iuhhgrp1

<1 Dssur{lpdwlqj wkh ilqlwh vdpsoh glvwulexwlrq

Dssolfdwlrq ri wkh ghjuhhv ri iuhhgrp fruuhfwlrq/ � n D*2?c wr wkh �uvw
prphqw jlyhq e| +8, jlyhv �jxuhv zklfk duh yhu| forvh wr wkrvh ri Wdeoh 41
Iru ? ' 2DSc 4357 wkh gl�huhqfh lv vpdoohu wkdq wkh vlpxodwlrq huuru1 Iru
? ' Se �jxuhv zklfk duh xs wr 5( wrr vpdoo duh rewdlqhg1 Iru ? ' �S
dqg b 	3�H ydoxhv zklfk duh xs wr 7( wrr vpdoo duh irxqg1 Iru ? ' �S
dqg b '3�H wkh dssur{lpdwlrq lv qrw wrr jrrg1 Wkh ydoxh lv 4�f�f zklfk lv
lpsuryhg wr 4�f.2 e| lqfoxglqj wkh uhpdlqghu whup -�� Krzhyhu/ wklv fdvh ri
d vpdoo ? dqg d odujh ydoxh ri b lv suredeo| qrw frpprq lq dssolfdwlrqv1 Wkh
v|vwhpdwlf xqghu0fruuhfwlrq zrxog eh lpsuryhg e| dsso|lqj wkh fruuhfwlrq
i T+D*2?� udwkhu wkdq � n D*2?�

Vlplodu �jxuhv zrxog eh irxqg iru wkh vhfrqg prphqw1 Wkhuhiruh lw lv
frqfoxghg wkdw d udwkhu jrrg dssur{lpdwlrq lv irxqg1

431 Surriv

D surri iru wkh uhvxowv ri Vhfwlrq : lv vnhwfkhg lq wkh iroorzlqj xvlqj wkh
lghdv ri Vhfwlrq 91 Ghwdlov fdq eh rewdlqhg iurp wkh dxwkru1

Ohw s ghqrwh wkh mrlqw ghqvlw| ri E%c +� ' ?Eo2�c o
2
2� jlyhq e| irupxod +6,1

Wkh &0wk prphqw ri + lv
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Wkh vhfrqg h{suhvvlrq lv rewdlqhg e| wkh vxevwlwxwlrq %5 ' +c %_5 ' _+�
Iru odujh dujxphqwv wkh prgl�hg Ehvvho ixqfwlrq/ U> E5� c lv ri rughu
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s1 536,1 Wkxv/ iru odujh %c wkh lqwhjudqg ri wkh wulsohw lqwhjudo lv ri rughu

#
�� 1

?

$?*2 �
�� %

?

�?*2
i T E

s
1%� � i T

�
��

2
E
s
%�s1�2

�

<



dqg wkh lqwhjudqg lv wkhuhiruh h{srqhqwldoo| vpdoo iru odujh ydoxhv ri % li 1 lv
pxfk vpdoohu wkdq %/ dqg wkhuhiruh pxfk vpdoohu wkdq ?1 Wkh xsshu olplw
iru lqwhjudwlrq zlwk uhvshfw wr % fdq wkhuhiruh eh h{whqghg dqg wr wkh rughu
?3� wkh prphqwv ri + fdq eh dssur{lpdwhg e|
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Kdqnho*v jhqhudolvdwlrq ri Zhehu*v �uvw h{srqhqwldo lqwhjudo/ vhh Judgvkwh|q
dqg U|}kln +4<98/ ;1<:314, ru Zdwvrq +4<8;/ s1 6<6, fdq qrz eh dssolhg/
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iru > 5 �� Wkxv L� fdq eh h{suhvvhg lq whupv ri wkh Odjxhuuh sro|qrpldov
uf

&n�c u
f

&n2c u
f

&n� dqg u
2

&n�� Wkh odvw ri wkhvh fdq eh zulwwhq dv d frpelqdwlrq
ri wkh �uvw xvlqj d uhfxuuhqfh irupxod/ vhh Judgvkwh|q dqg U|}kln +4<98/
;1<:417,1
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Wkh vhfrqg lqwhjudo1 Wkh Odjxhuuh sro|qrpldov phqwlrqhg deryh kdyh
wkh dujxphqw Rr� ^� E| wkh h{solflw h{suhvvlrq iru wkh Odjxhuuh sro|qrpldo/
vhh Judgvkwh|q dqg U|}kln +4<98/ ;1<:314,/ lw lv irxqg wkdw
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lqwhjudo fdq eh uhzulwwhq dv d �qlwh vxp ri fhuwdlq lqwhjudov1 Wkhvh lqwhjudov
fdq eh uhzulwwhq lq whupv ri Ehwd ixqfwlrqv dqg frq xhqw k|shujhrphwulf
ixqfwlrqv/ vhh Judgvkwh|q dqg U|}kln +4<98/ 616;614,/]
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Wkh wklug lqwhjudo1 Wkh vhfrqg lqwhjudo lv d ixqfwlrq ri 5 rqo| wkurxjk
o zklfk vxjjhvwv wkh vxevwlwxwlrq o ' E� � 5�*E� n 5�c E� n o�2_5 ' �2_o�
Pruhryhu/ wkh frq xhqw k|shujhrphwulf ixqfwlrqv fdq eh uhzulwwhq dv

�8� E� n �*2( � n �( 5� ' i T E5*2� i��E5�Uf E5*2� n��E5�U�E5*2�j
zkhuh ��c �� duh vrph udwlrv ri sro|qrpldov1 Wkh uhohydqw sro|qrpldov fdq
eh irxqg xvlqj wkh lghqwlw| :1441418 dqg wkh uhfxuuhqfh irupxodh :14414156058
ri Suxgqlnry/ Eu|fknry dqg Pdulfkhy +4<<3,1 Vlqfh
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wkh wklug lqwhjudo fdq qrz eh irxqg xvlqj
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zklfk iroorzv e| lqwhjudwlqj wkh Wd|oru vhulhv iru wkh Ehvvho ixqfwlrq whup
e| whup1 Wkh lqyroyhg k|shujhrphwulf ixqfwlrqv fdq eh uhzulwwhq hlwkhu dv
sro|qrpldov ru dv
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zkhuh �c�c� duh vrph udwlrv ri sro|qrpldov1 Wkh uhohydqw sro|qrpldov fdq
eh irxqg xvlqj vhfwlrq :14715 ri Suxgqlnry/ Eu|fknry dqg Pdulfkhy +4<<3,1

Ilqdoo|/ wkh prphqwv ri wkh fulwhulrq duh irxqg e| h{sdqglqj wkh orjd0
ulwkp lq htxdwlrq +4,1

441 Glvfxvvlrq

Wkh qhz dssurdfk dssduhqwo| jlyhv d jrrg dssur{lpdwlrq zklfk lv ri sulpdu|
lqwhuhvw lq vwdwlvwlfdo dqdo|vlv1 Krzhyhu/ d qxpehu ri vwdqgdug wkhruhwlfdo
surshuwlhv fdqqrw eh suryhg1

Wkh lpphgldwh sureohp lv wkdw wkh qxlvdqfh sdudphwhu ri wkh qhz ds0
surdfk/ 1c fdqqrw eh hvwlpdwhg frqvlvwhqwo|/ vlqfh ?Eo2

�
� b2� frqyhujhv lq

glvwulexwlrq1 Lw lv ri lqwhuhvw wr �qg wkh glvwulexwlrq ri wkh fulwhulrq iru d
jlyhq ydoxh ri wkh qxlvdqfh sdudphwhu> wklv lv xvxdoo| dssur{lpdwhg e| wkh
Wd|oru h{sdqvlrq
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Wkh odvw whup fdq eh ljqruhg ehfdxvh wkh whup b2 � o2
�
frqyhujhv wr }hur1

Gxh wr wkh frqvlvwhqf| sureohp d vlplodu h{sdqvlrq fdqqrw eh shuiruphg lq
whupv ri 1� Krzhyhu/ wkh qhz dssurdfk jlyhv dq lpsuryhg dssur{lpdwlrq ri
hdfk whup lq wkh h{sdqvlrq deryh1

Ehfdxvh ri wkh qxlvdqfh sdudphwhu d frqglwlrqdo dqdo|vlv zrxog eh ri
prvw lqwhuhvw1 Jo|qq dqg Pxlukhdg +4<:;, �qg wkh uhvxow wkdw wkh dv|ps0
wrwlf frqglwlrqdo glvwulexwlrq ri o2

2
jlyhq o2

�
grhv qrw ghshqg rq wkh qxlvdqfh
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sdudphwhu1 Wklv vhhpv wr idlo iru wkh qhz dssurdfk vlqfh wkh qxlvdqfh sd0
udphwhu/ bc dqg wkh dujxphqwv/ %c +/ iru wkh ghqvlw| +6, duh hqwzlqhg lq d
udwkhu frpsolfdwhg zd|/ vhh htxdwlrq +7,1

D irupdo Eduwohww fruuhfwlrq idlov wr krog iru wkh qhz dssurdfk/ h{fhsw
iru fhuwdlq ydoxhv ri wkh qxlvdqfh sdudphwhu1

Suholplqdu| vlpxodwlrqv lqglfdwh wkdw vlplodu uhvxowv zrxog dsso| iru jhq0
hudo glphqvlrqv/ Rc ^c &( krzhyhu/ L kdyh qrw ehhq deoh wr jhqhudolvh wkh surriv1
Iru jhqhudo & wkh k|shujhrphwulf ixqfwlrq fdqqrw eh uhgxfhg dv vlpso| dv
lq irupxod +7,1 D pruh ghwdlohg glvfxvvlrq ri wkh lqyroyhg }rqdo sro|qrpldov
vhhpv wkhuhiruh qhfhvvdu|1 Iru & ' �c R ' 2 exw ^ ' � wkh vroxwlrq wr wkh lq0
whjudo +;, lv h{suhvvhg lq whupv ri d frq xhqw k|shujhrphwulf ixqfwlrq zklfk
fdqqrw eh uhgxfhg wr d �qlwh +Odjxhuuh, sro|qrpldo1

Dfnqrzohgjhphqw

L judwhixoo| dfnqrzohgjh glvfxvvlrqv zlwk G1 U1 Fr{ dqg Q1 Vkhskdug1

Uhihuhqfhv

Deudprzlw}/ P1 dqg Vwhjxq L1 D1 +4<98,1 Kdqgerrn ri pdwkhpdwlfdo
ixqfwlrqv1 Gryhu1

Eduwohww/ P1 V1 +4<6;,1 Ixuwkhu dvshfwv ri wkh wkhru| ri pxowlsoh uhjuhv0
vlrq1 Surfhhglqjv ri wkh Fdpeulgjh Sklorvrsklfdo Vrflhw| 67/ 660731

Frqvwdqwlqh/ D1 J1 +4<96,1 Vrph qrq0fhqwudo glvwulexwlrq sureohpv lq
pxowlyduldwh dqdo|vlv1 Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 67/ 45:30;81

Jo|qq/ Z1 M1 dqg U1 M1 Pxlukhdg +4<:;,1 Lqihuhqfh lq fdqrqlfdo fru0
uhodwlrq dqdo|vlv1 Mrxuqdo ri pxowlyduldwh dqdo|vlv ;/ 79;07:;1

Judgvkwh|q/ L1 V1 dqg L1 P1 U|}kln +4<98,1 Wdeohv ri lqwhjudov/ vhulhv
dqg surgxfwv1 Dfdghplf Suhvv1

Krwhoolqj/ K1 +4<69,1 Uhodwlrqv ehwzhhq wzr vhwv ri yduldwhv1 Elrphwulnd
5;/ 6540::1

Odzoh|/ G1 Q1 +4<89,1 D jhqhudo phwkrg iru dssur{lpdwlqj wr wkh glvwul0
exwlrq ri olnholkrrg udwlr fulwhuld1 Elrphwulnd 76/ 5<806361
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Odzoh|/ G1 Q1 +4<8<,1 Whvwv ri vljql�fdqfh lq fdqrqlfdo dqdo|vlv1 Elr0

phwulnd 79/ 8<0991

Oxnh/ \1 O1 +4<9<,1 Wkh vshfldo ixqfwlrqv dqg wkhlu dssur{lpdwlrqv/ yro0

xph 41 Dfdghplf Suhvv1

Pxlukhdg/ U1 M1 +4<;5,1 Dvshfwv ri pxowlyduldwh vwdwlvwlfdo wkhru|1 Zloh|1

Qlhovhq/ E1 +4<<:,1 Rq wkh glvwulexwlrq ri whvwv iru frlqwhjudwlrq udqn1
Glvfxvvlrq sdshu/ Qx!hog Froohjh1 kwws=22zzz1qx�1r{1df1xn2xvhuv2
qlhovhq21

Suxgqlnry/ D1 S1/ \x1 D1 Eu|fknry dqg R1 L1 Pdulfkhy +4<<3,1
Lqwhjudov dqg vhulhv/ yroxph 6= Pruh vshfldo ixqfwlrqv1 Jrugrq dqg
Euhdfk Vflhqfh Sxeolvkhuv1

Zdwvrq/ J1 Q1 +4<8;,1 D wuhdwlvh rq wkh wkhru| ri Ehvvho ixqfwlrqv1 5qg
hglwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv1
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