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Wklv lv dq dqdo|vlv ri vwudwhjlf yrwlqj xqghu wkh soxudolw| uxoh1 H{lvwlqj wkhrulhv suhglfw vwulfw

elsduwlvp/ zkhuh udwlrqdo yrwhuv vxssruw rqo| wzr fdqglgdwhv= d vwulfw lqwhusuhwdwlrq ri Gx0

yhujhu*v Odz1 Wklv frqfoxvlrq lv uhmhfwhg1 Wkh qhz wkhru| hpsor|v d vlpsoh prgho ri d wkuhh0

fdqglgdwh hohfwlrq1 Xqolnh suhylrxv prghov/ wkh ohyho ri srsxodu vxssruw iru hdfk fdqglgdwh

lv qrw frpprqo| fhuwdlq1 Yrwhuv irup rslqlrqv ri fdqglgdwh vxssruw iurp sxeolf dqg sulydwh

vljqdov1 Xqohvv nqrzohgjh ri frqvwlwxhqf|0zlgh idfwruv lv erwk frpprq dqg suhflvh/ wkhuh lv d

xqltxho| vwdeoh qrq0Gxyhujldq htxloleulxp/ zlwk rqo| sduwldo vwudwhjlf yrwlqj1 Vwudwhjlf yrwlqj

lv lqfuhdvlqj lq wkh suhflvlrq ri yrwhu eholhiv/ wkh h{shfwhg vwuhqjwk ri d ohdglqj fdqglgdwh/ dqg

wkh h{shfwhg jds ehwzhhq fkdoohqjlqj fdqglgdwhv1 Wkh h�hfw ri lqirupdwlrq ghshqgv fulwlfdoo|

rq lwv vrxufh1 Sxeolf vljqdov ri fdqglgdwh vxssruw kdyh d idu vwurqjhu h�hfw wkdq sulydwho|

revhuyhg vljqdov1 Vxusulvlqjo|/ zkhq yrwlqj ghflvlrqv duh edvhg odujho| rq sulydwh udwkhu wkdq

sxeolf lqirupdwlrq/ vwudwhjlf yrwlqj lv vhoi0dwwhqxdwlqj udwkhu wkdq vhoi0uhlqiruflqj1

Dfnqrzohgjhphqwv= Vwhskhq G1 Ilvkhu lqvsluhg wklv zrun zlwk klv h{whqvlyh hpslulfdo uh0

vhdufk rq wdfwlfdo yrwlqj/ dqg zlwk pdq| krxuv ri frqyhuvdwlrq rq wkh wrslf1 Wkdqnv duh dovr

gxh wr Gdylg Iluwk/ Jhr� Hydqv/ Ldlq PfOhdq/ Fkulv Zdoodfh dqg vhplqdu sduwlflsdqwv dw

R{irug/ XFO dqg OVH iru khosixo frpphqwv1
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D Qhz Wkhru| ri Vwudwhjlf Yrwlqj ghvfulehv d qhz wkhru| ri vwudwhjlf yrwlqj lq soxudolw|

hohfwrudo v|vwhpv1 H{lvwlqj wkhrulhv duh vkrzq wr uhvw rq wkh dvvxphg lqghshqghqfh ri yrwhu

suhihuhqfhv1 Uhsodflqj wklv dvvxpswlrq zlwk rqh ri xqfhuwdlq fdqglgdwh vxssruw/ wkh qhz

wkhru| prghov erwk wkh sxeolf dqg sulydwh lqirupdwlrq vrxufhv wkdw hqwhu lqwr d yrwhu*v ghflvlrq1

Vxsulvlqjo|/ zlwk sxuh sulydwh lqirupdwlrq vrxufhv/ vwudwhjlf yrwlqj lv vhoi0dwwhqxdwlqj dqg qrw

vhoi0uhlqiruflqj1 Wklv ohdgv wr d uhmhfwlrq ri vwulfw elsduwlvp/ dqg d qhz udqjh ri frpsdudwlyh

vwdwlf uhvxowv1 Fuxfldoo|/ dqg frqwudu| wr h{lvwlqj wkhrulhv/ wkh prgho vkrzv wkdw pxowl0fdqglgdwh

vxssruw lq soxudolw| hohfwlrqv lv shuihfwo| frqvlvwhqw zlwk udwlrqdo yrwlqj1 Wkh wkhru| lv suhvhqwhg

lq d vhtxhqfh ri wkuhh sduwv1

Sduw 4 surylghv d fulwltxh ri h{lvwlqj prghov1 Iroorzlqj hduolhu zrun/ lw revhuyhv wkdw wkh nh|

fulwhulrq iru d vwudwhjlf yrwhu lv wkh uhodwlyh olnholkrrg ri slyrwdo wlhv ehwzhhq wkh frpshwlqj

fdqglgdwhv1 H{lvwlqj prghov lpsrvh lqghshqghqfh rq wkh suhihuhqfhv ri yrwhuv/ |lhoglqj lqgh0

shqghqfh ri yrwlqj ghflvlrqv1 Xqghu wklv vfhqdulr/ wkh uhodwlyh olnholkrrg ri d wlh ehwzhhq wkh

wzr ohdglqj fdqglgdwhv lq dq hohfwlrq ehfrphv lq�qlwho| juhdwhu wkdq d wlh ehwzhhq dq| rwkhu

sdlu iru odujh hohfwrudwhv/ |lhoglqj d vwulfw elsduwlwh rxwfrph zlwk udwlrqdo yrwhuv1 Iroorzlqj wkh

lqwurgxfwlrq ri xqfhuwdlqw| ryhu frqvwlwxhqf|0zlgh vxssruw/ wklv uhvxow idlov1 Lw iroorzv wkdw lq d

ghflvlrq0wkhruhwlf iudphzrun/ d udwlrqdo hohfwrudwh jlyhv vxssruw wr doo fdqglgdwhv1 Fuxfldoo|/ lw

rqo| wkh frqvwlwxhqf| xqfhuwdlqw wkdw pdwwhuv lq ghwhuplqlqj yrwlqj ehkdylrxu1 Lqwxlwlyho|/ dq|

lglrv|qfudwlf xqfhuwdlqw| rq wkh sduw ri lqglylgxdo yrwhuv lv dyhudjhg rxw lq d odujh hohfwrudwh1

Sduw 5 pryhv wr d jdph wkhruhwlf iudphzrun1 Wkh prgho exlogv d plfurirxqgdwlrq iru frq0

vwlwxhqf| xqfhuwdlqw| lq dq hohfwlrq/ e| doorzlqj iru xqnqrzq frqvwlwxhqf|0zlgh frpprq hi0

ihfwv1 Eholhiv ryhu vxfk h�hfwv +dqg khqfh fdqglgdwh vxssruw, duh holflwhg iurp revhuyhg vljqdov/

fruuhvsrqglqj wr vdpsohv ri suhihuhqfhv iurp wkh hohfwrudwh1 Wr vhsdudwh wkh h�hfwv ri fhuwdlq

vxssruw dqg frpprq nqrzohgjh ri h{shfwhg fdqglgdwh vwdqglqjv/ wkh dqdo|vlv uhvwulfwv wr sxeolf

vljqdov1 Vwudwhjlf yrwlqj lv vhoi0uhlqiruflqj/ dqg zlwk vx�flhqw lqirupdwlrq suhflvlrq/ d elsduwlwh

rxwfrph hphujhv1 Lpsruwdqwo|/ wkh dqdo|vlv vkrzv wkdw lw lv lqirupdwlrq suhflvlrq/ udwkhu wkdq

odujh hohfwrudwhv/ wkdw fdq ohdg wr elsduwlvp1 Wklv suhflvlrq fdq eh lqgh{hg e| wkh vl}h ri dq

rslqlrq sroo= Doorzlqj wkh rslqlrq sroo vdpsoh vl}h wr h{sdqg ohdgv wr elsduwlvp1

Sduw 6 ryhuwxuqv wklv uhvxow1 Lw dujxhv wkdw/ dw d frqvwlwxhqf| ohyho/ lqirupdwlrq vrxufhv duh

olnho| wr eh sulydwho| revhuyhg1 Vshfli|lqj d prgho lq zklfk hdfk yrwhu revhuyhv d sulydwh

vljqdo ri fdqglgdwh vxssruw/ lw duulyhv dw wkh vxusulvlqj frqfoxvlrq wkdw vwudwhjlf yrwlqj lv vhoi0
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dwwhqxdwlqj udwkhu wkdq vhoi0uhlqiruflqj1 Dqwlflsdwlrq ri vwudwhjlf yrwlqj e| rwkhuv gdpshqv

vwudwhjlf lqfhqwlyhv/ khqfh uhgxflqj wkh htxloleulxp ohyho ri vwudwhjlf vzlwfklqj1 Lw iroorzv

wkdw vwudwhjlf yrwlqj lv rqfh djdlq lqfrpsohwh/ dqg pxowl0fdqglgdwh vxssruw hphujhv1 Zlwk

d frpelqdwlrq ri sxeolf dqg sulydwh lqirupdwlrq vrxufhv/ d elsduwlwh rxwfrph uhtxluhv sxeolf

vljqdov wr eh vx�flhqwo| suhflvh uhodwlyh wr sulydwh vljqdov1

Sduwv 4~6 glvsod| frpprq frpsdudwlyh vwdwlfv1 Vwudwhjlf yrwlqj lv lqfuhdvlqj lq wkh suhflvlrq

ri lqirupdwlrq/ wkh krprjhqhlw| ri wkh hohfwrudwh/ dqg wkh shufhlyhg jds ehwzhhq fkdoohqjlqj

fdqglgdwhv1 Frqwudu| wr hduolhu lqirupdo dqdo|vhv/ wkhuh lv olwwoh vwudwhjlf yrwlqj lq d forvh

hohfwlrq1 Wkh wkhru| vkrzv wkdw wkh odfn ri frpprq nqrzohgjh ri fdqglgdwh vwdqglqj fdq

suhyhqw wkh frruglqdwlrq ri fkdoohqjlqj fdqglgdwhv lq wkh ghihdw ri d glvolnhg wklug sduw|1
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4 Ghfrqvwuxfwlqj Gxyhujhu*v Odz 4

414 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

415 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

416 Yrwlqj Ehkdylrxu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

417 Looxvwudwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

418 Slyrwdo Surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46

419 Frpsdudwlyh Vwdwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

41: Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;

41; Rplwwhg Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

5 Vwudwhjlf Yrwlqj zlwk Frqvwlwxhqf| Xqfhuwdlqw| 54

514 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54

515 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

516 Yrwlqj Ehkdylrxu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5:

517 Htxloleulxp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

518 Looxvwudwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

519 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

6 Vwudwhjlf Yrwlqj zlwk Sulydwh Vljqdov 6;

614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

615 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

616 Yrwhu Ehkdylrxu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

617 Htxloleulxp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79

618 Looxvwudwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83

619 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

61: Rplwwhg Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85
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_Wkh zkroh sureohp zlwk wkh zruog lv wkdw irrov dqg idqdwlfv duh

dozd|v vr fhuwdlq ri wkhpvhoyhv/ exw zlvhu shrsoh vr ixoo ri grxewv1%

Ehuwudqg Uxvvhoo
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41414 Gxyhujhu*v Odz

Wkh whqghqf| ri soxudolw| yrwlqj wr |lhog d wzr0sduw| v|vwhp lv d orqj0khog whqhw1 Lq 4<84/

Pdxulfh Gxyhujhu hohydwhg wklv k|srwkhvlv wr ohjdo vwdwxv1 Lq dq riw0txrwhg sdvvdjh/ kh vwdwhg

wkdw wkh k|srwkhvlv _dssurdfkhv prvw qhduo| shukdsv wr d wuxh vrflrorjlfdo odz% +Gxyhujhu 4<87/

s1 54:,1 Wklv gdulqj vwdwhphqw lv/ krzhyhu/ dffrpsdqlhg e| txdoli|lqj odqjxdjh1 Dv Ulnhu

+4<;5/ s1 :87, qrwhv/ Gxyhujhu*v k|srwkhvhv glvsod| vrph dpeljxlw|/ shukdsv ehvw h{klelwhg e|

wkh vwdwhphqw ri Gxyhujhu*v Odz lwvhoi dv _wkh vlpsoh0pdmrulw| vlqjoh0edoorw v|vwhp idyruv wkh

wzr0sduw| v|vwhp% +Gxyhujhu 4<87/ s1 54:/ hpskdvlv dgghg,1 Wklv vwrsv vkruw ri fodlplqj wkdw

d soxudolw| v|vwhp lv vx�flhqw iru vwulfw elsduwlvp1

Wkh irupxodwlrq ri Gxyhujhu*v Odz hqfrpsdvvhv vwudwhjlf lqwhudfwlrq ehwzhhq erwk srolwlfdo

sduwlhv dqg yrwhuv= Wkh hohfwrudwh uhvsrqgv wr wkh vwdqfh ri srolwlfdo sduwlhv yld yrwh fkrlfh/ dqg

fdqglgdwhv dfw zlwk uhihuhqfh wr erwk sdvw dqg ixwxuh yrwlqj ghflvlrqv1 Lw lv fohdu/ krzhyhu/ wkdw

wkh lq�xhqfh ri wkh yrwlqj phfkdqlvp pxvw vwhp iurp lwv h�hfw rq yrwlqj ehkdylrxu1� Dqdo|vlv/

wkhuhiruh/ pxvw lqfoxgh lqyhvwljdwlrq ri yrwlqj xqghu wkh soxudolw| uxoh/ dqg wkh dvvrfldwhg

glvwulfw ohyho elsduwlvp1 Frqvlghudwlrq ri vwudwhjlf yrwlqj dqg wkh zdvwhg yrwh skhqrphqrq
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Sduw 41 Ghfrqvwuxfwlqj Gxyhujhu*v Odz 5

iroorzv � lqvwuxphqwdoo| udwlrqdo yrwhuv pd| fkrrvh wr yrwh iru vrphrqh rwkhu wkdq wkhlu

suhihuuhg fdqglgdwh1 Dv Gurrs +4;:4, dqg pdq| iroorzhuv kdyh revhuyhg/ d yrwhu pd| qrwlfh

wkdw wkhlu suhihuuhg fdqglgdwh kdv olwwoh fkdqfh ri zlqqlqj wkh hohfwlrq1 Plqgixo ri _zdvwlqj

wkhlu yrwh%/ dq lqglylgxdo pd| vzlwfk wkhlu yrwh wr rqh ri wkh ohdglqj frqwhqghuv1 Vxfk vwudwhjlf

ehkdylrxu ohdgv wr hurvlrq ri vxssruw iru orzhu sodfhg fdqglgdwhv/ idyrxulqj wkh ohdglqj sdlu1

Irupdo dqdo|vhv ri vwudwhjlf yrwlqj kdyh ohg wr d udwkhu gudfrqldq dphqgphqw wr Gxyhujhu*v

Odz1 Wkhvh prghov duh vxuyh|hg e| Jdu| Fr{ +4<<:,/ dqg fodlp wkdw/ xqghu wkh soxudolw| uxoh/

rqo| wzr fdqglgdwhv uhfhlyh yrwhv iurp dq lqvwuxphqwdoo| udwlrqdo hohfwrudwh1 Sdoiuh| +4<;<, lv

d fdvh lq srlqw � klv sdshu suhvhqwv d _pdwkhpdwlfdo surri% wr hqirufh wklv vwulfw yhuvlrq ri

Gxyhujhu*v Odz=

_ = = = zlwk lqvwuxphqwdoo| udwlrqdo yrwhuv dqg ixo�oohg h{shfwdwlrqv/ pxowlfdqglgdwh

frqwhvwv xqghu soxudolw| uxoh vkrxog uhvxow lq rqo| wzr fdqglgdwhv jhwwlqj dq| yrwhv1%

Sdoiuh| h{dplqhv wkh vwdeoh Ed|hvldq Qdvk htxloleuld ri klv prgho/ dqg �qgv wkdw wkh vxssruw

iru dq| wklug fdqglgdwh ydqlvkhv frpsohwho| dv wkh hohfwrudwh jurzv odujh1 Lq frqwudvw wr wklv

suhglfwlrq pdq| soxudolw| yrwlqj v|vwhpv/ lqfoxglqj wkrvh ri wkh XN dqg Lqgld/ h{klelw pxowl0

fdqglgdwh vxssruw12 Fr{ +4<<:, dqg rwkhuv uljkwo| uhfrjqlvh wkdw wkhlu yrwlqj prghov duh

vw|olvhg devwudfwlrqv/ dqg khqfh rqh vkrxog qrw h{shfw wr revhuyh wkhlu h{dfw frqfoxvlrqv1 Lq

wkh oljkw ri Sdoiuh|*v fodlp/ lw lv whpswlqj wr dwwulexwh wkh devhqfh ri vwulfw elsduwlwh hohfwlrq

rxwfrphv wr wkh odfn ri udwlrqdolw| ri yrwhuv/ ru wr plvfrruglqdwlrq rq wkhlu sduw1

41415 D Qhz Wkhru| ri Vwudwhjlf Yrwlqj

Wkh qhz wkhru| uhmhfwv wklv dvvhuwlrq1 Lw revhuyhv wkdw wkh dvvxphg lqghshqghqfh ri yrwhu

suhihuhqfhv gulyhv h{lvwlqj prghov1 Lq uhvsrqvh/ lw ghyhorsv d qhz prgho lq zklfk yrwhuv duh

xqfhuwdlq ri frqvwlwxhqf| zlgh0suhihuhqfhv/ dqg fduhixoo| prghov erwk sxeolf dqg sulydwh lqiru0

pdwlrq vrxufhv xsrq zklfk lqglylgxdov frqglwlrq wkhlu yrwlqj ghflvlrqv1 Dujxlqj wkdw sulydwho|0

revhuyhg lqirupdwlrq vrxufhv duh ri nh| lpsruwdqfh dw d glvwulfw ohyho/ wkh dqdo|vlv vkrzv wkdw

lq wkh sulydwh lqirupdwlrq fdvh vwudwhjlf yrwlqj lv vhoi0dwwhqxdwlqj udwkhu wkdq vhoi0uhlqiruflqj1

Wklv ohdgv wr qrq0Gxyhujhuldq frqfoxvlrqv/ zlwk pxowl0fdqglgdwh vxssruw/ dqg qhz frpsdudwlyh

vwdwlfv1 Vxppdulvlqj/ wkh revhuydwlrq ri vxssruw iru pxowlsoh fdqglgdwhv lq soxudolw| hohfwlrqv

lv shuihfwo| frqvlvwhqw zlwk udwlrqdo ehkdylrxu rq wkh sduw ri lqglylgxdo yrwhuv1

Wkh irupxodwlrq ri wkh wkhru| ehjlqv khuh1 Wklv sduw dqdo|vhv wkh ghflvlrq0wkhruhwlf fdvh/ dqg

h{soruhv wkh lpsolfdwlrqv ri zhdnhqlqj wkh lqghshqghqfh ri yrwhu suhihuhqfhv1 Sduw 5 suhvhqwv
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Sduw 41 Ghfrqvwuxfwlqj Gxyhujhu*v Odz 6

d ixoo| jdph0wkhruhwlf prgho/ lq zklfk lqirupdwlrq shuwdlqlqj wr frqvwlwxhqf|0zlgh suhihuhqfhv

lv rewdlqhg iurp d sxeolf vrxufh1 Lw ghprqvwudwhv wkdw vx�flhqw suhflvlrq lq sxeolf vljqdov lv

uhtxluhg lq rughu wr rewdlq d vwdeoh Gxyhujhuldq rxwfrph1 Ilqdoo|/ Sduw 6 h{whqgv wkh prgho wr

lqfoxgh sulydwh vljqdov1 Wkh dqdo|vlv vkrzv wkdw vwudwhjlf yrwlqj pd| h{klelw qhjdwlyh ihhgedfn/

dqg uhdfkhv d qrq0Gxyhujhuldq frqfoxvlrq1

41416 Yrwlqj dqg Suhihuhqfh Lqghshqghqfh

Wkh dujxphqw ehjlqv khuh lq Sduw 4 e| qrwlqj wkdw d nh| dvvxpswlrq gulyhv Gxyhujhuldq uhvxowv

� wkh dxwkruv flwhg khuh doo vshfli| wkdw wkh suhihuhqfhv ri yrwhuv duh gudzq lqghshqghqwo| iurp

d frpprqo| nqrzq glvwulexwlrq1 Jlyhq d v|pphwulf Ed|hvldq vwudwhj| sur�oh/ lqghshqghqfh

ri suhihuhqfhv ohdgv wr wkh lqghshqghqfh ri yrwlqj ghflvlrqv1 Lq sduwlfxodu/ wkh ohdglqj sdlu

ri fdqglgdwhv lq dq soxudolw| hohfwlrq lv wkhq frpprqo| nqrzq1 Fr{ +4<<:/ s1 :;, klpvhoi

uhfrjqlvhv wklv idfw/ qrwlqj wkdw=

_^D frqglwlrq` qhfhvvdu| wr jhqhudwh sxuh orfdo elsduwlvp lv wkdw wkh lghqwlw| ri

wudlolqj dqg iurqw0uxqqlqj fdqglgdwhv lv frpprq nqrzohgjh1%

Kh k|srwkhvlvhv wkdw idloxuh ri wklv frqglwlrq lv dnlq wr plvfrruglqdwlrq lq wkh Edwwoh ri wkh

Vh{hv1 D udwkhu pruh vxewoh phfkdqlvp lv dw zrun/ krzhyhu1 Wr vhh wklv/ dqg iroorzlqj Kr�0

pdq +4<;5,/ Sdoiuh| +4<;<,/ P|huvrq dqg Zhehu +4<<6, dqg rwkhuv/ qrwh wkdw lq d soxudolw|

phfkdqlvp lw lv qrw wkh yrwlqj suredelolwlhv shu vh wkdw duh ri lqwhuhvw wr d yrwhu1 Lqghhg/ d

vlqjoh lqglylgxdo fdq rqo| lq�xhqfh wkh rxwfrph ri dq hohfwlrq lq wkh hyhqw ri d wlh iru wkh ohdg1

D fdvwlqj yrwh pd| wkhq ghwhuplqh wkh zlqqlqj fdqglgdwh1 Ri lqwhuhvw/ wkhuhiruh/ lv wkh uhodwlyh

olnholkrrg ri wlhv ehwzhhq gl�huhqw sdluv ri fdqglgdwhv1 Zlwk lqghshqghqw yrwlqj suredelolwlhv/

wkh _slyrwdo% suredelolw| ri d wlh ehwzhhq wkh wzr ohdglqj fdqglgdwhv ehfrphv lq�qlwho| juhdwhu

wkdq d wlh ehwzhhq dq| rwkhu sdlu/ dv wkh hohfwrudwh jurzv odujh1 Lw iroorzv wkdw d udwlrqdo yrwhu

fkrrvhv rqh ri wkh wzr ohdglqj fdqglgdwhv/ dqg d Gxyhujhuldq rxwfrph rewdlqv1

Li suhihuhqfh uhdolvdwlrqv duh qrw lqghshqghqw dqg yrwlqj vwudwhjlhv duh qrq0ghjhqhudwh/ wkhq

wklv uhvxow idlov1 Wkh olnholkrrg udwlr ri d wlh ehwzhhq wkh wzr ohdglqj fdqglgdwhv yhuvxv d wlh

ehwzhhq dq| rwkhu sdlu frqyhujhv wr d �qlwh ydoxh dv wkh hohfwrudwh jurzv odujh1 Dq| yrwhu zlwk

d vx�flhqwo| vwurqj suhihuhqfh iru d zlq e| d wklug fdqglgdwh zloo qrw yrwh vwudwhjlfdoo| � d

qrq0Gxyhujhuldq rxwfrph1

Wkh dqdo|vlv h{soruhv wklv revhuydwlrq lq pruh ghwdlo1 D vlpsoh prgho ri d wkuhh fdqglgdwh

hohfwlrq lv frqvwuxfwhg1 Wkh vhwwlqj zloo eh idploldu wr uhdghuv ri Ih| +4<<:,1 Wkhuh duh wzr

w|shv ri yrwhu1 Wkh �uvw suhihu wkh �uvw fdqglgdwh1 Wkh vhfrqg w|sh suhihu erwk ri wkh uhpdlqlqj

fdqglgdwhv wr wkh �uvw1 Wkh prgho irfxvhv rq vwudwhjlf vzlwfklqj ehwzhhq wkh odwwhu fdqglgdwhv1

Lpsruwdqwo|/ dqg lq frqwudvw wr hduolhu dqdo|vhv/ wkh frqvwlwxhqf|0zlgh vxssruw iru wkhvh odwwhu

fdqglgdwhv lv xqfhuwdlq1 Frqvwuxfwlqj wkh rswlpdo yrwlqj uxoh/ wkh nh| vwdwlvwlf lv wkh slyrwdo orj0

olnholkrrg udwlr ri d wlh ehwzhhq hdfk ri wkh wzr fkdoohqjlqj fdqglgdwhv dqg wkh �uvw fdqglgdwh1
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Dv wkh frqvwlwxhqf| vl}h jurzv odujh/ wklv frqyhujhv wr d �qlwh ydoxh/ dqg khqfh wkhuh lv d �qlwh

lqfhqwlyh iru d ghflvlrq0wkhruhwlf vwudwhjlf yrwhu wr vzlwfk fdqglgdwhv1 Lw iroorzv wkdw vwudwhjlf

yrwlqj lv lqfrpsohwh1

Wkh fulwlfdo revhuydwlrq lv wkdw lw lv rqo| wkh xqfhuwdlqw| ryhu frqvwlwxhqf|0zlgh vxssruw wkdw

gulyhv vwudwhjlf yrwlqj1 Wr vhh wklv/ qrwlfh wkdw xqfhuwdlqw| ryhu lqglylgxdo suhihuhqfhv dqg

khqfh ghflvlrqv lv d qhfhvvdu| frpsrqhqw ri vwudwhjlf yrwlqj1 Li wkh rxwfrph ri wkh hohfwlrq lv

fhuwdlq/ wkhq +h{fhsw lq wkh fdvh ri d wlh, d vlqjoh yrwh fdqqrw lq�xhqfh wkh rxwfrph1 Xqfhuwdlqw|

ryhu suhihuhqfhv +dqg khqfh wkh hohfwlrq rxwfrph, uhvxowv lq wkh srvvlelolw| +krzhyhu uhprwh, ri

d wlhg rxwfrph/ dqg khqfh d uaroh iru dq lqglylgxdo yrwhu1 Frqvlghu wkh srvvleoh vrxufhv ri vxfk

xqfhuwdlqw|1 Iluvw/ �{lqj wkh glvwulexwlrq ri yrwhu suhihuhqfhv/ wkh ghflvlrq ri hdfk lqglylgxdo

lv xqfhuwdlq/ vlqfh hdfk yrwhu lv d vlqjoh gudz iurp vxfk d glvwulexwlrq1 Wklv lv lglrv|qfudwlf

xqfhuwdlqw|1 Vhfrqgo|/ d w|slfdo yrwhu pd| eh xqfhuwdlq ri wkh frqvwlwxhqf|0zlgh glvwulexwlrq

iurp zklfk suhihuhqfhv duh gudzq1 Wklv lv frqvwlwxhqf| xqfhuwdlqw|1 Wkh Fr{0Sdoiuh| prgho

dvvxphv wkdw wkh suhihuhqfh glvwulexwlrq lv nqrzq1 Lw iroorzv wkdw wkhlu uhvxowv duh hqwluho| gulyhq

e| lglrv|qfudwlf xqfhuwdlqw|1 E| frqwudvw/ zkhq erwk vrxufhv ri xqfhuwdlqw| duh suhvhqw/ lw lv

rqo| frqvwlwxhqf| xqfhuwdlqw| wkdw pdwwhuv1 Wkh lqwxlwlrq lv fohdu1 Lq d odujh frqvwlwxhqf|/ wkh

lglrv|qfudvlhv ri lqglylgxdov duh dyhudjhg rxw1 Frqvwlwxhqf| xqfhuwdlqw|/ krzhyhu/ lv frpprq

wr doo dqg khqfh qrw dyhudjhg rxw e| wkh Odz ri Odujh Qxpehuv1 Lw iroorzv wkdw wkh Fr{0Sdoiuh|

iudphzrun lv gulyhq e| wkh zurqj idfwruv1

Pdq| ri wkh lghdv r�huhg erwk khuh dqg lq wkh vxevhtxhqw sduwv kdyh ehhq h{soruhg e| suhylrxv

dxwkruv1 Dv Ulnhu qrwhv/ dqdo|vlv ri wkh _zdvwhg yrwh% skhqrphqrq gdwhv edfn wr Gurrs

+4;:4,/ zlwk pruh uhfhqw lqwhuhvw vwhpplqj iurp Gxyhujhu +4<87, dqg Idutxkduvrq +4<9<,1

Wkh pdlq dqwhfhghqwv wr wklv zrun/ krzhyhu/ duh wkh PfNhoyh|0Rughvkrrn +4<:5, ghflvlrq0

wkhruhwlf dqg Fr{ +4<<7,/ Sdoiuh| +4<;<, dqg P|huvrq0Zhehu +4<<6, jdph0wkhruhwlf prghov ri

vwudwhjlf yrwlqj1 Fr{ dqwlflsdwhv wkdw wkh vwulfw elsduwlwh rxwfrphv duh olnho| wr idlo zlwk d

_odfn ri sxeolf lqirupdwlrq derxw yrwhu suhihuhqfhv dqg yrwh lqwhqwlrqv%/ dqg wkh qhz wkhru|

surylghv d irupdolvdwlrq ri wklv suhglfwlrq1

41417 Jxlgh

Wkh dujxphqw lv irupdolvhg lq wkh iroorzlqj vhfwlrqv1 D vlpsoh prgho ri d wkuhh0fdqglgdwh

hohfwlrq lv frqvwuxfwhg lq Vhfwlrq 4151 Doo lqglylgxdov vdyh rqh duh dvvxphg wr yrwh vwudljkwiru0

zdugo|1 Vhfwlrq 416 frqvlghuv wkh rswlpdo yrwlqj ghflvlrq ri wkh orqh vwudwhjlf yrwhu/ dqg holflwv

wkh nh| uaroh ri wkh slyrwdo orj0olnholkrrg udwlr1 Wkh ehkdylrxu ri wklv vwdwlvwlf lv looxvwudwhg

lq Vhfwlrq 417 zlwk d prwlydwlqj h{dpsoh1 Wkh pdlq frqwulexwlrq ri wklv sduw lv lq Vhfwlrq

418/ zlwk dq dqdo|vlv ri wkh dv|pswrwlf ehkdylrxu ri wklv vwdwlvwlf1 Wkh olplwlqj ehkdylrxu lv

looxvwudwhg lq Vhfwlrq 4191 Vhfwlrq 41: frqfoxghv wkh suholplqdu| dujxphqw/ dv d suhfxuvru wr

wkh jdph0wkhruhwlf h{whqvlrqv ri Sduwv 5 dqg 61
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��4 �Naj,

41514 Wkh Hohfwlrq

Wkhuh duh wkuhh fdqglgdwhv lq d vlqjoh0vhdw glvwulfw hohfwlrq/ lqgh{hg e| m 5 i4> 5> 6j1 Srolf|

sodwirupv kdyh ehhq vhw/ dqg khqfh yrwlqj zloo wdnh sodfh zlwkrxw dq| fdqglgdwh dfwlrq1 Wkhuh

duh Q . 4 phpehuv ri wkh hohfwrudwh/ lqgh{hg e| l 5 i3> 4> = = = >Qj/ zkhuh Q @ +4 . ��,q1

Yrwhu 3 lv d irfdo yrwhu/ dqg zloo frqvlghu wkh ehkdylrxu ri wkh uhpdlqlqj Q yrwhuv wr dvvhvv

wkh olnholkrrg ri wkh ydulrxv hohfwrudo rxwfrphv1 Uhdolvhg yrwh wrwdov iru wkh Q yrwhuv l A 3/ iru

hdfk ri wkh wkuhh sduwlhv zloo eh ghqrwhg i{�j��'�/ vr wkdw
S�

�'� {� @ Q @ +4 . ��,q � khqfh

hdfk lqglylgxdo fdvwv d vlqjoh yrwh1 Wkh fdqglgdwh uhfhlylqj wkh odujhvw qxpehu ri yrwhv zlqv

wkh hohfwlrq � d soxudolw| phfkdqlvp1

41515 Yrwhu Ehkdylrxu

Wkh dujxphqw zloo irfxv rq wdfwlfdo yrwh vzlwfkhv ehwzhhq wzr fdqglgdwhv1 Hqylvlrq d vlwxdwlrq

lq zklfk yrwhuv suhihu hlwkhu wkh �uvw fdqglgdwh/ ru dowhuqdwlyho| erwk ri wkh uhpdlqlqj fdqgl0

gdwhv ryhu wkh �uvw fdqglgdwh1 Zlwk wklv lq plqg/ lw lv dvvxphg wkdw d �{hg iudfwlrq ��@+4.��,

ri wkh Q hohfwruv l A 3 zloo yrwh iru fdqglgdwh 4/ vr wkdw {� � ��q1 Wr rewdlq d prgho ri

lqwhuhvw/ wkh iroorzlqj dvvxpswlrq lv xskhog1

Dvvxpswlrq 41 Wkh iudfwlrq �� vdwlv�hv 4@5 ? �� � 41

Qrwlfh wkdw �� A 4 |lhogv d fhuwdlq zlq iru fdqglgdwh 41 �� A 4@5 hqvxuhv wkdw dq| forvh uhvxow

pxvw eh ehwzhhq fdqglgdwh 4 dqg fdqglgdwh m 5 i5> 6j1 Wkurxjkrxw wkh dqdo|vlv/ lw lv lpsolflwo|
dvvxphg wkdw ��q lv lqwhjhu ydoxhg1 Wklv lv zlwkrxw orvv ri jhqhudolw|/ vlqfh doo uhvxowv frqwlqxh

wr krog zkhq {� @ g��qh ru {� @ e��qf1
Wkh prgho lv ghflvlrq0wkhruhwlf/ dqg khqfh wkh Q yrwhuv l A 3 dfw vwudljkwiruzdugo|/ dqg yrwh

iru wkhlu suhihuuhg fdqglgdwh1 Dq lqglylgxdo l uhfhlyhv d sd|r� x�� li fdqglgdwh m zlqv wkh

hohfwlrq1 Lw iroorzv wkdw {� @ ��q lqglylgxdov vdwlvi| x� A pd{ix�2> x��j1 Wkh uhpdlqlqj q

lqglylgxdov +dqg dovr wkh irfdo lqglylgxdo l @ 3, vdwlvi| plqix�2> x��j A x�� � fdqglgdwh 4 lv

wkhlu ohdvw suhihuuhg rswlrq1 Lw iroorzv wkdw {2 . {� @ q1 Wkh irfdo yrwhu l @ 3 lv vkruw0whup

lqvwuxphqwdoo| udwlrqdo= Wklv yrwhu*v ghflvlrq lv ghwhuplqhg vroho| e| lwv dqwlflsdwhg lq�xhqfh

rq wkh rxwfrph ri wkh hohfwlrq1 Lw iroorzv wkdw vxfk d yrwhu pxvw vxssruw hlwkhu fdqglgdwh 5 ru

61 Wkh prgho lv ghvljqhg wr irfxv rq vwudwhjlf yrwh vzlwfkhv ehwzhhq wkhvh wzr rswlrqv1 Zlwk

wklv lq plqg/ wkh iroorzlqj qrwdwlrq lv hpsor|hg1

Gh�qlwlrq 41 Khqfhiruwk/ doo uhihuhqfhv wr _d yrwhu%/ _yrwhuv% ru wkh _hohfwrudwh% zloo uhihu wr

wkh q. 4 vxssruwlqj fdqglgdwhv 5 dqg 61

Vlqfh {� @ ��q/ lw iroorzv wkdw d iudfwlrq �� ri wkhvh q yrwhuv pxvw vxffhvvixoo| frruglqdwh rq

hlwkhu fdqglgdwh 5 ru 6 lq rughu wr ghihdw fdqglgdwh 41 Yrwlqj lv wkxv d frruglqdwlrq jdph
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ehwzhhq wkh q.4 lqglylgxdov1 Zkhuhdv wklv fkdswhu zloo frqvlghu rqo| wkh rswlpdo uhvsrqvh ri

wkh irfdo yrwhu l @ 3/ Fkdswhuv 5 dqg 6 wdnh d ixoo| jdph0wkhruhwlf vwdqfh dqg doorz vwudwhjlf

ehkdylrxu wkurxjkrxw wkh hohfwrudwh1

Lw uhpdlqv wr vshfli| wkh glvwulexwlrq ri suhihuhqfhv zlwklq wkh q . 4 lqglylgxdov vdwlvi|lqj

plqix�2> x��j A x��1 Ghqrwh e| s wkh suredelolw| wkdw d yrwhu suhihuv fdqglgdwh 5/ vr wkdw=

s @ Su^x�2 � x�� m plqix�2> x��j A x��`

Il{lqj s/ wkh prgho wkxv idu lv htxlydohqw wr wkrvh ri suhylrxv dxwkruv/ lqfoxglqj Fr{ +4<<7,

dqg Ih| +4<<:,1 Lq sduwlfxodu/ yrwhu suhihuhqfhv +dqg khqfh wuxwkixo yrwlqj ghflvlrqv, duh

lqghshqghqw1 Lw iroorzv wkdw wkh h{shfwhg yrwh vkduh ri d fdqglgdwh lv nqrzq1 Dsso|lqj wkh

Odz ri Odujh Qxpehuv/ wkh uhdolvhg yrwh vkduhv frqyhujh lq suredelolw| wr wkh h{shfwhg yrwh

vkduhv iru odujh frqvwlwxhqflhv1 Wkh lqghshqghqfh dvvxpswlrq lv uhpryhg e| doorzlqj s wr eh

xqfhuwdlq1

Dvvxpswlrq 51 Wkh irfdo yrwhu l @ 3 lv xqfhuwdlq ri s1 Frqglwlrqdo rq dq| lqirupdwlrq

dydlodeoh/ s wdnhv ydoxhv lq +3> 4, zlwk frqwlqxrxv ghqvlw| i+s, A 3/ zkhuh iM @ vxsRi+s, ?41

Xqfhuwdlqw| ryhu s ohdgv wr lqwhughshqghqfh ri yrwlqj ghflvlrqv1 Wkh ghflvlrq ri rqh lqglylgxdo

|lhogv dq xsgdwhg srvwhulru ryhu s/ dqg khqfh fkdqjhv wkh suredelolw| ri vxevhtxhqw ghflvlrqv1

Wklv lv pdgh fohdu lq wkh h{dpsoh ehorz1

41516 Sdudphwulf H{dpsoh � Wkh Ehwd0Elqrpldo

Wkh Ehwd glvwulexwlrq |lhogv d frqyhqlhqw frqmxjdwh sulru iru wkh elqrpldo glvwulexwlrq � vhh/

iru lqvwdqfh/ Fdvhood dqg Ehujhu +4<<3,1 Wkh Ehwd kdv ghqvlw|=

i+s, @
�+�2 . ��,

�+�2,�+��,
sq23�+4� s,q�3�

Wklv |lhogv �2 @ H^s` @ �2@+�2 . ��,1 Iru frqyhqlhqfh/ �{ �2 @p�2 dqg �� @p+4� �2,1 Wklv

�{hv wkh phdq dw �2/ dqg wkh sdudphwhu p pd| eh xvhg wr ydu| wkh suhflvlrq ri eholhiv1 Wkh

dvvrfldwhg ghqvlw| ehfrphv=

i+s, @
�+p,

�+p�2,�+p+4� �2,,
s6�23�+4� s,6E�3�2�3� +414,

Wr fkhfn wkh suhflvlrq lqwhusuhwdwlrq ri p/ fdofxodwh=

4

ydu^s`
@

+�2 . ��,2+�2 . �� . 4,

�2��
@

p. 4

�2+4� �2,

Wkh glvwulexwlrq lv looxvwudwhg iru �2 @ 65@95 dqg d ydulhw| rip lq Iljxuh 4141 Dv wkh suhflvlrqp

lqfuhdvhv/ wkh glvwulexwlrq frqfhqwudwhv doo pdvv durxqg s @ �2/ dqg khqfh p$4 fruuhvsrqgv
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313 314 315 316 317 318 319 31: 31; 31< 413

s @ Su^x2 A x� m plqix2> x�j A x�`

i+s,

1111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111p @ 83

1111111111111 1111111111111 1111111111111 1111111111111 p @ 53
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Iljxuh 414= Ehwd Sulru iru Ydulrxv p

wr wkh fdvh ri fhuwdlq frqvwlwxhqf|0zlgh vxssruw1 Wkh sduwlfxodu sdudphwulf fkrlfh ri �2 @ 65@95

fruuhvsrqgv wr wkh prwlydwlqj h{dpsoh ri Vhfwlrq 4171

�� XN|�A} �j�B��N�i

D yrwh fdq rqo| lq�xhqfh wkh rxwfrph ri dq hohfwlrq li lw lv slyrwdo1 D slyrwdo vlwxdwlrq dulvhv li

wkhuh lv d wlh iru wkh ohdg1 Li wklv rffxuv/ d vlqjoh fdvwlqj yrwh pd| vzlqj wkh rxwfrph lq idyrxu

ri rqh ri wkh fdqglgdwhv1 Pruh jhqhudoo|/ d yrwhu pd| dovr lq�xhqfh wkh rxwfrph li wkh yrwhv

fdvw iru wkh ohdglqj fdqglgdwhv gl�hu e| d vlqjoh yrwh1 Wkh yrwhu pd| wkhq hqvxuh wkh zlq ri

rqh fdqglgdwh/ ru dowhuqdwlyho| irufh d gudz1 Iru wklv odwwhu fdvh/ wkh wlh0euhdn uxoh dgrswhg lq

wkh hohfwlrq frphv lqwr sod|1

Wkh fkdudfwhulvwlfv ri wkh rswlpdo yrwlqj uxoh duh idploldu1 Uhfdoo wkdw Dvvxpswlrq 4 vwlsxodwhg

�� A 4@5/ vr wkdw {� @ ��q A Q@61 Lw lv fohdu wkdw dq| wlh iru wkh ohdg pxvw lqyroyh fdqglgdwh 41

Wkh srvvlelolwlhv duh wkxv {� @ {2 A {� dqg {� @ {� A {�1 Qhdu wlhv/ iru lqvwdqfh {� @ {2 . 4/

duh dovr uhohydqw1 Ghqrwh wkh _slyrwdo% suredelolwlhv/ frqglwlrqdo rq wkh lqirupdwlrq ri wkh irfdo

yrwhu l @ 3 e| t2 dqg t� uhvshfwlyho|=

t� @ Su^��q� 4 � {� � ��q` iru m 5 i5> 6j

Wkhvh duh wkh slyrwdo suredelolwlhv ri fdqglgdwhv 5 dqg 6 o|lqj lq wlhg +ru qhdu0wlhg, frqwhqwlrq

iru wkh ohdg zlwk fdqglgdwh 41

Ohppd 41 D w|slfdo lqglylgxdo yrwhv iru sduw| 5 li dqg rqo| li t2+x2 � x�, � t�+x� � x�,1
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Li wkhuh lv d wlh ehwzhhq fdqglgdwhv 4 dqg 5/ wkh yrwhu fdq vkliw wkh uhvxow iurp fdqglgdwh 5/

vr jdlqlqj x2 � x�1 Wkh yrwhu orvhv wkh rssruwxqlw| wr pdnh wkh fdvwlqj yrwh lq d wlh ehwzhhq

fdqglgdwhv 4 dqg 6/ vdful�flqj x� � x�1 Wkh yrwlqj uxoh wulyldoo| iroorzv1� Wklv vnhwfk qhjohfwv

wkh rxwfrphv iurp d ghdg wlh1 D ixoohu surri iroorzv1

Surri ri Ohppd 4= Uhfdoo wkdw wkh uhvwulfwlrq lv wr yrwhuv l vdwlvi|lqj plqix�2> x��j A x��1 D

yrwhu zloo qhyhu �qg lw rswlpdo wr yrwh iru fdqglgdwh 4/ dqg khqfh zloo fkrrvh wr yrwh iru rqh ri

fdqglgdwhv m 5 i5> 6j1 Li {� A ��q/ wkhq fdqglgdwh m zloo zlq zlwkrxw wkh vxssruw ru rwkhuzlvh

ri yrwhu l/ dqg khqfh wkh yrwh kdv qr lq�xhqfh1 Vlploduo|/ li pd{i{�j ? ��q� 4/ wkh dgglwlrqdo

yrwh grhv qrw lq�xhqfh wkh hohfwlrq1 Li/ krzhyhu/ iru vrph m 5 i5> 6j wkhuh lv d wlh {� @ ��q/

wkhq dq dgglwlrqdo yrwh iru fdqglgdwh m zloo |lhog d zlq1 Vlploduo|/ li {� @ ��q � 4/ wkhq dq

dgglwlrqdo yrwh iru fdqglgdwh m zloo irufh d wlh1 Lpsrvh wkh dvvxpswlrq wkdw wkdw wlhv duh eurnhq

dw udqgrp/ fruuhvsrqglqj wr Eulwlvk hohfwrudo frqyhqwlrq1 Wkhq wkh srwhqwldo rxwfrphv dqg

sd|r�v iurp yrwlqj iru fdqglgdwhv m 5 i5> 6j duh dv iroorzv=

Hyhqw x+Yrwh 5, x+Yrwh 6, x+Yrwh 5,� x+Yrwh 6,

{2 @ ��q� 4 ��2n���
2 x��

��23���
2

{2 @ ��q x�2
��2n���

2
��23���

2

{� @ ��q� 4 x��
���n���

2 ����3���
2

{� @ ��q
���n���

2 x�� ����3���
2

Dvvhpeolqj wkhvh sd|r�v/ wkh rswlpdo uxoh lv fohduo|=

Yrwh 5 / Su^��q � {2 � ��q� 4`
x�2 � x��

5
� Su^��q � {� � ��q� 4`

x�� � x��
5

Uhfdoolqj wkh gh�qlwlrq ri t�/ wklv lv wkh ghvluhg uhvxow1

D ixuwkhu lpsolflw dvvxpswlrq ri Ohppd 4 lv wkdw plqit�j A 31 Vxfk d frqglwlrq uxohv rxw

Gxyhujhuldq rxwfrphv/ zkhuh doo q yrwhuv vxssruw rqo| rqh ri wkh fdqglgdwhv m 5 i5> 6j1 Lq

wklv fdvh/ xqohvv �� @ 4/ wkh wlh suredelolwlhv duh h{dfwo| }hur1 Zlwklq vxfk d vfhqdulr/ d yrwhu

lv h{dfwo| lqgl�huhqw ehwzhhq wkh wzr rswlrqv � iru srvlwlyh t� wklv lv +jhqhulfdoo|, qhyhu wkh

fdvh1 Lq wkh ghflvlrq0wkhruhwlf dqdo|vlv ri wklv sduw/ wkh irfdo yrwhu dfwv rq wkh dvvxpswlrq ri

vwudljkwiruzdug yrwlqj e| wkh uhpdlqghu ri wkh hohfwrudwh/ dqg wklv fdvh zloo qhyhu dulvh1 Wkh

jdph0wkhruhwlf dqdo|vlv ri Sduwv 5 dqg 6 pxvw dgguhvv wklv lvvxh/ krzhyhu/ zkhq frqvlghulqj

wkh srvvlelolw| ri Gxyhujhuldq htxloleuld1 Iru srvlwlyh t�/ wkh iroorzlqj qrwdwlrq lv lqwurgxfhg1

Gh�qlwlrq 51 Wkh +shufhlyhg, orj0olnholkrrg udwlr ri slyrwdo suredelolwlhv lv � @ orj+t2@t�,1

Xvlqj wklv qrwdwlrq dqg Ohppd 4/ wkh rswlpdo yrwlqj uxoh ehfrphv=

Yrwh 5 / orj
x�2 � x��
x�� � x��

. � � 3

��? @tt�4T|�L? �4T*�U�| |L wi44@ � �t |�@| @? �?_�gihi?| �L|ih U@t|t |�i�h �L|i uLh U@?_�_@|i 2� A��t �t
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Khqfh wkh nh| vwdwlvwlf ri lqwhuhvw wr d yrwhu lv wkh orj0olnholkrrg udwlr �1 Wkh wudghr� lv fohdu1 D

vwudwhjlf yrwhu edodqfhv wkh uhodwlyh olnholkrrg ri hdfk fdqglgdwh m frqwhqglqj iru wkh ohdg djdlqvw

wkh uhodwlyh suhihuhqfh iru d zlq e| hdfk ri wkh wzr fdqglgdwhv1 Qrwlfh dovr wkdw � surylghv dq

h{dfw phdvxuh ri wkh lqfhqwlyh iru d yrwhu wr dfw vwudwhjlfdoo|1 Lq sduwlfxodu/ li dq lqglylgxdo

yrwhv vwudljkwiruzdugo|/ wkhq wkh| yrwh iru fdqglgdwh 5 zkhqhyhu orj+x2 � x�, � orj+x� � x�,1

Wklv lv htxlydohqw wr xvlqj wkh rswlpdo yrwlqj uxoh zlwk � @ 31

��g Y,,�t|iB|�NA

41714 Vwudwhjlf Yrwlqj zlwk Fhuwdlq Fdqglgdwh Vkduhv

Wkh nh| dvvxpswlrqv ehklqg wkh Gxyhujhuldq frqfoxvlrqv duh ehvw xqghuvwrrg zlwk uhihuhqfh

wr wkh iroorzlqj h{dpsoh1 Wr dyrlg wkh qxphulf uhihuhqfh ri fdqglgdwhv/ wkh qdphv ri wkh wkuhh

pdlq Eulwlvk srolwlfdo sduwlhv kdyh ehhq hpsor|hg1e Qhhgohvv wr vd|/ wkh h{dpsoh lv shgdjrjlfdo

dqg khqfh qrw ghvljqhg wr uhsuhvhqw dq| sduwlfxodu frqvwlwxhqf|1

H{dpsoh 41 Lq d wkuhh fdqglgdwh soxudolw| hohfwlrq/ wkh hohfwruv fdvw wkhlu yrwhv wuxwkixoo|1

Yrwhu suhihuhqfhv duh lqghshqghqw1 Wkh h{shfwhg yrwh vkduhv duh=

Fdqglgdwh Vkduh

4 Frqvhuydwlyh 316;

5 Oderxu 3165

6 Olehudo Ghprfudw 3163

Lq H{dpsoh 4/ wkh Frqvhuydwlyh fdqglgdwh lv lghqwl�hg dv wkh ohdghu1 Wkh wudlolqj Oderxu dqg

Olehudo Ghprfudw fdqglgdwhv duh forvh/ exw zlwk Oderxu voljkwo| dkhdg1 Qrwlfh wkdw wkh dv0

vxpswlrq ri lqghshqghqw yrwlqj suredelolwlhv lv uhwdlqhg1 Htxlydohqwo|/ wkh yrwlqj suredelolwlhv

duh nqrzq zlwk fhuwdlqw|1 Hpsor|lqj wkh soxudolw| uxoh/ wkh zlqqhu lv wkh fdqglgdwh uhfhlylqj

wkh prvw yrwhv1 Vwudljkwiruzdug yrwlqj ohdgv wr d Frqvhuydwlyh zlq1

Frqvlghu wkh lqwurgxfwlrq ri dq lqvwuxphqwdoo| udwlrqdo yrwhu1 Dv lv vwdqgdug/ vxfk dq lqglylgxdo

fduhv rqo| derxw wkhlu yrwh lqvridu dv lw h�hfwv wkh rxwfrph ri wkh hohfwlrq1 Wkhlu rswlpdo

fkrlfh pd| lqyroyh vzlwfklqj wkhlu yrwh dzd| iurp wkhlu suhihuuhg fdqglgdwh1 Vxssrvh wkdw

wkh hohfwrudwh lv ri vl}h Q 1 Fr{ +4<<:/ s1 :8, lqgh{hv wkh fdqglgdwhv e| m/ dqg ghqrwhv wkh

eW? |�i �h�|�t� Bi?ih@* ,*iU|�L? Lu �bb.c |�i w@ML�h @?_ w�Mih@* #i4LUh@| LTTLt�|�L? T@h|�it U�@**i?}i_ |�i
�?U�4Mi?| �L?tih�@|��i �@h|)� ��h|�Ui @?_ 5|ii_ E�bb.� ?L|i |�@| �? ti@|t �i*_ M) |�i �L?tih�@|��itc �L|iht
t��|U�i_ Mi|�ii? i@U� Lu |�i LTTLt�|�L? T@h|�it �? @? @||i4T| |L _�t*L_}i |�i �?TLT�*@h �?U�4Mi?|� 6� �?}
|�i �L?tih�@|��i �L|i t�@hi @?_ i @4�?�?} t��|U��?} Mi|�ii? w@ML�h @?_ |�i w�Mih@* #i4LUh@|t ThL��_it @
hi@tL?@M*i tTiU��U@|�L?� 5ii ��|*ih @?_ k@�@?@}� E�bb.� uLh 4Lhi _i|@�*t Lu |�i �h�|�t� }i?ih@* i*iU|�L?� W| �t
�Lh|����*i ?L|�?} |�@| �? �h�|�t� }i?ih@* i*iU|�L?t t|h@|i}�U t��|U��?} �@t LUU�hhi_ Mi|�ii? @** TL*�|�U@* T@h|�it�
W| uL**L�t |�@| |�i 4L_i* UL?t�_ihi_ �ihi �t ?L| i @U| Q h@|�ihc �| �**�t|h@|it |�i !i) u@U|Lht �?��i?U�?} |�i
_iU�t�L? Lu @ t|h@|i}�U �L|ih�
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dvvrfldwhg yrwlqj suredelolwlhv e| �� / zkhuh wkh ohdglqj fdqglgdwhv duh m 5 i4> 5j1 Kh h{sodlqv
wkh vwdqgdug vwudwhjlf yrwlqj orjlf dv iroorzv=

_Li 3 ? �� ? �2 wkhq fdqglgdwh m lv yluwxdoo| vxuh wr orvh iru vx�flhqwo| odujh Q /

dqg yrwlqj iru wkh prvw sdodwdeoh ri wkh fdqglgdwhv prvw olnho| wr eh wlhg iru �uvw

|lhogv d kljkhu h{shfwhg xwlolw| wkdq yrwlqj iru m1%

Wkh �uvw sduw ri wklv vwdwhphqw lv hpsw| � iru vx�flhqwo| odujh Q / fdqglgdwh 5 lv dovr _yluwxdoo|

vxuh wr orvh%1 Lqghhg/ lq H{dpsoh 4/ zlwk d odujh hohfwrudwh/ wkh Frqvhuydwlyh fdqglgdwh zloo

zlq zlwk qhdu fhuwdlqw| � wklv lv d vlpsoh frqvhtxhqfh ri wkh Odz ri Odujh Qxpehuv1 Wkh nh|

fulwhulrq +dv Fr{ fruuhfwo| uhfrjqlvhv, lv wkh suredelolw| ri d fdqglgdwh ehlqj lq wlhg frqwhqwlrq

iru wkh ohdg � d slyrwdo rxwfrph1 Dowkrxjk wklv lv d uhprwh srvvlelolw|/ lw lv wkh rqo| lqvwdqfh

lq zklfk dq h{wud yrwh fdq vzlqj wkh rxwfrph ri wkh hohfwlrq1 Wklv slyrwdo suredelolw| ehfrphv

ydqlvklqjo| vpdoo dvQ jurzv odujh1 Dq lqvwuxphqwdoo| udwlrqdo yrwhu/ krzhyhu/ lv rqo| lqwhuhvwhg

lq wkh uhodwlyh olnholkrrg ri wkh ydulrxv srvvleoh slyrwdo srvvlelolwlhv jlyhq wkdw d slyrwdo rxwfrph

dfwxdoo| rffxuv � li d slyrwdo rxwfrph grhv qrw rffxu/ d vlqjoh yrwh fduulhv qr zhljkw dqg khqfh

vxfk vlwxdwlrqv duh luuhohydqw1 Wkhvh duh frqglwlrqdo slyrwdo suredelolwlhv � iru lqvwdqfh/ wkh

suredelolw| ri d Frqvhuydwlyh0Oderxu wlhD/ jlyhq wkdw d wlh ehwzhhq dq| wzr fdqglgdwhv rffxuv1

Wr vkdushq wkh dqdo|vlv/ sodfh H{dpsoh 4 lqwr wkh prgho ri Vhfwlrq 4151 Il{ wkh Frqvhuydwlyh

yrwh dw {� @ ��q/ dqg wkh wrwdo hohfwrudwh dw Q @ +4 . ��,q/ zkhuh �� @ 3=6;@3=951 Lqvshfwlqj

wkh vshfl�fdwlrq ri H{dpsoh 4/ lw lv fohdu wkdw dq| slyrwdo rxwfrph pxvw lqyroyh wkh Frqvhu0

ydwlyh fdqglgdwh1 Pruhryhu/ rqh pljkw lqwxlwlyho| h{shfw wkdw d Frq0Ode wlh iru wkh ohdg lv

pruh olnho| wkdq d Frq0OleGhp wlh1 Zlwk wklv lq plqg/ d Olehudo Ghprfudw vxssruwhu pljkw

vzlwfk wr Oderxu lq dq dwwhpsw wr suhyhqw d Frqvhuydwlyh zlq � ru lqghhg ylfh yhuvd1 Lq d

ghflvlrq wkhruhwlf vhwwlqj/ rqh fdq wkxv h{shfw dw ohdvw vrph vwudwhjlf yrwlqj1 Wklv ohdyhv rshq

wkh txhvwlrq ri zkhwkhu wklv vwudwhjlf yrwlqj zloo eh frpsohwh1 Fohduo|/ d Olehudo Ghprfudw

vxssruwhu zloo qhhg wr edodqfh d suhihuhqfh iru wkhlu �uvw fkrlfh djdlqvw wkh uhodwlyh olnholkrrg

ri wkh gl�huhqw wlh suredelolwlhv1 Vlqfh wkh Oderxu dqg Olehudo Ghprfudw fdqglgdwhv duh _forvh%

lq H{dpsoh 4/ rqh pljkw h{shfw wkh frqglwlrqdo slyrwdo suredelolwlhv wr eh forvh/ dqg wkxv

d vx�flhqwo| frpplwwhg Olehudo Ghprfudw pd| �qg lw rswlpdo wr yrwh wuxwkixoo|1 Lqwxlwlrq/

krzhyhu/ lv lqvx�flhqw wr uhdfk wklv frqfoxvlrq � fdofxodwlrq ri wkh uhohydqw suredelolwlhv lv

qhfhvvdu|1

Iljxuh 415 suhvhqwv wkh frqglwlrqdo slyrwdo suredelolwlhv iru H{dpsoh 41 Wkh| duh fdofxodwhg iru

d udqjh ri hohfwrudwh vl}hv1 Hyhq iru vpdoo hohfwrudwhv lw lv idu pruh olnho| wkdw d Frq0Ode wlh lv

revhuyhg wkdq dq| rwkhu wlh iru wkh ohdg1 Lq idfw/ iru q @ 833/ d Frq0Ode wlh lv dssur{lpdwho|

4833 wlphv pruh olnho| wkdq d Frq0OleGhp wlh1 Iru odujhu q/ dq| wlh lv yluwxdoo| fhuwdlq wr eh

ehwzhhq wkh Frqvhuydwlyh dqg Oderxu fdqglgdwhv1
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Iljxuh 415= Slyrwdo Suredelolwlhv iru Fhuwdlq s @ �2 @ 3=65@3=95

3 533 733 933 ;33 4333

q @ {2 . {� @ Q@+4 . ��,
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Iljxuh 416= Slyrwdo Suredelolwlhv iru Xqfhuwdlq s
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Wklv h{dpsoh fohduo| looxvwudwhv wkh gulylqj irufh ehklqg wkh vwulfw yhuvlrq ri Gxyhujhu*v Odz1

Krzhyhu forvh wkh wudlolqj sduwlhv duh/ dv wkh hohfwrudwh vl}h jurzv odujh wkh frqglwlrqdo slyrwdo

suredelolw| ri d wlh ehwzhhq wkh ohdglqj wzr sduwlhv dssurdfkhv 41 Doprvw doo lqvwuxphqwdoo|

udwlrqdo yrwhuv zloo wkxv vzlwfk wkhlu yrwh wr wkhlu suhihuuhg fdqglgdwh iurp wkh wzr ohdghuv1

Qrwlfh wkdw jdph wkhruhwlf uhdvrqlqj lv xqqhfhvvdu| � d Gxyhujhuldq rxwfrph rewdlqv zlwkrxw

wkh qhhg iru d yrwhu wr frqvlghu wkh vwudwhjlf dfwlrqv ri rwkhuv1 Ri frxuvh/ li wkh| gr frqvlghu wklv/

lw rqo| vhuyhv wr uhlqirufh wkh h�hfw1 Hvvhqwldoo|/ zlwk d odujh hohfwrudwh wkhuh lv qr xqfhuwdlqw|

uhpdlqlqj lq wkh plqg ri d yrwhu1 Doo ri wkh lglrv|qfudv| ri lqglylgxdo hohfwruv lv dyhudjhg rxw

e| wkh hohfwrudwh vl}h1

41715 Vwudwhjlf Yrwlqj zlwk Xqfhuwdlq Fdqglgdwh Vkduhv

Wkh frqfoxvlrqv ri H{dpsoh 4 duh erwk xqlqwxlwlyh dqg xqdwwudfwlyh1 Iru dq xqerxqghgo|

odujh hohfwrudwh/ wkh prgho lpsolhv wkdw yrwhuv duh fhuwdlq wkdw wkh Frqvhuydwlyh dqg Oderxu

fdqglgdwhv duh wkh ohdghuv/ dqg pruhryhu duh fhuwdlq wkdw wkh Olehudo Ghprfudw fdqglgdwh zloo

qhyhu eh lq frqwhqwlrq iru wkh ohdg1 Fhuwdlqw| ryhu yrwlqj suredelolwlhv pd| eh d vlpsoli|lqj

dvvxpswlrq/ exw lw lv wkh ihdwxuh wkdw gulyhv doo wkh uhvxowv1 Wklv revhuydwlrq lv looxplqdwhg zlwk

uhihuhqfh wr wkh iroorzlqj h{whqvlrq ri H{dpsoh 41

H{dpsoh 51 Uhwdlqlqj wkh iudphzrun ri H{dpsoh 4/ lq d wkuhh fdqglgdwh soxudolw| hohfwlrq/

wkh hohfwruv fdvw wkhlu yrwh wuxwkixoo|1 Frqglwlrqdo rq nqrzohgjh ri frqvwlwxhqf|0zlgh vxssruw/

yrwhuv duh lqghshqghqw1 Dv ehiruh/ wkh Frqvhuydwlyh vkduh lv �{hg dw 316;1 Wkhuh lv xqfhuwdlqw|/

krzhyhu/ ryhu wkh suredelolw| ri d yrwhu vxssruwlqj wkh Oderxu fdqglgdwh/ uhsuhvhqwhg e| d Ehwd

sulru ryhu s/ zlwk H^s` @ �2 @ 3=65@3=951

Lq H{dpsoh 5/ wkh dvvxpswlrq ri fhuwdlq yrwlqj suredelolwlhv lv uhod{hg1 Zkhuhdv wkh Frqvhu0

ydwlyh yrwh vkduh lv nqrzq/ wkhuh lv xqfhuwdlqw| ryhu wkh Oderxu +dqg khqfh Olehudo Ghprfudw,

yrwlqj suredelolwlhv1 Wkh Ehwd glvwulexwlrq ri s lv wkdw ghvfulehg lq Vhfwlrq 41516/ zlwk p @ 73/

�2 @ p�2 dqg �� @ p+4 � �2,1 Wkh h{shfwhg ydoxh ri wklv glvwulexwlrq lv �2 @ 3=65@3=951 D

yrwhu lq lvrodwlrq lv eholhyhg wr vxssruw Oderxu zlwk wklv suredelolw| � iru d vlqjoh lqglylgxdo/

wkh yrwlqj suredelolwlhv ri H{dpsoh 4 duh uhwdlqhg1 Wklv grhv qrw h{whqg wr pxowlsoh yrwhuv1

Li d yrwhu lv nqrzq wr vxssruw Oderxu/ wklv lv d vljqdo ri d kljkhu Oderxu vxssruw suredelolw|1

Dq dgglwlrqdo yrwhu zrxog eh h{shfwhg wr vxssruw Oderxu zlwk suredelolw| juhdwhu wkdq �21 Lw

iroorzv wkdw wkh suhihuhqfhv ri hohfwruv duh qr orqjhu lqghshqghqw1 Wklv lqydolgdwhv wkh dssolfd0

wlrq ri wkh Odz ri Odujh Qxpehuv1 Dv d frqvhtxhqfh/ wkh rxwfrph ri dq hohfwlrq +zlwk wuxwkixo

ehkdylrxu, lv qr orqjhu fhuwdlq lq odujh hohfwrudwhv1 Wkh irfdo yrwhu eholhyhv wkdw wkh Oderxu

fdqglgdwh lv wkh prvw olnho| fkdoohqjhu/ exw lv qrw fhuwdlq wkdw wklv lv vr1

Rqfh djdlq/ lw lv qrw wkh yrwlqj suredelolwlhv wkdw ghwhuplqh wkh ehkdylrxu ri dq lqvwuxphqwdoo|

udwlrqdo yrwhu/ exw udwkhu wkh frqglwlrqdo slyrwdo suredelolwlhv1 Iljxuh 416 sorwv wkhvh suredelo0

lwlhv iru H{dpsoh 51 Qrwlfh wkdw wkh frqglwlrqdo suredelolw| ri d Frq0OleGhp wlh grhv qrw idoo

wr }hur1 Ri frxuvh/ d Frq0Ode wlh lv pruh olnho| wkdq d Frq0OleGhp wlh/ dqg khqfh wkhuh zloo
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eh dw ohdvw vrph lqfhqwlyh iru vwudwhjlf yrwlqj iurp wkh Olehudo Ghprfudw wr Oderxu1 Vlqfh wkh

srvvlelolw| ri OleGhp frqwhqwlrq lv vwloo rshq/ krzhyhu/ d vx�flhqwo| sduwlvdq Olehudo Ghprfudw

vxssruwhu zloo �qg lw rswlpdo wr yrwh wuxwkixoo|1 Vwudwhjlf yrwlqj lv qrw frpsohwh1 Lw iroorzv

wkdw/ lq d ghflvlrq0wkhruhwlf hqylurqphqw/ wkh vwulfw yhuvlrq ri Gxyhujhu*v Odz idlov1

Iljxuh 416 vxjjhvwv wkdw wkh frqglwlrqdo slyrw suredelolwlhv whqg wr vrph �qlwh olplwlqj ydoxh

dv wkh frqvwlwxhqf| vl}h jurzv odujh1 Pruhryhu/ wklv olplw lv dssurdfkhg iru uhodwlyho| vpdoo

frqvwlwxhqf| vl}hv1 Wkh dqdo|vlv ri Vhfwlrq 418 lqyhvwljdwhv1

��F ���N|B, �iNVji|�jt

Vhfwlrq 416 kljkoljkwhg wkh slyrwdo orj0olnholkrrg udwlr � @ orj+t�@t2, dv wkh fohdu vwdwlvwlf ri

lqwhuhvw1 Pruhryhu/ wkh vhfrqg looxvwudwlyh h{dpsoh ri Vhfwlrq 417 vxjjhvwhg d �qlwh olplwlqj

ydoxh iru � iru odujh frqvwlwxhqflhv1 Wklv vhfwlrq surylghv d irupdo lqyhvwljdwlrq ri lwv olplwlqj

surshuwlhv1 Wkh �uvw vwhs lv wkh hydoxdwlrq ri wkh slyrwdo suredelolwlhv it�j1
Ohppd 51 Wkh slyrwdo suredelolw| t2/ frqglwlrqdo rq wkh lqirupdwlrq ri d w|slfdo yrwhu lv=

t2 @
q$

+��q,$++4� ��,q,$

] �

f

�
s��+4� s,�3��

�?�
4 .

4� s

s

��
4� �� . 4@q

�
i+s, gs +415,

D v|pphwulf h{suhvvlrq krogv iru t�1

Surri1 Vlpsoh dssolfdwlrq ri wkh elqrpldo glvwulexwlrq � vhh Vhfwlrq 41;1

Qrwlfh wkdw wkh slyrwdo suredelolwlhv t� ydqlvk dv q jurzv odujh � zlwk d odujh hohfwrudwh/ wkh

suredelolw| ri revhuylqj d wlhg rxwfrph ehfrphv ydqlvklqjo| vpdoo1 Udwkhu wkdq wkhvh slyrwdo

suredelolwlhv/ lw lv wkh orj0olnholkrrg udwlr � wkdw lv ri lqwhuhvw1 Zlwk xqfhuwdlqw| ryhu s/ wklv

frqyhujhv wr dq dwwudfwlyh h{suhvvlrq1 Wkh iroorzlqj sursrvlwlrq lv wkh fhqwudo frqwulexwlrq ri

wklv sduw/ dqg zloo eh nh| lq wkh jdph0wkhruhwlf dqdo|vhv ri Sduwv 5 dqg 61

Sursrvlwlrq 41 Doorzlqj wkh hohfwrudwh vl}h wr jurz odujh=

olp
?<"

orj
t2
t�

@ orj
i+��,

i+4� ��,

H{dplqlqj Htxdwlrq +415,/ qrwlfh wkdw wkh lqwhjudqg ydqlvkhv wr }hur gxh wr wkh ohdglqj whup

^s��+4 � s,�3�� `?1 Dv q jurzv/ wklv h{suhvvlrq ehfrphv lqfuhdvlqjo| pruh shdnhg durxqg lwv

pd{lpxp1 Wklv pd{lpxp rffxuv dw s @ ��/ dqg khqfh rqo| ghqvlw| dw wklv srlqw frqwulexwhv

dq| zhljkw1 E| frqwudvw/ wkh lqwhjudqg ri t� lv pd{lplvhg dw 4 � ��1 D irupdo surri gudzv

xsrq iurp wkh iroorzlqj ohppdwd1

Ohppd 61 Iru odujh frqvwlwxhqflhv/ wkhuh lv htxdo suredelolw| ri d wlh ru qhdu0wlh=

olp
?<"

Su^{� @ ��q`

Su^{� @ ��q� 4`
@ 4
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Surri1 Wkh irupdo surri plplfv wkdw ri Ohppd 7 � vhh Vhfwlrq 41;

Ohppd 71 Iru odujh frqvwlwxhqflhv/ wkh olnholkrrg udwlr ri h{dfw wlhv whqgv wr i+��,@i+4� ��,=

olp
?<"

�
Su^{2 @ ��q`

Su^{� @ ��q`

�
@

i+��,

i+4� ��,

Surri1 Ehjlq e| uhfdoolqj wkh irupxodh iru Su^{2 @ ��q` 1 Lw iroorzv wkdw=

Su^{2 @ ��q`

Su^{� @ ��q`
@

U �
f

�
s��+4� s,�3��

�?
i+s,gsU �

f ^+4� s,��s�3��`? i+s,gs
@

U �
f

�
s��+4� s,�3��

�?
i+s,gsU �

f ^s
��+4� s,�3�� `? i+4� s,gs

zkhuh wkh vhfrqg lqhtxdolw| iroorzv iurp d vlpsoh fkdqjh ri yduldeohv lq wkh ghqrplqdwru1

Lqwurgxfh wkh qrwdwlrq J+s,=

J+s, @
s��+4� s,�3��

���� +4� ��,�3��
, Su^{2 @ ��q`

Su^{� @ ��q`
@

U �
f J+s,

?i+s,gsU �
f J+s,

?i+4� s,gs
+416,

Qrwlfh wkdw J+s, lv lqfuhdvlqj iurp J+3, @ 3/ dwwdlqlqj d pd{lpxp ri J+��, @ 4 dw s @ ��/

dqg wkhq ghfolqlqj edfn wr J+4, @ 31 Qh{w �{ 4@5 A � A 31 Iru qrwdwlrqdo frqyhqlhqfh/ gh�qh=

iuc"+{, @ lqi
%3"$R$%n"

i+s,

iMc"+{, @ vxs
%3"$R$%n"

i+s,

iM @ vxs
f$R$�

i+s,

Khuh wkh dvvxpswlrq wkdw i+s, lv erxqghg deryh kdv ehhq xvhg1 Hpsor|lqj wklv qrwdwlrq/

irupxodwh dq xsshu erxqg iru wkh udwlr lq Htxdwlrq +416,=

Su^{2 @ ��q`

Su^{� @ ��q`
�

iMc"+��,
U ��n"
��3"

J+s,?gs. iM
kU ��3"

f J+s,?gs.
U �
��n"

J+s,?gs
l

iuc"+4� ��,
U ��n"
��3"

J+s,?gs
+417,

Wkh uljkw kdqg vlgh ri Htxdwlrq +417, kdv wkuhh whupv1 Wkhvh zloo eh frqvlghuhg lq wxuq1 Iluvw=

iMc"+��,
U ��n"
��3"

J+s,?gs

iuc"+4� ��,
U ��n"
��3"

J+s,?gs
@

iMc"+��,

iuc"+4� ��,

Qh{w frqvlghu wkh vhfrqg whup1 J+s, lv lqfuhdvlqj iurp �� � � wr �� dqg khqfh=

] ��n"

��3"

J+s,?gs �
] ��

��3"

J+s,?gs � �J+�� � �,?
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Iljxuh 417= Ehwd Sulru Ryhu s iru p @ 73

Wdnlqj wkh vhfrqg whup/ dqg doorzlqj q$4/ lw iroorzv wkdw=

U ��3"
f J+s,?gsU ��n"
��3"

J+s,?gs
� 4

�

] ��3"

f

�
J+s,

J+�� � �,

�?
gs �$ 3

zklfk krogv vlqfh J+s, ? J+�� � �, iru doo s ? �� � �1 Dq lghqwlfdo dujxphqw hqvxuhv wkdw wkh

wklug whup ydqlvkhv1 Frqfoxgh iurp wklv wkdw=

olp
?<"

Su^{2 @ ��q`

Su^{� @ ��q`
� iMc"+��,

iuc"+4� ��,

Qrwlfh qrz wkdw � pd| eh fkrvhq duelwudulo| vpdoo1 Lw iroorzv wkdw=

olp
?<"

Su^{2 @ ��q`

Su^{� @ ��q`
� olp

"<f

iMc"+��,

iuc"+4� ��,
@

i+��,

i+4� ��,

D v|pphwulf surfhgxuh erxqgv wkh olplw ehorz/ dqg wkh uhvxow rewdlqv1

Frpelqh Ohppdwd 6 dqg 7 wr rewdlq wkh surri ri Ohppd 51

Surri ri Sursrvlwlrq 4= Hpsor|lqj Ohppdwd 7 dqg 6/ lw lv fohdu wkdw=

t2
t�

@
Su^{2 @ ��q`+4 . Su^{2 @ ��q� 4`@Su^{2 @ ��q`,

Su^{� @ ��q`+4 . Su^{� @ ��q� 4`@Su^{� @ ��q`,
$ i+��,

i+4� ��,

Wklv suryhv wkh ghvluhg uhvxow1
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D qxpehu ri revhuydwlrqv duh shuwlqhqw1 Iluvw/ qrwlfh wkdw wkh slyrwdo orj0olnholkrrg udwlr

� frqyhujhv wr d �qlwh ydoxh dv wkh frqvwlwxhqf| jurzv odujh1 Vhfrqg � dqg shukdsv pruh

lpsruwdqwo| � Sursrvlwlrq 4 lpsolhv wkdw vwudwhjlf yrwlqj lv hqwluho| gulyhq e| xqfhuwdlqw| ryhu

wkh suredelolw| s1 Lw lv wkh xqfhuwdlqw| ryhu wkh frqvwlwxhqf|0zlgh vxssruw ri wkh fdqglgdwhv/

udwkhu wkdq xqfhuwdlqw| ryhu wkh lglrv|qfudwlf ehkdylrxu ri d sduwlfxodu lqglylgxdo wkdw gulyhv

vwudwhjlf yrwlqj1 Iljxuh 417 looxvwudwhv wklv srlqw iru H{dpsoh 51 Iru odujh q/ � frqyhujhv wr

wkh orj0olnholkrrg udwlr ri dq h{dfw wlh lq frqvwlwxhqf| zlgh vxssruw ri Ode0Frq +s @ ��, yhuvxv

OleGhp0Frq +s @ 4� ��,1

Wklv lv d vwdun frqwudvw wr wkh Fr{0Sdoiuh| fdvh1 Vxssrvh wkdw frqvwlwxhqf|0zlgh vxssruw ri doo

fdqglgdwhv lv nqrzq/ vr wkdw s @ �21 Prgli|lqj Ohppd 5 dssursuldwho| |lhogv=

t2 @
q$

+��q,$++4� ��,q,$

�
�2

��+4� �2,
�3��

�?�
4 .

4� �2
�2

��
4� �� . 4@q

�

zlwk d v|pphwulf h{suhvvlrq iru t�1 Frqvwuxfwlqj wkh udwlr/ fdqfhoolqj frpprq whupv dqg

wdnlqj olplwv |lhogv/ iru �2 9@ 4@5=

olp
?<"

orj
t2
t�

@ olp
?<"

q+5�� � 4, orj

�
�2

4� �2

�
@

+
.4 �2 A 4@5

�4 �2 ? 4@5

,
+418,

Lw iroorzv wkdw lq wkh Fr{0Sdoiuh| fdvh � xqolnh wkh hqfrpsdvvlqj prgho suhvhqwhg khuh � wkh

lqfhqwlyh wr yrwh vwudwhjlfdoo| lv xqerxqghg lq odujh frqvwlwxhqflhv1

��U �N6VBiB|��j 7|B|�Wt

Wkh Fr{0Sdoiuh| prgho suhglfwv frpsohwh vwudwhjlf vzlwfklqj/ dqg khqfh d elsduwlwh rxwfrph1

Vlqfh vwudwhjlf yrwlqj lv dozd|v frpsohwh/ lw fdqqrw fkdqjh lq uhvsrqvh wr wkh sdudphwhuv1 Wkh

rqo| frpsdudwlyh vwdwlf lv glvfuhwh � fkdqjlqj wkh lghqwlw| ri wkh wzr ohdglqj frqwhqghuv uhvxowv

lq d gl�huhqw elsduwlwh rxwfrph1

Frpsdudwlyh vwdwlfv duh dydlodeoh iru wkh prgho frqvlghuhg khuh1 Wklv vhfwlrq frqgxfwv vxfk

frpsdulvrqv zlwk wkh dlg ri wkh Ehwd sulru ghvfulehg lq Vhfwlrq 4151

41914 Rslqlrq Sroov dqg Lqirupdwlrq Suhflvlrq

Vhfwlrq 415 lqwurgxfhg wkh Ehwd sulru dv d frqyhqlhqw frqmxjdwh iru wkh elqrpldo glvwulexwlrq1

Lq wkdw vhfwlrq/ wkh suhflvlrq ri wkh irfdo yrwhu*v eholhiv fduulhg wkh lqgh{p1 D plfurirxqgdwlrq

lv dydlodeoh/ krzhyhu1 Ehjlq zlwk d Ehwd sulru ryhu s=

i+s, @
�+�2 . ��,

�+�2,�+��,
sq23�+4� s,q�3�
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Vxssrvh wkdw wkh irfdo yrwhu qrz revhuyhv dq rslqlrq sroo ri vl}h p1 Wklv vdpsohv yrwhuv

vdwlvi|lqj x� ? plqix2> x�j1 Ghqrwh wkh uhdolvdwlrq ri wklv udqgrp vdpsoh e| |2 dqg |� @p�|21
D vwdqgdug dssolfdwlrq ri wkh ehwd0elqrpldo |lhogv=

i+s m |, @ �+�2 . �� .p,

�+�2 . |2,�+�� .p� |2,
s+2nq23�+4� s,63+2nq�3�

Vxssrvh wkdw wkh vkduh ri fdqglgdwh vxssruw lq wkh rslqlrq sroo lv �2/ vr wkdw |2 @ �2p1

Dvvxph zlwkrxw orvv wkdw �2 A 4@5/ vr wkdw fdqglgdwh 5 lv h{shfwhg wr eh wkh forvhvw fkdoohqjhu1

Vshfldolvh wr d xqlirup sulru/ zkhuh �2 @ �� @ 41 Wkh srvwhulru ghqvlw| ehfrphv=

i+s m |, @ �+p. 5,

�+�2p. 4,�++4� �2,p. 4,,
s�26+4� s,E�3�2�6 +419,

Frpsduh Htxdwlrq +419, wr Htxdwlrq +414/ s1 9,1 Wkh suhflvlrq lqgh{ p fdq wkxv eh ylhzhg

dv wkh vl}h ri dq rslqlrq sroo revhuyhg e| wkh irfdo yrwhu> wkh prgl�fdwlrq lq Htxdwlrq +419,

lv gxh wr wkh lqfoxvlrq ri wkh �dw sulru ryhu s1 Iru d odujh hohfwrudwh +q $ 4, wkh slyrwdo

orj0olnholkrrg udwlr ehfrphv=

� @ orj
i+��,

i+4� ��,
@ +5�2 � 4,p orj

�
��

4� ��

�
@ +�2 � ��,p orj

�
��

4� ��

�
+41:,

zkhuh �� @ 4� �21 Lqvshfwlqj Htxdwlrq +41:, |lhogv wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 51 Vwudwhjlf yrwlqj lqfhqwlyhv duh lqfuhdvlqj lq +d, wkh vwuhqjwk ri fdqglgdwh 4/

+e, wkh shufhlyhg jds ehwzhhq fdqglgdwhv 5 dqg 6 dqg +f, wkh suhflvlrq ri lqirupdwlrq p1

Wkh frpsdudwlyh vwdwlfv rewdlqhg khuh duh pluuruhg e| wkrvh rewdlqhg lq wkh ixoo| jdph0wkhruhwlf

prghov ri Sduwv 5 dqg 61 Lqghhg/ dv Vhfwlrq 514 qrwhv/ wkh| fkdoohqjh hvwdeolvkhg lqwxlwlrq wr

vrph h{whqw1 Qrwlfh wkdw lq d _forvh% hohfwlrq/ wkhuh lv olwwoh lqfhqwlyh iru vwudwhjlf yrwlqj1

Doorzlqj �� & 4@5 dqg �2 � �� & 3 uhvxowv lq � & 31 Shukdsv wkh prvw lpsruwdqw frqfoxvlrq/

krzhyhu/ lv wkh lqvljkw r�huhg lqwr wkh uaroh ri lqirupdwlrq suhflvlrq1 Wkh slyrwdo orj0olnholkrrg

udwlrq � ehfrphv xqerxqghgo| odujh dv p lqfuhdvhv1 Wklv h�hfw lv looxvwudwhg lq Iljxuh 4181

Pruh irupdoo|/ wdnlqj olplwv=

olp
6<"

� @ olp
6<"

p+�2 � ��, orj

�
��

4� ��

�
@ .4 iru plqi��> �2j A 4@5 +41;,

Qrwlfh wkh forvh fruuhvsrqghqfh ehwzhhq Htxdwlrq +41;, dqg wkh Fr{0Sdoiuh| olplwlqj fdvh

lq Htxdwlrq +418,1 Wkhuh duh wzr nh| gl�huhqfhv/ krzhyhu1 Iluvw/ wkh uarohv ri �� dqg �2 duh

lqwhufkdqjhg1 Vhfrqgo|� dqg pruh lpsruwdqwo|� wkh Fr{0Sdoiuh| iudphzrun vxjjhvwv wkdw dq

xqerxqghg frqvwlwxhqf| vl}h lv wkh nh| lqjuhglhqw iru d vwulfw Gxyhujhuldq frqfoxvlrq1 Htxdwlrq

+41;, ghprqvwudwhv wkdw wklv lv qrw wkh fdvh1 Udwkhu/ lw lv dq xqerxqghg rslqlrq sroo vl}h wkdw

lv uhtxluhg1

Ri frxuvh/ dv Iljxuh 418 fohduo| looxvwudwhv/ d uhodwlyho| prghvw rslqlrq sroo lv vx�flhqw wr rewdlq
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3 83 433 483 533 583 633

p @ suhflvlrq ri lqirupdwlrq

313

314
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319

31:

31;

31<

413
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Iljxuh 418= Frqglwlrqdo Slyrwdo Suredelolwlhv iru q$4 dqg Ydu|lqj p

d qhdu0Gxyhujhuldq rxwfrph1 Wklv vxjjhvwv wkdw/ lq d ghflvlrq0wkhruhwlf hqylurqphqw/ rqh pljkw

h{shfw qhdu0frpsohwh vwudwhjlf yrwlqj1 Vxfk d frqfoxvlrq lv lq huuru1 Sduw 6 dujxhv wkdw yrwlqj

wdnhv sodfh dw d frqvwlwxhqf| ohyho/ zkhuhdv kljk0suhflvlrq sxeolf lqirupdwlrq vrxufhv +vxfk dv

rslqlrq sroov, duh w|slfdoo| vhhq dw d qdwlrqdo ohyho1 Lw lv uhdvrqdeoh wr h{shfw wkh suhflvlrq ri

lqirupdwlrq rq frqvwlwxhqf| vwdqglqjv wr eh udwkhu orzhu1 Lq wklv fdvh/ wkh ghflvlrq0wkhruhwlf

prgho ohdgv wr d qrq0Gxyhujhuldq frqfoxvlrq1

��0 �NAW,�t�NA

Wklv �uvw vwhs dujxhv wkdw wkh nh| dvvxpswlrq gulylqj wkh vwulfw Gxyhujhuldq uhvxowv ri hduolhu

irupdo yrwlqj prghov lv wkh dvvxphg lqghshqghqfh ri yrwhu suhihuhqfhv1 Lq d ghflvlrq0wkhruhwlf

iudphzrun/ d qrq0Gxyhujhuldq rxwfrph hphujhv1 Shukdsv prvw lpsruwdqwo|/ frqvwlwxhqf| xq0

fhuwdlqw| udwkhu wkdq lglrv|qfudwlf xqfhuwdlqw| lv wkh nh| ghwhuplqdqw ri d vwudwhjlf yrwhu*v

ghflvlrq1

Lvvxhv uhpdlq1 Wkh dqdo|vlv suhvhqwhg khuh lv ghflvlrq0wkhruhwlf � yrwhuv gr qrw wdnh wkh vwudwh0

jlf ghflvlrqv ri rwkhuv lqwr dffrxqw1 D jdph0wkhruhwlf shuvshfwlyh lv uhtxluhg1 Lqghhg/ rqh pljkw

h{shfw vwudwhjlf yrwlqj wr eh vhoi0uhlqiruflqj/ dqg khqfh wkh srvvlelolw| ri ixoo| Gxyhujhuldq jdph

wkhruhwlf frqfoxvlrq uhpdlqv rshq1 Ixuwkhupruh/ wkh frqvwlwxhqf|0ohyho xqfhuwdlqw| odfnv d pl0

furirxqgdwlrq1 Ilqdoo|/ wkh lqirupdwlrq vrxufhv dydlodeoh wr wkh hohfwrudwh kdyh |hw wr eh ixoo|

h{soruhg1
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Wkhvh lvvxhv duh dgguhvvhg lq wkh iroorzlqj sduwvv1 Sduw 5 surylghv d irxqgdwlrq iru frqvwlwxhqf|

xqfhuwdlqw|/ e| euhdnlqj yrwhu suhihuhqfhv lqwr frpprq dqg lglrv|qfudwlf frpsrqhqwv1 Pruh0

ryhu/ gluhfw prghoolqj ri suhihuhqfhv doorzv d ixoo jdph0wkhruhwlf dqdo|vlv1 Wkh lqvljkwv fduu|

wkurxjk � zlwk vx�flhqw suhflvlrq d Gxyhujhuldq frqfoxvlrq hphujhv1 Sduw 6 jhqhudolvhv wkh

prgho ixuwkhu zlwk wkh lqwurgxfwlrq ri sulydwho| revhuyhg vljqdov1 Lw dujxhv wkdw/ dw d frq0

vwlwxhqf| ohyho/ wklv lv d pruh sodxvleoh iudphzrun1 Vxusulvlqjo|/ lw lv vkrzq wkdw vwudwhjlf

yrwlqj h{klelwv qhjdwlyh ihhgedfn/ dqg lv vhoi0dwwhqxdwlqj1 Qrq0Gxyhujhuldq frqfoxvlrqv iroorz1

��I �6�||ja -jt�,|t

41;14 Slyrwdo Suredelolwlhv zlwk Xqfhuwdlq s +Vhfwlrq 41715,

Wklv vhfwlrq rxwolqhv wkh surfhgxuh xvhg wr jhqhudwh H{dpsoh 5 dqg Iljxuh 4161 Wkh sulru

glvwulexwlrq ryhu s lv wkh Ehwd glvwulexwlrq/ zlwk sdudphwhuv �2 @ p�2 dqg �� @ p+4 � �2,/

zkhuh iru looxvwudwlrq p @ 731 D vwdqgdug dssolfdwlrq ri wkh glvwulexwlrq vkrzv wkdw=

Su^{2 @ ��q` @
�+�2 . ��,

�+�2,�+��,

q$

+��q,$++4� ��,q,$

] �

f
s��?nq23�+4� s,E�3���?nq�3� gs

@
�+�2 . ��,

�+�2,�+��,

�+q. 4,

�+��q. 4,�++4� ��,q. 4,

�+��q. �2,�++4� ��,q. ��,

�+�2 . �� . q,

Lw iroorzv wkdw=

Su^{2 @ ��q`

Su^{� @ ��q`
@

�+��q. �2,�++4� ��,q. ��,

�+��q. ��,�++4� ��,q. �2,

Iljxuh 5 sorwv wklv udwlr iru ydu|lqj q1 Wklv lv qrw wkh h{dfw udwlr t2@t�/ vlqfh lw rplwv qhdu

wlhv1 Lqfoxvlrq ri h{dfw wlhv lq wklv looxvwudwlrq kdv d qhjoleoh h�hfw1

41;15 Rplwwhg Surriv iurp Vhfwlrq 418

Surri ri Ohppd 5= Uhfdoo iurp Vhfwlrq 416 wkdw rswlpdo yrwlqj ehkdylrxu lv frqwlqjhqw xsrq

wkh uhodwlyh suredelolwlhv ri d wlh iru wkh ohdg1 Vxfk d wlh uhtxluhv ��q yrwhuv wr frruglqdwh rq d

fdqglgdwh m 5 i5> 6j1 Lq dgglwlrq/ wkh hyhqw ri dq _doprvw wlh% lv dovr ri lqwhuhvw1 Wkxv=

t� @ Su^��q� 4 � {� � ��q`

Dv lq Vhfwlrq 415/ ghqrwh e| s wkh +frqglwlrqdoo| lqghshqghqw, suredelolw| wkdw d yrwhu vxssruwv

fdqglgdwh m @ 51 Wkxv/ frqglwlrqdo rq s/ wkh yrwh wrwdo {2 lv elqrpldoo| glvwulexwhg zlwk

sdudphwhuv s dqg q=

Su^{2 @ ��q m s` @ q$

+��q,$++4� ��,q,$

�
s��+4� s,�3��

�?
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Iurp wkh shuvshfwlyh ri wkh irfdo yrwhu/ s lv xqnqrzq1 Lw iroorzv wkdw=

Su^{2 @ ��q` @
q$

+��q,$++4� ��,q,$

] �

f

�
s��+4� s,�3��

�?
i+s,gs

Ixuwkhupruh=

Su^{2 @ ��q� 4` @
q$

+��q,$++4� ��,q,$

��q

q+4� ��, . 4

] �

f

�
s��+4� s,�3��

�? 4� s

s
i+s,gs

Frpelqlqj wkhvh |lhogv wkh dssursuldwh h{suhvvlrq1 Lw iroorzv wkdw d v|pphwulf h{suhvvlrq krogv

iru t�1

Surri ri Ohppd 6= Hpsor| wkh qrwdwlrq xvhg lq wkh surri ri Ohppd 71 Khqfh/ iru m @ 5=

Su^{2 @ ��q� 4`

Su^{2 @ ��q`
@

��
4� �� . 4@q

U �
f J+s,

? �3R
R
i+s,gsU �

f J+s,
?i+s,gs

Wkh olplw ri wkh �uvw whup lv ��@+4� ��,1 Dq xsshu erxqg iru wkh vhfrqg whup lv=

iMc"+��,
U ��n"
��3"

J+s,? �3R
R
gs. iM

kU ��3"
f J+s,? �3R

R
gs.

U �
��n"

J+s,? �3R
R
gs
l

iuc"+��,
U ��n"
��3"

J+s,?gs

Wdnlqj wkh �uvw whup lq wklv h{suhvvlrq=

iMc"+��,
U ��n"
��3"

J+s,? �3R
R
i+s,gs

iuc"+��,
U ��n"
��3"

J+s,?gs
� 4� �� . �
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iMc"+��,

iuc"+��,

Qh{w frqvlghu wkh vhfrqg whup=U ��3"
f J+s,? �3R

R
gsU ��n"

��3"
J+s,?gs

� 4

�

] ��3"

f

�
J+s,

J+�� � �,

�? 4� s

s
gs �$ 3

Vlploduo| wklv krogv iru wkh vhfrqg whup1 Lw iroorzv wkdw=

olp
?<"

Su^{2 @ ��q� 4`

Su^{2 @ ��q`
� olp

"<"

�
��

4� ��

4� �� . �

�� � �

iMc"+��,

iuc"+��,

�
@ 4

Rqfh djdlq/ d v|pphwulf surfhgxuh erxqgv wkh olplw ehorz/ dqg wkh uhvxow rewdlqv1
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_Lq wkhvh pdwwhuv wkh rqo| fhuwdlqw| lv wkdw wkhuh lv qrwklqj fhuwdlq1%

Solq| wkh Hoghu

4�� YA|iNa�W|�NA

51414 Wkh Uaroh ri Frqvwlwxhqf| Xqfhuwdlqw|

Idutxkduvrq +4<9</ ss1 8:~93, qrwhv wkdw lqwhuhvw lq vwudwhjlf yrwlqj gdwhv edfn wr Solq|

wkh \rxqjhu1 Wkh frpphqw ri Solq| wkh Hoghu uhfrughg khuh lv shukdsv dsw lq dgylvlqj wkh

prghoohu lq wkh sxuvxlw ri lwv dqdo|vlv1 Lqghhg/ wkh fulwltxh ri Sduw 4 vxjjhvwv wkdw xqfhuwdlqw|

ryhu frqvwlwxhqf|0zlgh vxssruw ri fdqglgdwhv lv wkh nh| plvvlqj lqjuhglhqw lq wkh Fr{ +4<<7,

dqg Sdoiuh| +4<;<, prghov ri vwudwhjlf yrwlqj1

Wkh ghflvlrq0wkhruhwlf dqdo|vlv ri Sduw 4 ohdgv wr d qrq0Gxyhujhuldq frqfoxvlrq1 Vxfk dq dqdo0

|vlv lv lqfrpsohwh/ dv lw rplwv wkh h�hfw ri vwudwhjlf yrwlqj e| rwkhuv rq dq lqglylgxdo*v yrwlqj

ghflvlrq1 D jdph0wkhruhwlf shuvshfwlyh lv uhtxluhg/ qhfhvvlwdwlqj d ixoo vshfl�fdwlrq ri yrwhu

suhihuhqfhv1 Ixuwkhupruh/ wkh vrxufh ri frqvwlwxhqf|0xqfhuwdlqw| lv xqfohdu1 D plfurirxqgd0

wlrq iru wklv xqfhuwdlqw| lv ghvludeoh1

Wr dgguhvv wkhvh lvvxhv/ wkh vlpsoh prgho ri d wkuhh fdqglgdwh soxudolw| hohfwlrq ghvfulehg lq

Sduw 4 lv h{whqghg1 Yrwhu suhihuhqfhv duh ixoo| vshfl�hg1 Wkh prgho kdv pxfk lq frpprq

zlwk wkrvh ri Fr{ +4<<7, dqg Ih| +4<<:,/ hpsor|lqj d udqgrp xwlolw| iudphzrun1 Wkh nh|

lqqrydwlrq lv wkh suhvhqfh ri d frpprq xwlolw| hohphqw wr wkh sd|r�v ri hdfk yrwhu1 Wkh ydoxh

ri wklv frpprq hohphqw lv xqfhuwdlq1 Wklv/ lq wxuq/ lqgxfhv xqfhuwdlqw| ryhu wkh glvwulexwlrq

ri suhihuhqfhv lq wkh srsxodwlrq/ dqg lv htxlydohqw wr xqfhuwdlqw| derxw wkh srsxodu vxssruw

ri fdqglgdwhv1 Lw dovr fdswxuhv wkh qrwlrq wkdw wkhuh duh frqvwlwxhqf|0zlgh idfwruv zklfk d�hfw

wkh suhihuhqfhv ri wkh zkroh hohfwrudwh/ dv zhoo dv lglrv|qfudwlf idfwruv wkdw duh yrwhu0vshfl�f1

Wkh uhpdlqghu ri wklv vhfwlrq glvfxvvhv wkh dssurdfk lq pruh ghwdlo1

54
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51415 Frqvwlwxhqf|0Zlgh Frpprq H�hfwv

Zkhq zloo wkh lqghshqghqfh ri yrwlqj ghflvlrqv idloB Wkh suhihuhqfh vshfl�fdwlrq ri wkh qhz

wkhru| vxjjhvwv d srvvleoh dqvzhu1 Suhihuhqfhv duh ghfrpsrvhg lqwr frpprq dqg lglrv|qfudwlf

frpsrqhqwv1 Wkh frpprq frpsrqhqw d�hfwv doo yrwhuv lq d frqvwlwxhqf|1 Lglrv|qfudwlf frpsr0

qhqwv duh lqglylgxdo wr d yrwhu/ dqg glvwulexwhg lqghshqghqwo| dfurvv wkh hohfwrudwh1 Wklv lpsolhv

wkdw/ frqglwlrqdo rq wkh frpprq suhihuhqfh frpsrqhqw/ yrwlqj ghflvlrqv duh lqghshqghqw1 Wklv

frpprq frpsrqhqw lv/ krzhyhu/ xqnqrzq wr dq revhuyhu � lqfoxglqj wkh phpehuv ri wkh hohf0

wrudwh1 Lw iroorzv wkdw xqfrqglwlrqdo suhihuhqfhv +dqg khqfh yrwlqj ghflvlrqv, duh fruuhodwhg1

Wkh ghflvlrq ri rqh lqglylgxdo surylghv d vljqdo ri wkh frpprq xwlolw| frpsrqhqw/ dqg khqfh

wkh yrwlqj ghflvlrqv ri rwkhu lqglylgxdov1 H{lvwlqj prghov +Fr{ 4<<7/ Sdoiuh| 4<;</ Ih| 4<<:,

duh htxlydohqw wr wklv vshfl�fdwlrq zkhq wkh frpprq frpsrqhqw +dqg khqfh frqvwlwxhqf|0zlgh

vxssruw, lv frpprqo| nqrzq1

Sduw 4 dujxhv wkdw lw lv rqo| xqfhuwdlqw| ryhu frqvwlwxhqf|0zlgh vxssruw wkdw gulyhv vwudwhjlf

lqfhqwlyhv1 Lqghhg/ zlwk wkh plfurirxqgdwlrq ri frpprq xwlolw| hohphqwv/ wkh dqdo|vlv khuh

vkrzv wkdw lw lv xqfhuwdlqw| ryhu frpprq h�hfwv wkdw pdwwhuv1 Rqfh djdlq/ lqglylgxdo lglrv|q0

fudvlhv duh dyhudjhg rxw lq d odujh hohfwrudwh/ dqg khqfh gr qrw lq�xhqfh wkh olnholkrrg udwlrv

ri w|lqj sdluv1

51416 Vhoi0Uhlqiruflqj Vwudwhjlf Yrwlqj

Dgrswlqj d jdph0wkhruhwlf shuvshfwlyh/ wkh srvvlelolw| ri d vwulfw Gxyhujhuldq rxwfrph uhpdlqv

rshq1 Vwudwhjlf vzlwfklqj iurp wudlolqj fdqglgdwhv dqg wrzdug wkh ohdglqj sdlu uhgxfhv wkh

suredelolw| wkdw wudlolqj fdqglgdwhv duh slyrwdo1 Wklv ixuwkhu lqfuhdvhv wkh lqfhqwlyhv ri lqvwux0

phqwdoo| udwlrqdo yrwhuv wr vzlwfk wkhlu vxssruw wr wkh ohdglqj sdlu1 Ixuwkhu vzlwfklqj uhlqirufhv

wklv h�hfw1 Zkhuh zloo vxfk d surfhvv ohdgB Wkhuh duh wzr srvvlelolwlhv1 Iluvw/ wkh surfhvv pljkw

frqwlqxh xqwlo doo vxssruw iru wudlolqj fdqglgdwhv lv orvw1 Dowhuqdwlyho|/ wkh surfhvv pd| frqyhujh

wr dq htxloleulxp lq zklfk wkh wudlolqj fdqglgdwhv uhwdlq vrph dwwhqxdwhg vxssruw1 Xqwudlqhg

lqwxlwlrq lv lqvx�flhqw wr ghwhuplqh zklfk ri wkhvh vlwxdwlrqv rewdlq/ dqg d irupdo dqdo|vlv lv

uhtxluhg1 Vxfk dqdo|vlv qhfhvvlwdwhv d irfxv rq wkh lqirupdwlrq vrxufh rq zklfk yrwhuv edvh

wkhlu ghflvlrqv1

Wr h{soruh wklv lvvxh/ yrwhuv duh htxlsshg zlwk d sxeolf lqirupdwlrq vrxufh1 Doo lqglylgxdov

frpprqo| revhuyh d sxeolf vljqdo ri wkh frpprq frpsrqhqw ri suhihuhqfhv � d sxeolf vljqdo

ri frqvwlwxhqf|0zlgh vxssruw iru wkh fdqglgdwhv1 Wklv pd| eh olnhqhg wr wkh revhuydwlrq ri

dq rslqlrq sroo/ dqg lq idfw d ghwdlohg rslqlrq sroo surylghv wkh plfurirxqgdwlrq1 Qdwxudoo|/

yrwhuv kdyh dw ohdvw vrph sulydwho| revhuyhg lqirupdwlrq wr dvvlvw wkhp lq wkhlu ghflvlrqv1

Devhqw frppxqlfdwlrq zlwk dq| vshfl�f rxwvlgh vrxufh/ d yrwhu pljkw hqjdjh lq lqwurvshfwlrq/

h{dplqlqj wkhlu rzq suhihuhqfhv wr holflw d vljqdo ri wkh frpprq frpsrqhqw1 Lq wklv sduw/

vxfk idfwruv duh ljqruhg/ dqg yrwhuv duh dvvxphg wr glvfdug wkhlu shuvrqdo suhihuhqfhv zkhq

irupxodwlqj wkhlu eholhiv1 Wklv rplvvlrq lv uhfwl�hg lq Sduw 6/ zlwk vrphzkdw vxusulvlqj uhvxowv1
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Zlwk sxuh sxeolf lqirupdwlrq/ zkhuh yrwhuv ljqruh dq| sulydwh vljqdo/ vwudwhjlf yrwlqj lv lqghhg

vhoi0uhlqiruflqj1 Lq wkh wkuhh0fdqglgdwh prgho frqvlghuhg khuh/ wkh dqdo|vlv lghqwl�hv wkuhh htxl0

oleuld1 Wkh wzr Gxyhujhuldq htxloleuld hqwdlo frpsohwh frruglqdwlrq rq rqh ri wkh fkdoohqjlqj

fdqglgdwhv/ |lhoglqj d elsduwlwh rxwfrph1 Wkhuh lv dovr d xqltxh qrq0Gxyhujhuldq htxloleulxp1

Dq htxloleulxp vhohfwlrq sureohp lv srvhg1

Htxloleulxp vhohfwlrq lv pdgh dffruglqj wr d vwdelolw| fulwhulrq1 Li wkh sxeolf vljqdo lv vxi0

�flhqwo| qrlv|/ wkhq wkh qrq0Gxyhujhuldq htxloleulxp lv xqltxho| vwdeoh1 Ehjlqqlqj zlwk dq

lqlwldo _vwudljkwiruzdug yrwlqj% k|srwkhvlv dqg hqjdjlqj lq lwhudwlyh ehvw uhvsrqvh/ vwudwhjlf

yrwlqj h{klelwv srvlwlyh ihhgedfn/ exw shwhuv rxw dv dq lqwhulru htxloleulxp lv dwwdlqhg1 E|

frqwudvw/ zkhq wkh sxeolf vljqdo lv vx�flhqwo| suhflvh/ vwudwhjlf yrwlqj lv h{sorvlyh/ dqg doo

vxssruw iru wkh wudlolqj fdqglgdwh lv orvw dv wkh ehvw0uhvsrqvh surfhvv frqyhujhv wr d Gxyhujh0

uldq htxloleulxp1 H{lvwlqj prghov fruuhvsrqg wr wklv odwwhu Gxyhujhuldq fdvh � d Gxyhujhuldq

htxloleulxp uhtxluhv sxeolf lqirupdwlrq ri vx�flhqw suhflvlrq1 Lq erwk fdvhv/ vwudwhjlf yrwlqj lv

xql0gluhfwlrqdo1

Wklv vhohfwlrq ghylfh plplfv wkh uhshdwhg hohfwlrq g|qdplf ghvfulehg e| Ih| +4<<:/ ss1 475~

479,1 Lqghhg/ dv yrwhu eholhiv duh doorzhg wr ehfrph xqerxqghgo| suhflvh/ wkh Ih| prgho lv

rewdlqhg1 Qrwlfh/ krzhyhu/ wkdw uhshdwhg hohfwlrqv duh xqqhfhvvdu| wr dfklhyh wkh ghvluhg vhohf0

wlrq1 Ehjlqqlqj zlwk dq lqlwldo k|srwkhvlv ri vwudljkwiruzdug yrwlqj/ wkh gholehudwlrq g|qdplf

dorqh lv vx�flhqw wr dwwdlq dq htxloleulxp rxwfrph1

Lq d Gxyhujhuldq hohfwlrq/ wkh dqdo|vlv ri wklv sduw ohqgv txdol�hg vxssruw wr vwulfw elsduwlvp1

Wklv uhtxluhv/ krzhyhu/ vx�flhqw suhflvlrq ri yrwhu eholhiv dqg khqfh vx�flhqw ghwdlo lq d sxeolf

vljqdo1 Dv zloo ehfrph fohdu lq Sduw 6/ wklv Gxyhujhuldq frqfoxvlrq lv txlfno| ryhuwxuqhg

iroorzlqj wkh lqwurgxfwlrq ri sulydwh lqirupdwlrq1

51417 Frpsdudwlyh Vwdwlfv

Wkh frpsdudwlyh vwdwlfv ri wkh jdph0wkhruhwlf prgho pluuru wkrvh ri wkh ghflvlrq0wkhruhwlf

prgho ri Sduw 41 Lq sduwlfxodu/ wkhuh lv d nh| uaroh iru wkh suhflvlrq ri lqirupdwlrq1 Li lqirupdwlrq

lv vx�flhqwo| suhflvh/ wkhq d ixoo| Gxyhujhuldq rxwfrph rewdlqv1 Lq wkh qrq0Gxyhujhuldq fdvh/

vwudwhjlf yrwlqj lv lqfuhdvlqj lq wkh suhflvlrq ri wkh sxeolf vljqdo1

Dv lq Sduw 4/ wkh lpsdfw ri wkh h{shfwhg vwuhqjwkv ri wkh ydulrxv fdqglgdwhv pd| eh dvfhu0

wdlqhg1 Dv rqh pljkw h{shfw/ wkh lqfhqwlyh wr yrwh vwudwhjlfdoo| lv lqfuhdvlqj lq wkh h{shfwhg

jds ehwzhhq fkdoohqjlqj fdqglgdwhv1 Lqirupdo lqwxlwlrq kdv suhylrxvo| vxjjhvwhg wkdw vwudwhjlf

yrwlqj lqfuhdvhv dv wkh ohdg ri d ohdglqj fdqglgdwh zhdnhqv1 Fdlq +4<:;/ s1 977, surylghv d

fodvvlf h{dpsoh lq klv dqdo|vlv ri vwudwhjlf yrwlqj lq Eulwdlq=

_zh zrxog h{shfw wkh ohyho ri wklug0sduw| vxssruw wr eh orzhu lq frpshwlwlyh +l1h1

forvho| frqwhvwhg, wkdq lq qrqfrpshwlwlyh frqvwlwxhqflhv +l1h1 rqh sduw| grplqdqw,/

vlqfh wkh suhvvxuh wr ghihfw dqg fdvh d phdqlqjixo yrwh zloo eh juhdwhu lq frqvwlwxhq0

flhv zlwk forvh udfhv1%
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Wklv lqwxlwlrq idlov1 Lq idfw/ wkh lqfhqwlyh wr yrwh vwudwhjlfdoo| lqfuhdvhv zlwk wkh vwuhqjwk ri d

ohdglqj fdqglgdwh1 Lqwxlwlyho|/ juhdwhu frruglqdwlrq lv uhtxluhg wr ghihdw wklv ohdglqj fdqglgdwh/

dqg wklv lqfuhdvhv vwudwhjlf lqfhqwlyhv1 Fdlq*v dujxphqw dsshduv wr eh edvhg rq wkh devroxwh

suredelolw| ri lq�xhqflqj wkh hohfwlrq rxwfrph1 Exw dv wkh dqdo|vhv ri erwk wkh qhz wkhru| dqg

lwv suhghfhvvruv ghprqvwudwh/ lw lv rqo| wkh uhodwlyh olnholkrrg ri wlhg rxwfrphv wkdw ghwhuplqhv

wkh rswlpdo yrwlqj ghflvlrq1

Lq wklv ixoo|0vshfl�hg prgho/ dq dgglwlrqdo sdudphwhu lv dydlodeoh � wkh khwhurjhqhlw| ri yrwhu

suhihuhqfhv1 Wkh lqlwldo +ghflvlrq0wkhruhwlf, lqfhqwlyh wr yrwh vwudwhjlfdoo| lv xqd�hfwhg e| wkh

khwhurjhqhlw| ri yrwhuv1 Wkh dprxqw ri vwudwhjlf yrwlqj/ krzhyhu/ lqfuhdvhv dv wkh khwhurjhqhlw|

ri wkh srsxodwlrq lv uhgxfhg1 Lqwxlwlyho|/ li wkhuh lv juhdwhu frpprqdolw| ri rslqlrq/ wkhq rqo| d

olplwhg lqfhqwlyh lv uhtxluhg wr hqfrxudjh d odujh qxpehu ri lqglylgxdov wr vzlwfk wkhlu vxssruw1

51418 Jxlgh

Wkh dujxphqw frqwlqxhv lq wkh iroorzlqj vhfwlrqv1 Vhfwlrq 515 h{whqgv wkh prgho ri Vhfwlrq 415

wr lqfoxgh d ixoo vshfl�fdwlrq ri yrwhu suhihuhqfhv/ dv zhoo dv wkh sxeolf vljqdo revhuyhg e| yrwhuv1

Vhfwlrq 516 lqyhvwljdwhv wkh rswlpdo ehkdylrxu ri yrwhuv/ dqg fdofxodwhv wkh uhdolvhg slyrwdo orj0

olnholkrrg udwlr jlyhq vxfk ehkdylrxu1 Wklv doorzv dq lpphgldwh ghflvlrq0wkhruhwlf dqdo|vlv1

Htxloleulxp frqvlghudwlrqv duh lqwurgxfhg lq Vhfwlrq 517/ zkhuh wkh shufhlyhg dqg uhdolvhg

slyrwdo orj0olnholkrrg udwlrv duh htxdwhg1 Srvvleoh htxloleuld duh fodvvl�hg/ dqg htxloleulxp

vhohfwlrq lv pdgh1

4�4 �Naj,

51514 Wkh Hohfwlrq

Wkh vshfl�fdwlrq ri wkh hohfwlrq lv lghqwlfdo wr wkdw ri sduw 41 Wkh uhdghu lv uhihuuhg wr Vhfwlrq

415 ri wkdw sduw iru ixoo ghwdlov1 Wkhuh duh wkuhh fdqglgdwhv m 5 i4> 5> 6j lq d vlqjoh0vhdw glvwulfw

vhohfwlrq/ rshudwlqj xqghu wkh soxudolw| uxoh1 Uhdolvhg yrwh wrwdov zloo eh ghqrwhg i{�j/ zkhuhS
{� @ +4.��,q.41 Wkh yrwh wrwdo iru fdqglgdwh 4 lv �{hg dw {� @ ��q/ dqg uhpdlqlqj yrwhuv

suhihu erwk ri fdqglgdwhv 5 dqg 6 wr fdqglgdwh 41 Dvvxpswlrq 4 lv xskhog +�� A 4@5,/ hqvxulqj

wkdw dq| wlh iru wkh ohdg lqyroyhv fdqglgdwh 41 Doo uhihuhqfhv wr d _yrwhu% dqg wkh _hohfwrudwh%

zloo uhihu wr wkh q. 4 uhpdlqlqj yrwhuv1

51515 Suhihuhqfh Vwuxfwxuh

D ixoo vshfl�fdwlrq ri yrwhu suhihuhfhv lv xqqhfhvvdu| iru d ghflvlrq wkhruhwlf dqdo|vlv1 Jlyhq

wkh eholhiv ri d irfdo yrwhu +uhsuhvhqwhg lq Sduw 4 e| wkh ghqvlw| i+s,,/ wkh slyrwdo orj0olnholkrrg

udwlr � pd| eh fdofxodwhg1 Wkh vwudwhjlf lqfhqwlyh pd| wkhq eh lqyhvwljdwhg uhodwlyh wr wkh

�{hg suhihuhqfhv ri dq| sduwlfxodu irfdo yrwhu1
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Lq d jdph0wkhruhwlf hqylurqphqw/ dgglwlrqdo vwuxfwxuh lv uhtxluhg1 D irfdo yrwhu pxvw frqvlghu

wkh suredelolw| ri d vwudwhjlf vzlwfk e| rwkhu yrwhuv1 Wklv suredelolw| ghshqgv rq erwk wkh

shufhlyhg orj0olnholkrrg udwlr dqg wkh glvwulexwlrq ri yrwhu suhihuhqfhv1 Wr dgguhvv wklv qhhg/ d

udqgrp xwlolw| prgho lv dgrswhg1 Wkh xwlolwlhv lqfoxgh frpprq h�hfwv/ zklfk lqglylgxdo yrwhuv

gr qrw revhuyh1 Rqfh djdlq/ wkh uhvwulfwlrq zloo eh wr wkh q yrwhuv vdwlvi|lqj x�� ? plqix�2> x��j1
Qrwdwlrq 41 Yrwhu l kdv yrq Qhxpdqq0Prujhqvwhuq xwlolw| x�� iru sduw| m1 Wklv vdwlv�hv=

orj
x�2 � x��
x�� � x��

@ � . �� +514,

Uhihu wr � dqg �� dv wkh frpprq dqg lglrv|qfudwlf frpsrqhqwv ri xwlolw|1

Qrwlfh wkdw wkh ohiw kdqg vlgh ri Htxdwlrq +514, jlyhv d vfdoh0iuhh phdvxuh ri wkh suhihuhqfh

iru fdqglgdwh 5 uhodwlyh wr fdqglgdwh 6/ hdfk phdvxuhg uhodwlyh wr wkh ehqfkpdun ri fdqglgdwh

41 Vhfwlrq 416 ri Sduw 4 ghprqvwudwhv wkdw wklv phdvxuh lv vx�flhqw iru wkh rswlpdo yrwlqj

ghflvlrq1 Zlwkrxw orvv ri jhqhudolw|/ lw lv dvvxphg wkdw � A 3/ vr wkh dfwxdo frqvwlwxhqf|0zlgh

vxssruw iru fdqglgdwh 5 lv juhdwhu1

Frqvlghu qh{w wkh ghfrpsrvlwlrq rq wkh uljkw kdqg vlgh ri Htxdwlrq +514,1 Dq hdv| lqwhu0

suhwdwlrq lv wkdw � uhsuhvhqwv frqvwlwxhqf|0zlgh idfwruv d�hfwlqj doo yrwhuv1 E| frqwudvw/ ��

uhsuhvhqwv wkh lglrv|qfudwlf suhihuhqfh ri yrwhu l1 Pruh jhqhudoo|/ � lv wkh h{shfwdwlrq ri

orj+x�2� x��,� orj+x���x��, frqglwlrqdo rq doo glvwulfw0ohyho lqirupdwlrq/ jhqhudwlqj wkh uhvlg0

xdo frpsrqhqw ��1 Wklv uhvlgxdo zloo eh lqghshqghqw dfurvv yrwhuv1 Lq dgglwlrq/ d sdudphwulf

vshfl�fdwlrq lv hpsor|hg1 Wklv lv qrw fulwlfdo wr wkh dujxphqw/ exw udwkhu doorzv dq hdv| pl0

furirxqgdwlrq iru wkh sxeolf vljqdo ghvfulehg lq Vhfwlrq 515161

Dvvxpswlrq 61 Wkh lglrv|qfudwlf frpsrqhqw �� lv glvwulexwhg qrupdoo|= �� � Q+3> �2,1

Li wkh frpprq frpsrqhqw � lv �{hg dqg frpprqo| nqrzq/ wkhq yrwhuv* suhihuhqfhv duh lqgh0

shqghqw1 Vxfk dq dvvxpswlrq |lhogv wkh prghov ri Fr{ +4<<7, dqg Ih| +4<<:,1 Lq sduwlfxodu/

lw lpsolhv fhuwdlq nqrzohgjh ri frqvwlwxhqf|0zlgh suhihuhqfhv dqg khqfh wkh hohfwlrq rxwfrph1

Wr vhh wklv/ qrwlfh wkdw wkh suredelolw| wkdw d yrwhu*v �uvw suhihuhqfh lv iru sduw| 5/ frqglwlrqdo

rq �/ lv �2 @ �+�@�,/ zkhuh � lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh vwdqgdug qrupdo1

Gh�qlqj �� @ 4 � �2/ lw iroorzv wkdw/ zlwk wuxwkixo yrwlqj/ H^{�` @ ��q1 Lqghhg/ �{lqj wkh

frqvwlwxhqf|0zlgh wuxwkixo vxssruw ohyhov iru hdfk fdqglgdwh/ wkh frpprq xwlolw| frpsrqhqw

vdwlv�hv � @ ��3�+�2,1

Li � lv �{hg dqg nqrzq/ wkhq wkh h{shfwhg +wuxwkixo, vxssruw iru doo fdqglgdwhv lv frpprqo|

nqrzq wkurxjkrxw wkh frqvwlwxhqf|1 Lq d odujh frqvwlwxhqf|/ hqirufhphqw ri wkh Odz ri Odujh

Qxpehuv uhyhdov wkdw wkh rxwfrph ri dq| hohfwlrq zlwk wuxwkixo yrwlqj lv frpprqo| nqrzq e|

doo frqvwlwxhqwv � d uhvwulfwlyh dvvxpswlrq lqghhg1 Wkh nh| lqqrydwlrq ri wkh qhz wkhru| lv wkh

lqwurgxfwlrq ri xqfhuwdlqw| ryhu �/ dqg khqfh xqfhuwdlqw| ryhu wkh vxssruw iru hdfk fdqglgdwh1

Wklv surylghv d plfurirxqgdwlrq iru wkh xqfhuwdlqw| ryhu yrwlqj ghflvlrqv uhsuhvhqwhg lq Sduw

4 e| wkh ghqvlw| i+s,1
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51516 Sxeolf Vljqdov

Yrwhuv ehjlq zlwk d gl�xvh sulru ryhu � � wkh| kdyh qr nqrzohgjh ri dyhudjh fdqglgdwh vxssruw1

Lqirupdwlrq rq fdqglgdwh vxssruw pd| wkhq eh johdqhg iurp d ydulhw| ri vrxufhv1 Wklv sduw

vshfldolvhv wr wkh fdvh ri sxeolf vljqdov1 Rqh lpsruwdqw vrxufh ri sxeolf lqirupdwlrq lv wkh

sxeolfdwlrq ri rslqlrq sroov dqg vlplodu vxuyh|v1 Irupdoo|/ wklv lv prghoohg dv wkh uhfhlsw ri d

sxeolf vljqdo/ htxdo wr wkh wuxh ydoxh ri � soxv qrlvh1

Dvvxpswlrq 71 Yrwhuv frpprqo| revhuyh d sxeolf vljqdo � � Q+�> �2, 1

Iroorzlqj revhuydwlrq ri wklv vljqdo/ dqg sulru wr wkh uhfhlsw ri dq| sulydwh lqirupdwlrq/ yrwhuv

xsgdwh wr d frpprq sxeolf srvwhulru � � Q+�>�2,1 D plfurirxqgdwlrq xqghuslqv Dvvxps0

wlrq 71 Vxssrvh wkdw wkh suhihuhqfhv ri p> udqgrpo| fkrvhq lqylgxdov duh sxeolfo| revhuyhg1

Lqgh{lqj wkhvh lqglylgxdov e| n 5 i4> 5> = = = >p>j=

� @
4

p>

6>[
&'�

orj
x&2 � x&�
x&� � x&�

� Q

�
�>

�2

p>

�
+515,

Wkxv d sxeolf vljqdo zlwk yduldqfh �2 @ �2@p> lv htxlydohqw wr wkh sxeolf revhuydwlrq ri

p> lqglylgxdov1 Wkh jhqhudwlrq ri Htxdwlrq +515, hpsor|v wkh glvwulexwlrqdo vshfl�fdwlrq ri

Dvvxpswlrq 61 Iru odujh p>/ krzhyhu/ wkh Fhqwudo Olplw Wkhruhp vxjjhvwv wkh qrupdo dv dq

dssursuldwh vshfl�fdwlrq iru wkh glvwulexwlrq ri �1

Ylhzhg dv dq rslqlrq sroo/ Dvvxpswlrq 7 surylghv d qdwxudo iudphzrun1 Lq sduwlfxodu/ wkh

zlghvsuhdg sxeolfdwlrq ri rslqlrq sroov lv frpprq gxulqj dq hohfwlrq1 Lpsolflw wr wklv lqwhusuh0

wdwlrq/ krzhyhu/ lv wkh dvvxpswlrq wkdw vdpsohg lqglylgxdov uhyhdo wkhlu wuxh suhihuhqfhv wr wkh

sroovwhu1 Wklv lvvxh lv qhjohfwhg khuh/ dqg iru jrrg uhdvrq1 Dv Sduw 6 dujxhv/ lw lv lqirupdwlrq

rq wkh glvwulfw ohyho fdqglgdwh vxssruw wkdw lv ri lqwhuhvw1 Rslqlrq sroov duh uduho| frqgxfwhg

dw wkh frqvwlwxhqf| ohyho lq frxqwulhv vxfk dv wkh Xqlwhg Nlqjgrp/ dqg khqfh lw lv shukdsv

sulydwho| revhuyhg lqirupdwlrq wkdw lv ri pruh lpsruwdqfh1 Lw lv dujxhg wkdw/ lq wklv fdvh/

dq| vljqdo lv holflwhg iurp wkh revhuydwlrq ri vrflhw| ryhu d orqjhu wlph shulrg/ zlwk uhgxfhg

olnholkrrg ri vwudwhjlf pdqlsxodwlrq ri ylhzsrlqwv rq wkh sduw ri uhvsrqghqwv1 Ri frxuvh/ wklv

mxvwl�fdwlrq lpphgldwho| fdoov lqwr txhvwlrq wkh uhohydqfh ri d prgho edvhg hqwluho| rq sxeolf

lqirupdwlrq vljqdov1 Wkh dlp ri wklv sduw lv wr surylgh d sxeolf0lqirupdwlrq ehqfkpdun wr wkh

ixoo prgho ri Sduw 61 Wkh uhdghu lv lqylwhg wr ylhz wkh suhvhqw irupxodwlrq lq wklv oljkw/ dqg

uhvhuyh mxgjhphqw xqwlo wkh frqfoxvlrq ri wkh dujxphqw lq wkh iroorzlqj sduw1

Ri frxuvh/ hyhq lq wkh devhqfh ri dq| h{solflw sulydwh vljqdov/ d sulydwh lqirupdwlrq vrxufh lv

lpsolflwo| dydlodeoh1 Dv Vhfwlrq 514 qrwhg/ dq lqglylgxdo*v rzq sd|r�v surylgh d sulydwh vljqdo

ri wkh frpprq xwlolw| hohphqw1 Dq| udwlrqdo yrwhu zloo hpsor| doo lqirupdwlrq dydlodeoh wr

wkhp lq rughu wr uhdfk d ghflvlrq1 Sxuvxlqj wkh ehqfkpdun mxvwl�fdwlrq vwloo ixuwkhu/ krzhyhu/

wklv hohphqw lv qhjohfwhg khuh1 Lqghhg/ yrwhuv duh h{solflwo| dvvxphg wr irup eholhiv ryhu wkh

frpprq frpsrqhqw � xvlqj rqo| wkh sxeolf vljqdo1 Lw iroorzv wkdw doo yrwhuv vkduh d frpprq
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sxeolf srvwhulru eholhi=

� � Q +�> �2,

Wklv srvwhulru pd| eh rewdlqhg e| ehjlqqlqj zlwk d frpprq sxeolf sulru/ Ed|hvldq xsgdwlqj/

dqg doorzlqj wkh suhflvlrq ri wkh sulru wr ydqlvk1

4� XN|�A} �j�B��N�i

51614 Rswlpdo Yrwlqj

Dv Vhfwlrq 416 revhuyhv/ d yrwh fdq rqo| lq�xhqfh wkh rxwfrph ri wkh hohfwlrq li lw lv slyrwdo1 D

slyrwdo vlwxdwlrq dulvhv zlwk d wlh ru qhdu0wlh iru wkh ohdg1 Ohppd 4 ghgxfhg wkh rswlpdo yrwlqj

uxoh iru d yrwhu/ frqglwlrqdo rq wkh shufhlyhg suredelolwlhv t2 dqg t� ri hlwkhu d 405 wlh ru d 406

wlh1 Lqghhg/ uhfdoolqj Gh�qlwlrq 5 ri wkh slyrwdo orj0olnholkrrg udwlr � @ orj+t2@t�,/ wklv rswlpdo

yrwlqj uxoh vdwlv�hv=

Yrwh 5 / orj
x�2 � x��
x�� � x��

. � � 3

Wkh dqdo|vlv irfxvhv rq v|pphwulf vwudwhj| sur�ohv1 Wklv lv zlwkrxw orvv ri jhqhudolw|/ vlqfh

yrwhuv zloo dfw rswlpdoo|/ dqg wkhlu eholhiv zloo eh edvhg hqwluho| rq wkh sxeolf vljqdo �1 Frqgl0

wlrqlqj rq wkh shufhlyhg orj0olnholkrrg udwlr �/ zklfk lv frpprq wr doo yrwhuv/ dqg wkh frpprq

xwlolw| frpsrqhqw/ dq lqglylgxdo vxssruwv fdqglgdwh 5 zkhqhyhu=

� . �� . � � 3 +516,

Wklv |lhogv wkh iroorzlqj vlpsoh ohppd1

Ohppd 81 Frqglwlrqdo rq � dqg �/ d yrwhu vxssruwv fdqglgdwh 5 zlwk suredelolw|=

s @ Su

�
orj

x�2 � x��
x�� � x��

. � � 3 m �> �
�
@ �

�
� . �

�

�

zkhuh � lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh vwdqgdug qrupdo1

Surri1 Frqglwlrqdo rq � dqg �/ �� � Q+3> �2,1 Uh0duudqjh Ht1 +516, wr rewdlq wkh uhvxow1

Wklv lpsolflwo| dvvxphv wkdw � 9@ 	41 Wkhvh fdvhv zloo eh frqvlghuhg lq Vhfwlrq 5171

Vxssrvh wkdw doo yrwhuv vkduh d frpprq shufhswlrq �1 Zkdw zloo eh wkh uhdolvhg slyrwdo orj0

olnholkrrg udwlr a�B D v|pphwulf vwudwhj| sur�oh |lhogv dq lghqwlfdo shufhswlrq � ri wkh orj0

olnholkrrg udwlr ri slyrwdo suredelolwlhv iru hdfk yrwhu1 Il{lqj wklv shufhswlrq/ dqg khqfh wkh

vwudwhj| sur�oh/ |lhogv d uhdolvhg orj0olnholkrrg udwlr a�1 Wklv ghshqgv lq wxuq rq wkh suredelolw|

wkdw d yrwhu vxssruwv fdqglgdwh 5 +s,/ dqg xqfhuwdlqw| ryhu wklv suredelolw|1 Uhsuhvhqw wklv
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xqfhuwdlqw| e| wkh ghqvlw| i+s,/ dqg dvvxph iru qrz wkdw wklv lv erxqghg deryh1 Doorzlqj wkh

frqvwlwxhqf| vl}h q wr jurz odujh/ Sursrvlwlrq 4 iurp Sduw 4 uhyhdov=

Sursrvlwlrq 61 Doorzlqj wkh hohfwrudwh vl}h wr jurz odujh=

olp
?<"

a� @ orj
i+��,

i+4� ��,

Wklv uhtxluhv hydoxdwlrq ri wkh ghqvlw| i+s,1 Xqfhuwdlqw| ryhu s lv gulyhq e| xqfhuwdlqw| ryhu

�/ dqg |lhogv d frqyhqlhqw irupxod iru a�/ dv wkh qh{w sursrvlwlrq uhyhdov1

Sursrvlwlrq 71 Zlwk sxuh sxeolf lqirupdwlrq dqg � 9@ 	4 wkh uhdolvdwlrq a� vdwlv�hv=

a�+�, @
5��3�+��,+�. �,

�2
+517,

Surri1 Frqglwlrqlqj rq � dqg �/ Ohppd 8 uhyhdov wkdw=

s @ Su

�
orj

x�2 � x��
x�� � x��

. � � 3 m �
�
@ �

�
� . �

�

�

Khqfh=

I +s, @ Su

�
�

�
� . �

�

�
� s

�
@ Su^� � ��3�+s,� �` @ �

�
��3�+s,� �� �

�

�

Gl�huhqwldwh wklv h{suhvvlrq zlwk uhvshfw wr s wr rewdlq i+s,=

i+s, @
�

�!+�3�+s,,
!

�
��3�+s,� �� �

�

�

Qrwlfh wkdw wklv ghqvlw| lv erxqghg deryh/ dv uhtxluhg1 Qh{w/ hydoxdwh wklv ghqvlw| dw �� dqg

4���1 H{sorlwlqj wkh v|pphwu| ri wkh qrupdo glvwulexwlrq/ qrwh wkdw �3�+4���, @ ��3�+��,1
Ixuwkhupruh/ !+}, @ !+�},1 Lw iroorzv wkdw !+�3�+4� ��,, @ !+�3�+��,,1 Wdnlqj udwlrv=

i+��,

i+4� ��,
@ h{s

�
+��3�+��, . �. �,2 � +��3�+��,� �� �,2

5�2

�

Vlpsoli|lqj wkh qxphudwru lq wkh h{srqhqw dqg wdnlqj orjdulwkpv |lhogv wkh ghvluhg uhvxow1

51615 Ghflvlrq0Wkhruhwlf Yrwlqj

Wklv sursrvlwlrq lpphgldwho| doorzv d ghflvlrq0wkhruhwlf frqfoxvlrq1 PfNhoyh| dqg Rughvkrrn

+4<:5, frqvlghu wkh rswlpdo uhvsrqvh ri d vwudwhjlf yrwhu/ dvvxplqj wkdw doo rwkhu yrwhuv dfw

vwudljkwiruzdugo|1 D vwudljkwiruzdug yrwhu fkrrvhv wr yrwh iru wkhlu suhihuuhg fdqglgdwh1 Qdwx0

udoo|/ wklv lv htxlydohqw wr yrwlqj rswlpdoo| zlwk d shufhlyhg slyrwdo orj0olnholkrrg udwlr ri � @ 31
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Hpsor|lqj Sursrvlwlrq 7/ d uhdolvhg orj0olnholkrrg udwlr �(A rewdlqv=

�(A @ a�+3, @
5��3�+��,�

�2

Wklv surylghv d phdvxuh ri wkh lqfhqwlyh iru d ghflvlrq0wkhruhwlf vwudwhjlf yrwhu wr vzlwfk vxs0

sruw dzd| iurp d suhihuuhg fdqglgdwh/ jlyhq wkh dvvxpswlrq wkdw doo rwkhu yrwhuv dfw vwudljkw0

iruzdugo|1 Wklv phdvxuh uhtxluhv dq dssursuldwh qrupdolvdwlrq1 Iluvw/ uhfdoo wkdw wkh plfur0

irxqgdwlrq iru sxeolf vljqdov vshfl�hg wkdw �2 @ �2@p>/ zkhuh p> lv wkh vl}h ri d sxeolfo|

revhuyhg vxuyh| ri yrwhu suhihuhqfhv1 Wklv |lhogv=

�(A @
5p>�

3�+��,�

�

Lw lv lpphgldwh wkdw wkh lqfhqwlyh wr yrwh wdfwlfdoo| lv lqfuhdvlqj lq wkh suhflvlrq ri sxeolf

lqirupdwlrq +p>,/ wkh vwuhqjwk ri wkh �uvw fdqglgdwh +��, dqg wkh shufhlyhg glvwdqfh ehwzhhq

wkh vhfrqg dqg wklug fdqglgdwhv +�,1 Lw lv whpswlqj wr frqfoxgh wkdw wkh lqfhqwlyh lv dovr

ghfuhdvlqj lq lglrv|qfudwlf yduldelolw| +�,1 Wklv frqfoxvlrq uhtxluhv pruh wkrxjkw/ krzhyhu1

Ydu|lqj � dovr fkdqjhv wkh h{shfwhg +wuxwkixo, vxssruw ri fdqglgdwh 5/ vlqfh �2 @ �+�@�,1 D

pruh dssursuldwh frpsdudwlyh vwdwlf lv wr �{ �2/ dqg doorz � wr ydu| zlwk �1 Lq wklv fdvh=

H^�(A ` @
5p>�

3�+��,�

�
@ 5p>�

3�+��,�
3�+�2, +518,

Vlploduo|/ wkh yduldqfh ri �(A lv lqyduldqw wr �1 Lw iroorzv wkdw � kdv qr gluhfw h�hfw rq wkh

lqfhqwlyh wr yrwh vwudwhjlfdoo|1 Pruh lqwhuhvwlqjo|/ krzhyhu/ wkh suredelolw| wkdw d yrwhu dfwv

vwudwhjlfdoo| lv ghfuhdvlqj lq �1 Wr vhh wklv/ qrwh wkdw dq lqglylgxdo dfwv vwudwhjlfdoo| zkhqhyhu

� . �� . �(A � 3 � � . ��1 Lq sduwlfxodu/ wkh _dyhudjh% lqglylgxdo +�� @ 3, dozd|v yrwhv

vwudwhjlfdoo|1 Iru vpdoo �/ pdq| pruh lqylgxdov vdwlvi| wklv lqhtxdolw|/ iru �{hg � dqg �(A 1 Lq

idfw/ frqglwlrqlqj rq dq dffxudwh vljqdo uhdolvdwlrq ri � @ �/ wkh suredelolw| ri d vwudwhjlf yrwh

lv=

�

�
�3�+�2,

�
4 .

5p>�3�+��,

�

��
� �2

Wklv lv fohduo| ghfuhdvlqj lq �1

Dgglwlrqdo revhuydwlrqv duh shuwlqhqw1 Iluvw/ qrwlfh wkdw lq d _forvh% hohfwlrq/ wkh lqfhqwlyh iru

+dqg dprxqw ri, vwudwhjlf yrwlqj lv vpdoo1 Dq hohfwlrq ehfrphv pruh pdujlqdo dv �� ghfuhdvhv wr

4@51 Lw iroorzv wkdw �3�+��, & 3/ dqg wkh lqfhqwlyh wr yrwh vwudwhjlfdoo| glvdsshduv1 Vhfrqgo|/ dv
fdqglgdwhv 5 dqg 6 ehfrph forvhu/ � & 3/ dqg wkh h{shfwhg lqfhqwlyh djdlq glvdsshduv/ zlwk wkh

suredelolw| ri d vwudwhjlf yrwh1 Wkh prgho suhglfwv ohvv vwudwhjlf yrwlqj lq d forvh hohfwlrq1 Wklug/

qrwlfh wkdw wkh lqfhqwlyh +dqg khqfh dprxqw, ri vwudwhjlf yrwlqj lv �qlwh1 Xqfhuwdlqw| ryhu �

ohdgv wr d erxqghg olnholkrrg udwlr ri slyrwdo suredelolwlhv1 Wkh ghflvlrq0wkhruhwlf rxwfrph lv

wkxv glvwlqfwo| qrq0Gxyhujhuldq lq qdwxuh1 Wkh �qdo revhuydwlrq lv wr qrwh wkdw wkh ghflvlrq0



Sduw 51 Vwudwhjlf Yrwlqj zlwk Frqvwlwxhqf| Xqfhuwdlqw| 63

wkhruhwlf rxwfrph whqgv wr wkh Gxyhujhuldq fdvh dv wkh suhflvlrq ri sxeolf lqirupdwlrq lqfuhdvhv1

Pruh irupdoo|=

� A 3 , olp
6><"

@ .4

Lw iroorzv wkdw wkh Gxyhujhuldq frqfoxvlrqv ri suhylrxv ghflvlrq0wkhruhwlf dqdo|vlv klqjh rq

h{dfw suhflvlrq ri sxeolf lqirupdwlrq � htxlydohqw wr frpsohwh dqg frpprq nqrzohgjh ri

frqvwlwxhqf|0zlgh suhihuhqfhv1 Wkhvh uhvxowv plplf wkrvh ri Sduw 4/ zlwk wkh dgglwlrq ri ixoo|

vshfl�hg yrwhu suhihuhqfhv1

Ri frxuvh/ ixoo lqvljkw uhtxluhv d jdph0wkhruhwlf dqdo|vlv1 Lq wkh qh{w vhfwlrq/ wkh dujxphqw

frqvlghuv wkh surshuwlhv ri htxloleuld lq wklv prgho1

4�g .`��,�Oi��6

51714 Htxloleulxp Yrwlqj

Wkh ghflvlrq0wkhruhwlf dqdo|vlv frqvlghuhg wkh qdwxuh ri rswlpdo yrwlqj/ dvvxplqj wkdw rwkhu

yrwhuv dfw wuxwkixoo|1 D udwlrqdo yrwhu zloo dqwlflsdwh vwudwhjlf ehkdylrxu e| rwkhuv/ ohdglqj wr

d uhylvlrq ri wkh shufhlyhg orj0olnholkrrg �1 Olqnlqj wkh rswlpdo yrwlqj uxoh zlwk wkh vwdqgdug

frqvlvwhqf| uhtxluhphqw |lhogv d Ed|hvldq Qdvk htxloleulxp1 Wkh suhylrxv vhfwlrq zdv frq0

fhuqhg zlwk �qlwh �/ dqg �uvw dwwhqwlrq pxvw wxuq wr wkh srvvlelolw| ri h{wuhph Ed|hvldq Qdvk

htxloleuld1

Sursrvlwlrq 81 Wkhuh h{lvw wzr Gxyhujhuldq Ed|hvldq Qdvk htxloleuld/ zlwk {2 @ q . 4 dqg

{� @ q. 4 uhvshfwlyho|/ uhvxowlqj lq d fhuwdlq zlq e| hlwkhu fdqglgdwh 5 ru fdqglgdwh 61

Surri1 Vxssrvh wkdw doo q . 4 yrwhuv vdwlvi|lqj x�� ? plqix�2> x��j yrwh iru fdqglgdwh 51 Wkh

uhvxow lv d fhuwdlq zlq e| fdqglgdwh 51 Wkhuh lv h{dfwo| }hur suredelolw| ri d wlh/ vr wkdw

t2 @ t� @ 31 Yrwhuv uhfhlyh wkh vdph h{shfwhg sd|r� iurp d yrwh iru hlwkhu sduw| m 5 i5> 6j/
dqg wkhuh lv qr lqfhqwlyh wr ghyldwh1 Dq lghqwlfdo dujxphqw hvwdeolvkhv wkdw {� @ q. 4 lv dovr

dq htxloleulxp1

Xqghu Gxyhujhuldq yrwlqj/ wkh orj0olnholkrrg udwlr � lv xqgh�qhg/ vlqfh wkhuh lv h{dfwo| }hur

suredelolw| ri d wlh iru wkh ohdg1 Wkh nh| txhvwlrq ri lqwhuhvw lv wkh h{lvwhqfh ri qrq0Gxyhujhuldq

Ed|hvldq Qdvk htxloleuld1 Lq wklv fdvh/ zlwk �qlwh �/ wkh frqvlvwhqf| ri yrwhu shufhswlrqv dqg

wkh uhdolvhg glvwulexwlrq ryhu yrwhu rxwfrphv pd| eh lpsrvhg1

Sursrvlwlrq 91 Wkhuh lv d xqltxh v|pphwulf qrq0Gxyhujhuldq htxloleulxp �W vdwlvi|lqj=

�W @
5��3�+��,�

�2 � 5��3�+��,
+519,
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Surri1 Vhw �W @ a�+�W, lq Htxdwlrq +517, dqg vroyh1

Lq frpprq zlwk wkh ghflvlrq wkhruhwlf fdvh/ wklv qrq0Gxyhujhuldq htxloleulxp hqwdlov qr vwudwh0

jlf yrwlqj zkhqhyhu wkh ohdg ri fdqglgdwh 4 lv orz +�� & 4@5, dqg zkhq wkh h{shfwhg vxssruw

iru fdqglgdwhv 5 dqg 6 lv wkh vdph +� @ 3,1 Wzr lvvxhv uhpdlq/ krzhyhu1 Iluvw/ dq htxloleulxp

vhohfwlrq sureohp dulvhv1 Vhfrqg/ wkh gluhfwlrq ri vwudwhjlf yrwlqj lv xqfohdu1 Lq wkh ghflvlrq0

wkhruhwlf fdvh/ � A 3 ohg wr �(A A 3 dqg khqfh vwudwhjlf yrwlqj dzd| iurp fdqglgdwh 6/ dv rqh

pljkw h{shfw1 Wkh vdph frqfoxvlrq lv qrw lpphgldwh khuh1 Wkh ghqrplqdwru ri Htxdwlrq +519,

pd| eh hlwkhu srvlwlyh ru qhjdwlyh/ dqg wkh gluhfwlrq ri vzlwfklqj lv dpeljxrxv1

51715 Htxloleulxp Vhohfwlrq

Wkh uhvroxwlrq ri erwk ri wkhvh sureohpv lv dlghg e| wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 61Dq hohfwlrq lv Gxyhujhuldq li �2? 5��3�+��,/ qrq0Gxyhujhuldq li �2A5��3�+��,1

Wkh lvvxh ri htxloleulxp vhohfwlrq lv �uvw dgguhvvhg1 Vxssrvh wkdw yrwhuv kdyh dq lqlwldo k|0

srwkhvlv iru ghflvlrq uxoh hpsor|hg e| wkh hohfwrudwh/ |lhoglqj orj0olnholkrrg udwlr �f � iru

h{dpsoh/ wuxwkixo yrwlqj fruuhvsrqgv wr �f @ 31 D +ghflvlrq0wkhruhwlf, ehvw0uhvsrqvh wr wklv

|lhogv d uhdolvhg orj0olnholkrrg udwlr ri �� @ a�+�f,1 D vrsklvwlfdwhg yrwhu pd| dqwlflsdwh wklv

uhvsrqvh wkurxjkrxw wkh hohfwrudwh1 Li doo yrwhuv dqwlflsdwh vlploduo|/ wkh uhdolvhg orj olnholkrrg

udwlr ehfrphv �2 @ a�+��,1 Frqwlqxlqj lwhudwlyho|/ d ehvw0uhvsrqvh surfhvv lv rewdlqhg1

Gh�qlwlrq 71 Gh�qh wkh lwhudwlyh ehvw uhvsrqvh surfhvv e| �| @ a�+�|3�,1

Suhylrxv dxwkruv +lqfoxglqj Ih| 4<<:, vshfl�hg d surfhvv ri uhshdwhg hohfwlrqv1 Yrwhuv revhuyh

wkh rxwfrph ri dq hohfwlrq/ dqg dgrsw d ehvw uhvsrqvh wr wkh ehkdylrxu uhsuhvhqwhg e| wkh

hohfwlrq rxwfrph1 Lq d vhfrqg hohfwlrq/ pruh vwudwhjlf yrwlqj lv revhuyhg1 Wklv surfhvv lv

uhlqiruflqj/ ohdglqj wr Gxyhujhuldq htxloleuld1 Zlwk lqvwuxphqwdoo| udwlrqdo djhqwv/ uhshdwhg

hohfwlrqv duh xqqhfhvvdu| iru wklv surfhvv1 D udwlrqdo yrwhu zloo dqwlflsdwh wkh vwudwhjlf dfwlrqv

ri rwkhuv/ dqg ixuwkhu dqwlflsdwh wkhlu uhdfwlrq1 Qdwxudoo|/ wkh olplw ri vxfk d vrsklvwlfdwhg

uhdvrqlqj surfhvv uhtxluhv wkh vshfl�fdwlrq ri d vwduwlqj srlqw1 Dq lqlwldo k|srwkhvlv ri wuxwkixo

yrwlqj surylghv d uhdvrqdeoh dqg lqwxlwlyh irfdo srlqw iru vxfk dq lqlwldo frqglwlrq1

Sursrvlwlrq :1 Lq d qrq0Gxyhujhuldq hohfwlrq/ wkh lwhudwlyh ehvw uhvsrqvh surfhvv frqyhujhv

wr wkh xqltxh qrq0Gxyhujhuldq htxloleulxp iurp dq| lqlwldo �f1 Lq d Gxyhujhuldq hohfwlrq/ wkh

lwhudwlyh ehvw uhvsrqvh frqyhujhv wr d Gxyhujhuldq htxloleulxp/ xqohvv �f @ �W1 Li �f A �W/ lw

frqyhujhv wr wkh Gxyhujhuldq htxloleulxp lq zklfk fdqglgdwh 6 uhfhlyhv qr vxssruw1 Li �f ? �W/

lw frqyhujhv wr }hur vxssruw iru fdqglgdwh 51

Sursrvlwlrq : lv ehvw xqghuvwrrg zlwk uhihuhqfh wr Iljxuhv 514 dqg 5151 Frqvlghu �uvw wkh qrq0

Gxyhujhuldq fdvh/ dqg vxssrvh wkdw wkh lqlwldo k|srwkhvlv lv wkdw yrwhuv dfw wuxwkixoo|1 Wklv lv
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htxlydohqw wr rswlpdo yrwlqj zlwk �f @ 3/ dqg d ehvw uhvsrqvh wr wklv lv �(A @ a�+3,1 Dv Iljxuh

514 looxvwudwhv/ wkh ehvw0uhvsrqvh surfhvv frqwlqxhv/ dqg frqyhujhv wr wkh qrq0Gxyhujhuldq htxl0

oleulxp �W1 Wkdw wkh lqlwldo k|srwkhvlv lv wuxwkixo yrwlqj lv xqqhfhvvdu| lq d qrq0Gxyhujhuldq

hohfwlrq � dv wkh �jxuh lqglfdwhv dqg Sursrvlwlrq : frq�upv/ dq| lqlwldo qrq0Gxyhujhuldq k|0

srwkhvlv ohdgv wr wkh qrq0Gxyhujhuldq htxloleulxp1 Iljxuh 515 looxvwudwhv wkh Gxyhujhuldq fdvh1

Qrwlfh wkdw �W ? 3 zkhq � A 31 Ehjlqqlqj dw �f @ 3/ wkh uhdvrqlqj surfhvv ohdgv h{sorvlyho|

dzd|/ dqg vxssruw iru wkh wklug fdqglgdwh froodsvhv1 Sursrvlwlrq : lv hpsor|hg dv dq htxloleulxp

vhohfwlrq ghylfh/ vxssruwlqj wkh qrq0Gxyhujhuldq htxloleulxp li dqg rqo| li wkh qrq0Gxyhujhuldq

fulwhulrq lv vdwlv�hg1

D uhvwdwhphqw ri wkh prgho lq whupv ri wkh sxeolf vxuyh| plfurirxqgdwlrq lv lqvwuxfwlyh1 Djdlq

qrwlqj wkdw �2 @ �2@p>/ wkh fulwhulrq iru d qrq0Gxyhujhuldq hohfwlrq +dqg khqfh htxloleulxp

rxwfrph, ehfrphv=

4

p>
A

5�3�+��,

�

Lw iroorzv wkdw dq hohfwlrq lv Gxyhujhuldq li dqg rqo| li wkh sxeolf vljqdo ri fdqglgdwh vxssruw

lv vx�flhqwo| suhflvh/ uhodwlyh wr d phdvxuh ri wkh vxssruw iru fdqglgdwh 4 +��, dqg wkh khw0

hurjhqhlw| ri yrwhu suhihuhqfhv +�,1 Qrwlfh wkdw d Gxyhujhuldq rxwfrph rewdlqv li fdqglgdwh

4 lv vx�flhqwo| vwurqj +odujh ��,1 Lq dgglwlrq/ lqfuhdvhg khwhurjhqhlw| ri suhihuhqfhv +odujh �,

|lhogv d qrq0Gxyhujhuldq fodvvl�fdwlrq1 Wkh qrq0Gxyhujhuldq htxloleulxp orj0olnholkrrg udwlr

ehfrphv=

�W @
5p�3�+��,�

� � 5p�3�+��,
, H^�W` @

5p>�
3�+��,�

3�+�2,

4� 5p>�3�+��,@�

D qxpehu ri wkh ohdglqj frpsdudwlyh vwdwlfv iurp wkh ghflvlrq0wkhruhwlf dqdo|vlv duh pdlqwdlqhg1

Iru � A 3/ wkh qrq0Gxyhujhuldq fdvh ohdgv wr vwudwhjlf vzlwfklqj dzd| iurp fdqglgdwh 61 Wkh

lqfhqwlyh wr yrwh vwudwhjlfdoo| lv rqfh djdlq lqfuhdvlqj lq wkh suhflvlrq ri sxeolf lqirupdwlrq

+p>, dqg wkh shufhlyhg uhodwlyh vwuhqjwk ri fdqglgdwh 5 +�,1 Xqolnh wkh ghflvlrq0wkhruhwlf fdvh/

krzhyhu/ d ghfuhdvh lq � uhvxowv lq dq lqfuhdvh lq wkh vwudwhjlf lqfhqwlyh1 Wklv vwhpv iurp wkh

vhoi0uhlqiruflqj qdwxuh ri vwudwhjlf yrwlqj1 Wkh lqlwldo lqfhqwlyh ��+3, grhv qrw ghshqg rq �1

Zlwk orzhu �/ krzhyhu/ d vpdoohu lqfhqwlyh lv uhtxluhg wr hqfrxudjh d yrwhu wr dfw vwudwhjlfdoo|1

Wklv ixuwkhu hqkdqfhv wkh lqfhqwlyh1 D �qdo srlqw lv wkh frqwlqxlw| ehwzhhq wkh Gxyhujhuldq

dqg qrq0Gxyhujhuldq fdvhv1 Lqghhg=

�W $4 dv p> % �

5�3�+��,

Frqglwlrqlqj rq dffxudwh vljqdo uhdolvdwlrq/ wkh suredelolw| wkdw d vwudwhjlf yrwh lv revhuyhg

pd| eh fdofxodwhg1 Dq lqglylgxdo dfwv vwudwhjlfdoo| zkhqhyhu � . �� . �W � 3 � � . ��1 Zlwk
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Iljxuh 516= Ghqvlw| Ryhu x�2 iru Ydulrxv �

� @ �/ wklv lqhtxdolw| lv vdwlv�hg zlwk suredelolw|=

Su^Yrwh 5 ^ x�� � x�2 m plqix�2> x��j A x��` @ �

�
�3�+�2,

�
4 .

5p>�3�+��,

� � 5p>�3�+��,

��
� �2

4�F Y,,�t|iB|�NA

Wkh uhvxowv ri Vhfwlrq 517 pdnh lw fohdu wkdw jdph0wkhruhwlf frqvlghudwlrqv ohdg wr juhdwhu

vwudwhjlf yrwlqj1 Krz vljql�fdqw lv wklvB Wklv vhfwlrq surylghv dq looxvwudwlrq1

Uhwxuq wr wkh h{dpsoh ri Sduw 41 Wkh h{shfwhg yrwh vkduhv ri wkh wkuhh fdqglgdwhv duh=

Fdqglgdwh Vkduh

4 Frqvhuydwlyh 316;

5 Oderxu 3165

6 Olehudo Ghprfudw 3163

Xvlqj wklv vshfl�fdwlrq/ �� @ 3=6;@3=95 dqg �2 @ 3=65@3=951 Dvvxph iru vlpsolflw| wkdw wkh

uhdolvhg vljqdo ri wkh frpprq frpsrqhqw htxdov lwv wuxh ydoxh/ vr wkdw � @ � @ ��3�+�2,1

Wkhuh duh wzr sdudphwhuv uhpdlqlqj1 Wkhvh duh wkh khwhurjhqhlw| ri yrwhu suhihuhqfhv +�, dqg

wkh suhflvlrq ri wkh sxeolf vljqdo +p>,1

Ydu|lqj � |lhogv d vxusulvlqjo| ulfk froohfwlrq ri sd|r� glvwulexwlrqv1 Wr looxvwudwh wklv/ �uvw

qrupdolvh x�� @ 3 dqg x�2 . x�� @ 41 Lw iroorzv wkdw 3 � x�2 � 41 Wklv qrupdolvdwlrq doorzv d

frqyhqlhqw lqwhsuhwdwlrq ri wkh sd|r� x�21 Vxssrvh wkdw yrwhu l lv lqgl�huhqw ehwzhhq fdqglgdwhv
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4 dqg 51 Wklv kdsshqv zkhqhyhu t2+x�2 � x��, @ t�+x�� � x��,1 Dsso|lqj wkh qrupdolvdwlrq=

t�
t2 . t�

@ x�2

Wklv lv wkh frqglwlrqdo slyrwdo suredelolw| ri d OleGhp0Frq wlh wkdw lv mxvw vx�flhqw wr hqvxuh

d yrwh iru wkh OleGhp fdqglgdwh1 Lw iroorzv wkdw wklv lv d phdvxuh ri wkh uhodwlyh vwuhqjwk ri d

yrwhu*v suhihuhqfh iru wkh Oderxu fdqglgdwh1

Wkh glvwulexwlrq ryhu x2 iru ydulrxv ydoxhv ri � lv looxvwudwhg lq Iljxuh 5161 Kljk khwhurjhqhlw|

fruuhvsrqgv wr � @ 431 Wkh glvwulexwlrq ryhu fdqglgdwh doohjldqfh lv fohduo| elprgdo= Yrwhuv

duh hlwkhu vwurqj Oderxu ru vwurqj Olehudo Ghprfudw vxssruwhuv/ dqg khqfh uhtxluh vwurqjhu

vwudwhjlf lqfhqwlyhv lq rughu wr pryh dzd| iurp vwudljkwiruzdug yrwlqj1 Frqwudvw wklv zlwk wkh

fdvh ri � @ 3=71 Wkh glvwulexwlrq lv xqlprgdo/ zlwk prvw zhljkw wrzdugv wkh fhqwuh1 Wklv

fruuhvsrqgv wr qhdu lqgl�huhqfh ehwzhhq wkh Oderxu dqg Olehudo Ghprfudw fdqglgdwhv1

Iljxuh 517 looxvwudwhv wkh suredelolw| ri revhuylqj d vwudwhjlf yrwh iru wkh h{dpsoh/ xvlqj wkh

wkuhh ydoxhv � 5 i3=7> 4> 43j1 Lq wkh sxeolf lqirupdwlrq prgho/ doo vzlwfklqj lv xql0gluhfwlrqdo/

zlwk yrwhuv vzlwfklqj iurp wkh Olehudo Ghprfudw fdqglgdwh +l @ 6, wr wkh Oderxu fdqglgdwh

+l @ 5,1 Wklv phdqv wkdw vwudwhjlf yrwlqj lv erxqghg deryh e| 3=61 Wkh �jxuh frqvlghuv

lqirupdwlrq suhflvlrq lq wkh udqjh 3 � p> � 581 Vwudwhjlf yrwlqj lv fohduo| lqfuhdvlqj lq wklv

lqirupdwlrq suhflvlrq/ dqg ghfuhdvlqj lq khwhurjhqhlw| �1 Qrwlfh/ krzhyhu/ wkh gudpdwlf h�hfw

ri prylqj iurp d ghflvlrq0wkhruhwlf wr d jdph0wkhruhwlf shuvshfwlyh1 Iru lqvwdqfh/ lq wkh fdvh

ri � @ 4/ dq lqirupdwlrq suhflvlrq ri rqo| p> @ 4=:7 |lhogv d ixoo| Gxyhujhuldq rxwfrph=

Wklv lv wkh fulwlfdo ydoxh vdwlvi|lqj p> @ �@5�3�+��,1 Wklv h{dpsoh vxjjhvwv wkdw/ zlwk rqo|

prghvw lqirupdwlrq suhflvlrq/ vhoi0uhlqiruflqj vwudwhjlf yrwlqj ohdgv wr vwulfw elsduwlvp1 Vxfk d

frqfoxvlrq/ krzhyhu/ lv suhpdwxuh1 Wkh ixoo dqdo|vlv ri Sduw 6/ lqfoxglqj dq dffrxqw ri sulydwh

lqirupdwlrq vrxufhv/ lv uhtxluhg1

4�U �NAW,�t�NA

Lw lv fohdu wkdw wkh sxeolf lqirupdwlrq fdvh surylghv dq lqwhuhvwlqj ehqfkpdun1 Lq d qrq0

Gxyhujhuldq hohfwlrq/ wkhuh lv xql0gluhfwlrqdo wdfwlfdo yrwlqj dzd| iurp wkh frpprqo| h{shfwhg

wudlolqj fdqglgdwh1 Vwudwhjlf yrwlqj lqfhqwlyhv duh lqfuhdvlqj lq wkh suhflvlrq ri sxeolf lqiru0

pdwlrq/ wkh ohdg ri fdqglgdwh 4 dqg wkh shufhlyhg glvwdqfh ehwzhhq fdqglgdwhv 5 dqg 6/ dqg

ghfuhdvlqj lq wkh lglrv|qfudv| ri yrwhuv1 Zlwk lqfuhdvlqj sxeolf lqirupdwlrq/ wkh htxloleulxp

whqgv wr d Gxyhujhuldq rxwfrph/ dfklhylqj wklv dw d �qlwh suhflvlrq ohyho p>1

Lw zrxog eh dsshdu iurp wklv dqdo|vlv wkdw wkh vwulfw yhuvlrq ri Gxyhujhu*v Odz � frpsohwh

orfdo elsduwlvp � pljkw vwloo hphujh iurp d pruh jhqhudo prgho1 Lqghhg/ wkh looxvwudwlrqv ri

Vhfwlrq 518 vxjjhvw wkdw rqo| d prghvw dprxqw ri lqirupdwlrq lv uhtxluhg wr ghvwdeolvh wkh

qrq0Gxyhujhuldq htxloleulxp1

Qrwh/ krzhyhu/ wkdw wkh dqdo|vlv ri wklv sduw uhsodfhv rqo| rqh dvvxpswlrq ri suhylrxv prghov
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� wkh frqvwlwxhqf|0zlgh vxssruw ri fdqglgdwhv 5 dqg 6 lv qr orqjhu fhuwdlq/ exw doo yrwhuv krog

frpprq eholhiv1 Wklv lvvxh lv fulwlfdo/ dqg lv dgguhvvhg e| wkh dqdo|vlv ri wkh sulydwh vljqdov

fdvh/ wr zklfk wkh dujxphqw qrz wxuqv1



�Bi| 

7|iB|j}�W XN|�A} ��|� �i��B|j 7�}AB,t

_Lq vwudwhj| lw lv lpsruwdqw wr vhh glvwdqw wklqjv dv li wkh|

zhuh forvh dqg wr wdnh d glvwdqfhg ylhz ri forvh wklqjv1%

Pl|dprwr Pxvdvkl

�� YA|iNa�W|�NA

Vwudwhjlf yrwlqj grhv qrw ohdg wr vwulfw orfdo elsduwlvp1 Lq d ghflvlrq0wkhruhwlf frqwh{w/ wklv

phvvdjh lv fohdu1 Lqghhg/ wkh dqdo|vlv ri Sduw 4 ghprqvwudwhv frqylqflqjo| wkdw wkh lqghshq0

ghqfh ri yrwhu suhihuhqfhv lv wkh nh| dvvxpswlrq ehklqg wkh vwulfw yhuvlrq ri Gxyhujhu*v Odz1

Ri frxuvh/ wkh jdph0wkhruhwlf dqdo|vlv ri Sduw 5 dsshduv wr uhvxuuhfw wkh elsduwlwh rxwfrph1

Grhv lwB Wklv sduw dujxhv qrw1 Zlwk sxeolf vljqdov dv wkh vroh lqirupdwlrq lqsxw wr wkh ghfl0

vlrq pdnlqj surfhvv/ wkh frqvwlwxhqf|0zlgh vwuhqjwk ri fdqglgdwhv lv xqfhuwdlq1 Yrwhu eholhiv/

krzhyhu/ uhpdlq frpprq1 Lw iroorzv wkdw wkh h{shfwhg ohdghu lv frpprqo| nqrzq1 Wklv xq0

sdodwdeoh ihdwxuh phdqv wkdw frqvwlwxhqf|0ohyho xqfhuwdlqw| � wkh xqnqrzq frpprq h�hfw �

lv lqvx�flhqw wr dyrlg d Gxyhujhuldq rxwfrph1 D prgho lv ghvluhg lq zklfk yrwhuv gl�hu lq

wkhlu rslqlrq ri zklfk fdqglgdwh lv wkh olnho| ohdghu1 Lqghhg/ wklv lv d ihdwxuh wkdw kdv ehhq

uhfrjqlvhg lq wkh hpslulfdo olwhudwxuh1 Lq wkhlu fulwltxh ri wkh Qlhpl hw do +4<<5, phdvxuh ri

vwudwhjlf yrwlqj/ Khdwk dqg Hydqv +4<<7, pdnh wkh iroorzlqj revhuydwlrq=

_^Wkh Qlhpl hw do phdvxuh` grhv qrw doorz iru wkh srvvlelolw| wkdw vrph shrsoh pd|

lqwhqg wr dyrlg zdvwlqj wkhlu yrwh/ exw pd| eh plvwdnhq lq wkhlu shufhswlrqv ri wkh

olnho| fkdqfhv ri wkh ydulrxv sduwlhv zlqqlqj wkh frqvwlwxhqf|1%

Wklv ihdwxuh lv lqfoxghg khuh/ zkhuh d udwkhu gl�huhqw htxloleulxp frqfoxvlrq lv uhdfkhg zkhq

sulydwh lqirupdwlrq vrxufhv duh wdnhq lqwr dffrxqw1

6;
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61414 Vhoi0Dwwhqxdwlqj Vwudwhjlf Yrwlqj

Frqvlghu rqfh djdlq wkh vwdqgdug lqwxlwlrq ehklqg vwudwhjlf yrwlqj1 Vrph udwlrqdo yrwhuv zloo

�qg lw rswlpdo wr vzlwfk iurp wkhlu suhihuuhg fdqglgdwh wr rqh ri wkh ohdglqj sdlu1 Wklv uhgxfhv

wkh vxssruw iru wkh wudlolqj fdqglgdwh/ dqg hqkdqfhv wkh lqfhqwlyh iru rwkhuv wr dfw vwudwhjlfdoo|1

Frqwlqxlqj lwhudwlyho|/ wklv pljkw +dqg lq Sduw 5/ riwhq grhv, ohdg wr dq htxloleulxp lq zklfk

doo vxssruw iru wkh wudlolqj fdqglgdwh ydqlvkhv1 Wklv lqirupdo glvfxvvlrq vxjjhvwv wkdw vwudwhjlf

yrwlqj lv vhoi0uhlqiruflqj1 Exw lv lwB Lq idfw/ wklv sduw dujxhv wkdw/ frqwudu| wr lpphgldwh

lqwxlwlrq/ vwudwhjlf yrwlqj pd| zhoo eh vhoi0dwwhqxdwlqj1

Wr h{soruh wklv lvvxh/ yrwhuv duh htxlsshg zlwk wzr gl�huhqw vrxufhv ri lqirupdwlrq1 Wkh|

frqwlqxh wr frpprqo| revhuyh d sxeolf vljqdo ri wkh frpprq frpsrqhqw ri suhihuhqfhv � d

sxeolf vljqdo ri frqvwlwxhqf|0zlgh vxssruw iru wkh fdqglgdwhv1 Dv lq Sduw 5/ wklv pd| eh olnhqhg

wr wkh revhuydwlrq ri dq rslqlrq sroo1 Fuxfldoo|/ hdfk yrwhu dovr revhuyhv d sulydwh vljqdo/ edvhg

rq wkh revhuydwlrq ri rwkhu lqglylgxdov lq wkh vrflhw|1 Frqglwlrqdo rq wkh frpprq frpsrqhqw/

wklv lv lqghshqghqw dfurvv wkh hohfwrudwh1

Sduw 5 frqvlghuv rqo| wkh sxuh sxeolf lqirupdwlrq fdvh1 Lq wkdw fdvh/ vwudwhjlf yrwlqj lv lqghhg

vhoi0uhlqiruflqj/ h{klelwlqj vwurqj srvlwlyh ihhgedfn1 Li wkh sxeolf vljqdo lv vx�flhqwo| vwurqj/

wkhq wkh ixoo| Gxyhujhuldq htxloleuld duh xqltxho| vwdeoh1 Wkh looxvwudwlyh h{dpsohv ri Vhfwlrq

518 vxjjhvwv wkdw wkh uhtxluhg lqirupdwlrq suhflvlrq lv udwkhu vpdoo1

Zlwk sxuh sulydwh lqirupdwlrq/ wklv lv qr orqjhu wkh fdvh1 Vwudwhjlf yrwlqj e| rwkhuv uhgxfhv

wkh lqfhqwlyh iru d yrwhu wr dfw vwudwhjlfdoo|1 Zk|B Hvvhqwldoo|/ yrwhuv ihdu wkh survshfw ri

vwudwhjlf yrwlqj lq wkh rssrvlwh gluhfwlrq wr wkdw lqglfdwhg e| wkhlu sulydwho|0revhuyhg vljqdo1

Lq wkh sxeolf lqirupdwlrq fdvh/ wklv lvvxh lv vlpso| qrw suhvhqw � doo yrwhuv revhuyh wkh vdph

vljqdo/ dqg vwudwhjlf yrwlqj lv xql0gluhfwlrqdo1 Lqwxlwlrq lv exlow e| frqvlghulqj d yrwhu hydo0

xdwlqj wkh olnholkrrg ri hlwkhu ri wzr fkdoohqjlqj fdqglgdwhv w|lqj zlwk d ohdglqj fdqglgdwh1

Li yrwhuv dfw vwudljkwiruzdugo|/ wkhq d wlh iru wkh ohdg uhtxluhv rqh ri wkh fkdoohqjhuv wr eh

vljql�fdqwo| vwurqjhu wkdq wkh rwkhu1 D vwudwhjlf yrwhu wkhq frqvlghuv wkh uhodwlyh olnholkrrg

wkdw hdfk ri wkhvh fkdoohqjhuv kdv vx�flhqw vwuhqjwk wkurxjkrxw wkh frqvwlwxhqf| wr irufh d

wlh1 Vxssrvh lqvwhdg wkdw rwkhu yrwhuv dfw vwudwhjlfdoo|/ uhvsrqglqj vwurqjo| wr wkhlu sulydwh

vljqdov ri fdqglgdwh vxssruw1 Rqo| d vpdoo dv|pphwu| lq vwuhqjwk ehwzhhq wkh fkdoohqjhuv lv

qhfhvvdu| wr irufh d wlh1 D vpdoo dgydqwdjh e| rqh lv pdjql�hg e| vwudwhjlf yrwlqj wkurxjkrxw

wkh hohfwrudwh1 Uh�hfwlqj rq wklv/ d sduwlfxodu yrwhu zloo zhljkw wkh uhodwlyh olnholkrrg ri hdfk

fkdoohqjhu kdylqj d vpdoo dgydqwdjh ryhu wkh rwkhu1 Wklv olnholkrrg udwlr lv ohvv h{wuhph wkdq

lq wkh wuxwkixo yrwlqj fdvh/ dqg khqfh wkhuh lv d orzhu lqfhqwlyh iru d yrwhu wr dfw vwudwhjlfdoo|1

Lw iroorzv wkdw vwudwhjlf yrwlqj h{klelwv qhjdwlyh ihhgedfn1 Lqghhg/ dv wklv lqirupdo glvfxvvlrq

uhyhdov/ wkh htxloleulxp lqfhqwlyh iru vwudwhjlf yrwlqj lq d jdph0wkhruhwlf hqylurqphqw lv lq

idfw ohvv wkdq wkdw lq d ghflvlrq0wkhruhwlf hqylurqphqw1 Wklv uxohv rxw wkh srvvlelolw| ri vwdeoh

Gxyhujhuldq htxloleuld1

Wkh frpelqdwlrq ri sxeolf dqg sulydwh lqirupdwlrq lv wkh uhpdlqlqj fdvh1 Wkh dqdo|vlv vkrzv
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wkdw li sulydwh lqirupdwlrq lv vx�flhqwo| suhflvh uhodwlyh wr sxeolf lqirupdwlrq/ wkhq wkh xqltxho|

vwdeoh htxloleulxp lv qrq0Gxyhujhuldq1 Zklfk lqirupdwlrq vrxufh lv olnho| wr grplqdwhB Fhu0

wdlqo|/ gxulqj d qdwlrqdo fdpsdljq iru d ohjlvodwlyh hohfwlrq/ d odujh qxpehu ri sxeolf lqirupdwlrq

vrxufhv duh dydlodeoh1 Fuxfldoo|/ krzhyhu/ yrwlqj wdnhv sodfh dw wkh orfdo ohyho1 Qdwlrqdo rslqlrq

sroov/ iru lqvwdqfh/ gr qrw uh�hfw orfdo h�hfwv/ zklfk uhpdlq xqnqrzq wr orfdo frqvwlwxhqwv1

Dw d frqvwlwxhqf| ohyho/ wkhuhiruh/ rqh pljkw h{shfw sxeolf lqirupdwlrq wr eh uhodwlyho| qrlv|1

Sulydwh lqirupdwlrq grplqdwhv/ dqg d qrq0Gxyhujhuldq frqfoxvlrq hphujhv1 E| frqwudvw/ li wkh

yrwh wdnhv sodfh dw d qdwlrqdo ohyho � iru lqvwdqfh/ d qdwlrqdo uhihuhqgxp ru qdwlrqdo ohdghuvkls

hohfwlrq � wkh suhvhqfh ri vwurqj sxeolf lqirupdwlrq vrxufhv lv olnho| wr grplqdwh1 Wkh wkhru|

suhglfwv pxowl0sduw| vxssruw dw wkh glvwulfw0ohyho/ dqg elsduwlvp dw wkh qdwlrqdo ohyho1

61415 Frpsdudwlyh Vwdwlfv

Wkh frpsdudwlyh vwdwlfv plplf wkrvh ri Sduwv 4 dqg 51 Wkh nh| gl�huhqfh lv wkh uroh ri lqirupd0

wlrq1 Sulydwh lqirupdwlrq kdv d idu vpdoohu h�hfw wkdq sxeolf lqirupdwlrq1 Lqghhg/ ehjlqqlqj

zlwk d Gxyhujhuldq hohfwlrq/ d qrq0Gxyhujhuldq rxwfrph rewdlqv zkhq vx�flhqw sulydwh lqiru0

pdwlrq lv dgghg1 Lw iroorzv wkdw vwudwhjlf yrwlqj pd| vrphwlphv eh ghfuhdvlqj lq wkh lqirupdwlrq

dydlodeoh1 Shukdsv prvw lpsruwdqwo|/ lq wkh sxuh sulydwh fdvh/ vwudwhjlf yrwlqj lv erxqghg deryh

udwkhu wkdq ehorz e| wkh ghflvlrq0wkhruhwlf ohyho1

61416 Jxlgh

Wkh uhpdlqghu ri wklv sduw frpsohwhv wkh dujxphqw wkh qhz wkhru|1 Vhfwlrq 615 h{whqgv wkh

prgho ri Vhfwlrq 515 wr lqfoxgh sulydwho| revhuyhg vljqdov1 Yrwhu ehkdylrxu dqg wkh qhjd0

wlyh ihhgedfn lqkhuhqw lq vwudwhjlf yrwlqj lv lqyhvwljdwhg lq Vhfwlrq 6161 Vhfwlrq 617 fdofxodwhv

wkh htxloleuld dqg pdnhv d vhohfwlrq1 Wkh uhvxowv duh looxvwudwhg lq Vhfwlrq 618/ sulru wr wkh

frqfoxglqj uhpdunv ri Vhfwlrq 6191 Rplwwhg uhvxowv duh uhohjdwhg wr Vhfwlrq 61:1

�4 �Naj,

61514 Wkh Hohfwlrq

Wkh vshfl�fdwlrq ri wkh hohfwlrq lv lghqwlfdo wr wkdw ri Sduwv 4 dqg 51 Wkh uhdghu lv uhihuuhg wr

Vhfwlrq 415 rq sdjh 8 iru ixoo ghwdlov1 Wkhuh duh wkuhh fdqglgdwhv m 5 i4> 5> 6j lq d vlqjoh0vhdw

glvwulfw vhohfwlrq/ rshudwlqj xqghu wkh soxudolw| uxoh1 Uhdolvhg yrwh wrwdov zloo eh ghqrwhg i{�j/
zkhuh

S
{� @ +4.��,q.41 Wkh yrwh wrwdo iru fdqglgdwh 4 lv �{hg dw {� @ ��q/ dqg uhpdlqlqj

yrwhuv suhihu erwk ri fdqglgdwhv 5 dqg 6 wr fdqglgdwh 41 Dvvxpswlrq 4 lv xskhog +�� A 4@5,/

hqvxulqj wkdw dq| wlh iru wkh ohdg lqyroyhv fdqglgdwh 41 Doo uhihuhqfhv wr d _yrwhu% dqg wkh

_hohfwrudwh% zloo uhihu wr wkh q. 4 uhpdlqlqj yrwhuv1
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61515 Suhihuhqfh Vwuxfwxuh

Wkh suhihuhqfh vwuxfwxuh lv lghqwlfdo wr wkdw dgrswhg lq Sduw 51 Yrwhu l kdv yrq Qhxpdqq0

Prujhqvwhuq xwlolw| x�� iru sduw| m/ vdwlvi|lqj=

orj
x�2 � x��
x�� � x��

@ � . �� +614,

Khuh � dqg �� duh wkh frpprq dqg lglrv|qfudwlf frpsrqhqwv ri xwlolw|1 Pdlqwdlqlqj Dvvxpswlrq

6/ wkh lglrv|qfudwlf frpsrqhqw lv glvwulexwhg lqghshqghqwo| dfurvv yrwhuv/ zlwk glvwulexwlrq=

�� � Q+3> �2,

61516 Sxeolf dqg Sulydwh Vljqdov

Wkh sxeolf vljqdo ri Sduw 5 lv dxjphqwhg e| d sulydwho| revhuyhg vljqdo1 Yrwhuv ehjlq zlwk d

gl�xvh sulru ryhu � � wkh| kdyh qr nqrzohgjh ri dyhudjh fdqglgdwh vxssruw1 Lqirupdwlrq rq

fdqglgdwh vxssruw pd| wkhq eh johdqhg iurp d ydulhw| ri vrxufhv1 Wkh �uvw lv sxeolf lqirupdwlrq/

vxfk dv wkh revhuydwlrq ri d sxeolf rslqlrq sroo ru vlplodu vxuyh|1 Dvvxpswlrq 7 lv uhwdlqhg/

vr wkdw yrwhuv frpprqo| revhuyh � � Q+�> �2,1 Iroorzlqj revhuydwlrq ri wklv vljqdo/ dqg

sulru wr wkh uhfhlsw ri dq| sulydwh lqirupdwlrq/ yrwhuv xsgdwh wr d frpprq sxeolf srvwhulru

� � Q+�>�2,1

Ylhzhg dv dq rslqlrq sroo/ Dvvxpswlrq 7 surylghv d qdwxudo iudphzrun1 Lq sduwlfxodu/ wkh

zlghvsuhdg sxeolfdwlrq ri rslqlrq sroov lv frpprq gxulqj dq hohfwlrq1 Iru odujh p>/ wklv ohdgv

wr d kljk suhflvlrq ri sxeolf lqirupdwlrq1 Qrwlfh/ krzhyhu/ wkdw rslqlrq sroov w|slfdoo| rffxu dw

d qdwlrqdo ohyho1 Wkh| uh�hfw qdwlrqzlgh vxssruw iru srolwlfdo sduwlhv/ exw uduho| jlyh dffxudwh

frqvwlwxhqf| ohyho lqirupdwlrq1 Wklv ihdwxuh zdv suhvhqw lq wkh 4<<: Eulwlvk Jhqhudo Hohfwlrq1

Hydqv/ Fxuwlfh dqg Qruulv +4<<;, qrwh wkdw 7: qdwlrqzlgh rslqlrq sroov zhuh frqgxfwhg gxulqj

wkh hohfwlrq fdpsdljq1 E| frqwudvw/ rqo| 5< sroov zhuh frqgxfwhg lq 59 gl�huhqw frqvwlwxhqflhv

dw d frqvwlwxhqf| ohyho/ rxw ri d wrwdo ri 98< frqvwlwxhqflhv1 Wr wkh vhh wkh h�hfw ri wklv/

ghfrpsrvh wkh frpprq h�hfw � lqwr qdwlrqdo dqg glvwulfw frpsrqhqwv/ vr wkdw � @ �. +�� �,

zkhuh � lv wkh qdwlrqdo frpsrqhqw1 Hyhq zlwk shuihfw nqrzohgjh ri �/ xqfhuwdlqw| ryhu wkh

glvwulfw frpsrqhqw uhpdlqv/ ohdglqj wr d sxeolf srvwhulru eholhi ri � � Q+�>ydu^�� �`,1 Dw wkh

frqvwlwxhqf| ohyho/ wkh devhqfh ri rslqlrq sroo lqirupdwlrq iru wkh glvwulfw orzhuv wkh suhflvlrq

ri sxeolf lqirupdwlrq1

Hyhq lq wkh suhvhqfh ri d frqvwlwxhqf| ohyho rslqlrq sroo/ lw lv shukdsv ohvv olnho| iru wkh sroo

uhvxowv wr eh sxeolfo| revhuyhg e| doo phpehuv ri d frqvwlwxhqf|1 Sxeolflw| ryhu vxfk uhvxowv

lv riwhq surylghg e| srolwlfdo sduwlhv wkhpvhoyhv/ dqg wkhvh duh riwhq pdqlsxodwhg wr vxlw wkh

lqwhuhvwv ri wkh fdqglgdwhv1� Lw lv wkxv uhdvrqdeoh wr h{shfw wkh ohyho ri lqirupdwlrq dw d

�A�i �bb. �h�|�t� Bi?ih@* ,*iU|�L? ThL��_it @? i @4T*i� W? |�i � uLh_ ìt| @?_ �M�?}_L? UL?t|�|�i?U)c
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frqvwlwxhqf| ohyho wr eh udwkhu orz1 Yrwhuv gr/ krzhyhu/ kdyh rwkhu vrxufhv ri lqirupdwlrq

dydlodeoh1 Lq sduwlfxodu/ d vljqdo ri frqvwlwxhqf|0zlgh fdqglgdwh vxssruw pd| eh rewdlqhg iurp

wkh shrsoh zlwk zkrp dq lqglylgxdo lqwhudfwv1 Wkh lpsruwdqw fkdudfwhulvwlf ri vxfk lqirupdwlrq

lv wkdw lw ohdgv wr sulydwh vljqdov1

Dvvxpswlrq 81 Hdfk yrwhu l revhuyhv d sulydwh vljqdo �� � Q+�> �2,1 Frqglwlrqdo rq �/ wklv

lv lqghshqghqw dfurvv yrwhuv exw pd| eh fruuhodwhg zlwk wkh lglrv|qfudwlf frpsrqhqw ��1

Rqfh djdlq/ d plfurirxqgdwlrq lv dydlodeoh1 Wkh sulydwh vljqdo �� fruuhvsrqgv wr wkh revhuydwlrq

ri pB udqgrpo| fkrvhq lqglylgxdov/ zlwk �2 @ �2@pB1 Lq sduwlfxodu/ d yrwhu*v rzq sd|r�v duh d

vljqdo ri �1 Khqfh zlwk pB @ 4/ lw iroorzv wkdw �2 @ �21 Pruh jhqhudoo|/ zlwk wklv plfurirxqgd0

wlrq/ wkh yduldqfh ri sulydwh vljqdov lv erxqghg deryh/ zlwk �2 � �21 Wkh lqfoxvlrq ri d yrwhu*v

rzq suhihuhqfhv lq wkh vljqdo uhvxowv lq fruuhodwlrq ehwzhhq wkh vljqdo dqg lglrv|qfudwlf xwlolw|

frpsrqhqw ��1 Iru lqvwdqfh/ lq d vdpsoh ri pB A 4=

�� @ � .
4

pB

;?
=�� .

[
& �'�

�&

<@
> , fry+��> ��, @

�2

pB

@ �2

Wklv ihdwxuh lv lqfrusrudwhg lqwr wkh dqdo|vlv/ dqg h{whqgv hdvlo| wr ixuwkhu fruuhodwlrq ehwzhhq

wkh suhihuhqfhv ri yrwhu l dqg vdpsohg lqglylgxdov1 Gh�qlqj wkh fruuhodwlrq frh�flhqw ehwzhhq

�� dqg �� dv �/ wkh plfurirxqgdwlrq suhvhqwhghg khuh |lhogv=

� � �

�
A 3

Iroorzlqj wkh revhuydwlrq ri ��/ d yrwhu xsgdwhv wr rewdlq d sulydwh srvwhulru eholhi1

Ohppd 91 Wkh srvwhulru eholhi ri yrwhu l ryhu � vdwlv�hv=

� � Q

�
�2�. �2��
�2 . �2

>
�2�2

�2 . �2

�

Surri= Dsso| wkh vwdqgdug Ed|hvldq xsgdwlqj surfhgxuh � vhh GhJurrw +4<:3,1

Wkh vshfl�fdwlrq ri sulydwh vljqdov lpsolflwo| dvvxphv wkdw vdpsohg lqglylgxdov uhyhdo wkhlu suhi0

huhqfhv wuxwkixoo|1 Ixuwkhupruh/ vlqfh wkh xqfrqglwlrqdo suredelolw| ri lq�xhqflqj wkh hohfwlrq

rxwfrph lv ydqlvklqjo| vpdoo/ lw vhhpv xqolnho| wkdw lqglylgxdov zrxog �qg d frvwo| lqirupdwlrq

dftxlvlwlrq h{huflvh wr eh zruwkzkloh1 Wkh dujxphqw suhvhqwhg khuh dffhswv wklv odwwhu fulwltxh1

Li d yrwhu �qgv lw wrr frvwo| wr frqgxfw d sulydwh rslqlrq sroo/ wkhq wkh vwudwhjlf pdqlsxodwlrq

ri yrwlqj lqwhqwlrqv e| vdpsohg lqglylgxdov lv qr orqjhu ri uhohydqfh1 Wkh txhvwlrq ri wkh sul0

ydwh lqirupdwlrq vrxufh uhpdlqv1 Lw lv hqylvlrqhg wkdw klv lqirupdwlrq lv dffxpxodwhg ryhu dq

|�i Rt|@|i Lu T*@)� Lu |�i �@h�L�t U@?_�_@|it �@t T�M*�U�ti_ M) |�i TL*�|�U@* T@h|�it |�i4ti*�it� A�i w@ML�h
@?_ w�Mih@* #i4LUh@|�U U@?_�_@|it ML|� @h}�i_ |�@| |�i) �ihi Mit|�T*@Ui_ |L |@!i |�i �@h�L�t ti@|t� W?_ii_c
|�i @�|�Lh hiUi��i_ @ �@h�i|) Lu UL?��U|�?} *i@�i|t _�h�?} |�i U@4T@�}?c @?_ i�i?|�@**) _iU�_i_ |L �}?Lhi |�i�h
UL?|i?|�
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h{whqghg shulrg ri wlph sulru wr dq hohfwlrq/ lq wkh frxuvh ri gdlo| dfwlylw|1 Lw vhhpv xqolnho|

wkdw d vdpsohg lqglylgxdo zrxog �qg uhvsrqvh pdqlsxodwlrq zruwkzkloh ryhu vxfk d wlph iudph1

� XN|ji �j�B��N�i

61614 Rswlpdo Yrwlqj

Rqfh djdlq/ rswlpdo yrwlqj lv ghwhuplqhg e| slyrwdo frqvlghudwlrqv1 Zlwk sulydwh lqirupdwlrq/

wkh shufhlyhg slyrwdo orj0olnholkrrg udwlr pd| ydu| wkurxjkrxw wkh hohfwrudwh1 Uhfdoo Gh�qlwlrq

5/ dqg lqwurgxfh wkh vxevfulsw l vr wkdw=

Yrwh 5 / orj
x�2 � x��
x�� � x��

. �� � 3

Wkh irfxv zloo eh rq v|pphwulf vwudwhj| sur�ohv/ dqg khqfh v|pphwulf eholhi uxohv1 Lw iroorzv

wkdw wkh shufhlyhg slyrwdo orj0olnholkrrg udwlr ghshqgv rqo| rq d uhfhlyhg sulydwh vljqdo ��/ dqg

qrw rq wkh yrwhu*v lghqwlw| l1 Wkxv �� @ �+��,1 Lw iroorzv wkdw d yrwhu vxssruwv fdqglgdwh 5

zkhqhyhu � . �� . �+��, � 31

61615 D�qh Eholhi Uxohv xqghu Ehvw Uhvsrqvh

Ehjlq e| uhvwulfwlqj wr rswlpdo yrwlqj jlyhq eholhiv1 D vwudwhj| sur�oh lv wkhq hqwluho| ghwhu0

plqhg e| wkh eholhi uxoh �+��,1 Duh wkhuh dq| sduwlfxodu eholhi uxohv wkdw duh olnho| wr dulvh lq

htxloleulxpB Wkh dqdo|vlv zloo uhyhdo wkh lpsruwdqfh ri d�qh eholhi uxohv1

Gh�qlwlrq 81 Dq d�qh eholhi uxoh vdwlv�hv �� @ d. e��1

Wkh sdudphwhuv d dqg e pd| ghshqg rq wkh uhdolvdwlrq ri wkh sxeolf vljqdo � dv zhoo dv wkh

sdudphwhuv ri wkh prgho1 Qrwlfh wkdw wuxwkixo yrwlqj fruuhvsrqgv wr dq d�qh eholhi uxoh zlwk

d @ e @ 31 Ixuwkhupruh/ Gxyhujhuldq htxloleuld zloo dozd|v eh suhvhqw/ rewdlqhg e| vhwwlqj

e @ 3 dqg h{whqglqj wkh uhdo olqh wr vhw d @ 	41 Irfxv rq d�qh eholhi uxohv lv mxvwl�hg e| wkh

iroorzlqj ohppdwd1

Ohppd :1 Iru dq xqerxqghgo| odujh hohfwrudwh +q $ 4, dq| vprrwko| lqfuhdvlqj eholhi uxoh

�+��, pdsv wr dq d�qh eholhi uxoh xqghu ehvw uhvsrqvh= Zkhq doo dgrsw �+��,/ d ehvw uhvsrqvh

lv wr dgrsw dq d�qh eholhi uxoh a�+��, @ ad.ae�� iru vrph ad dqg ae1

Surri1 Vhh Vhfwlrq 61:1

Ohppd ;1 Wkh fodvv ri d�qh eholhi uxohv lv forvhg xqghu ehvw uhvsrqvh1 Li doo dgrsw d eholhi
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uxoh �+��, @ d. e��/ wkhq d ehvw uhvsrqvh lv wr dgrsw dq d�qh eholhi uxoh a�+��, @ ad.ae�� zkhuh=

ad @ ad+d> e, @
ae^d+�2 . �2, . +4 . e,�2�`

�2+4 . e,

ae @ ae+e, @
5���3�+��,

�2+4 . e,

��2 @ ydu^�� . e+�� � �, m �`

Surri1 Wkh �uvw sduw ri wklv ohppd lv d vlpsoh fruroodu| ri Ohppd :1 Wkh jhqhudwlrq ri wkh

h{solfw irupxodh deryh plplfv wkh surri ri Sursrvlwlrq 7/ dqg lv ghvfulehg lq Vhfwlrq 61:1

Iroorzlqj Ohppdwd : dqg ;/ dwwhqwlrq zloo qrz wxuq wr wkh surshuwlhv ri d�qh eholhi uxohv1

Lpsrvlqj ehvw uhvsrqvh/ dq| uxohv zloo uhpdlq lq wklv fodvv1 Iluvw frqvlghu wkh sulydwh frpsrqhqw

e/ zklfk ghvfulehv wkh uhvsrqvh ri d yrwhu wr wkh sulydwh vljqdo1

Ohppd <1 Wkh pdsslqj ae+e, lv vwulfwo| ghfuhdvlqj lq e/ zlwk=

ae+3, @
5��3�+��,

�2
dqg olp

K<"

ae+e, @
5�3�+��,

�

Surri1 Vhh Vhfwlrq 61:

D ghflvlrq0wkhruhwlf frqfoxvlrq lv lpphgldwh1 Vwudljkwiruzdug yrwlqj lv htxlydohqw wr rswlpdo

yrwlqj zlwk d @ e @ 31 D ghflvlrq0wkhruhwlf yrwhu fdofxodwhv wkh rswlpdo yrwlqj uxoh/ jlyhq

vwudljkwiruzdug yrwlqj e| doo rwkhuv1 Wklv |lhogv=

d(A @
5��3�+��,�

�2
dqg e(A @

5��3�+��,

�2

Iurp wklv/ wkh slyrwdo orj0olnholkrrg udwlr ehfrphv=

�(A +��, @ 5��3�+��,

�
�

�2
.

��
�2

�

Wklv pluuruv wkh ghflvlrq0wkhruhwlf dqdo|vlv ri Sduw 51 Dwwhqwlrq qrz wxuqv wr wkh suhvhqfh ri

qhjdwlyh ihhgedfn zlwk sulydwh lqirupdwlrq1

61616 Vhoi0Dwwhqxdwlqj Vwudwhjlf Yrwlqj

Xvlqj Ohppd ;/ qrwlfh wkdw ae+e, lv ghfuhdvlqj lq e1 Dq lqfuhdvh lq wkh uhvsrqvh wr vljqdov e| wkh

hohfwrudwh dw odujh uhgxfhv wkh zhljkw sodfhg rq wkh vljqdo e| wkh w|slfdo yrwhu= Dq lqfuhdvh lq

wkh whqghqf| wr yrwh vwudwhjlfdoo| e| rwkhuv uhgxfhv wkh lqfhqwlyh iru d yrwhu wr dfw vwudwhjlfdoo|1

Vwudwhjlf yrwlqj zlwk sxuh sulydwh lqirupdwlrq lv qrw vhoi0uhlqiruflqj/ lq vwdun frqwudvw wr wkh

sxeolf lqirupdwlrq fdvh1
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Iljxuh 614= Vhoi0Uhlqiruflqj Vwudwhjlf Yrwlqj zlwk Sxeolf Vljqdov
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Sduw 61 Vwudwhjlf Yrwlqj zlwk Sulydwh Vljqdov 79

Wkh lqwxlwlrq lv dlghg e| Iljxuhv 614 dqg 6151 Frqvlghu �uvw wkh sxeolf fdvh1 Iroorzlqj revhu0

ydwlrq ri wkh sxeolf vljqdo �/ d w|slfdo yrwhu krogv d frpprq sxeolf srvwhulru eholhi ryhu wkh

frpprq xwlolw| frpsrqhqw �1 Wklv lv looxvwudwhg lq Iljxuh 6141 D udqgrpo| vhohfwhg lqglylgxdo

yrwhv iru fdqglgdwh 5 zkhqhyhu �.�.�� � 31 Iru d wlh zlwk fdqglgdwh 4/ wklv uhtxluhv d fulwlfdo

ydoxh ri � @ ��3�+��,� �1 Vlploduo|/ d wlh ehwzhhq fdqglgdwhv 4 dqg 6 uhtxluhv d fulwlfdo ydoxh

ri � @ ��3�+4���,��1 Lqfuhdvlqj � uhgxfhv erwk ri wkhvh ydoxhv dqg/ iru � A 3/ lqfuhdvhv wkh

olnholkrrg udwlr ri 405 wlh yhuvxv d 406 wlh1 Lw iroorzv wkdw vwudwhjlf yrwlqj lv vhoi0uhlqiruflqj1

E| frqwudvw/ wkh sulydwh fdvh lv looxvwudwhg lq Iljxuh 6151 Iluvw frqvlghu wkh fdvh ri d @ e @ 31 D

wlh ehwzhhq fdqglgdwhv 4 dqg 5 uhtxluhv d fulwlfdo ydoxh ri � @ ��3�+��,1 Iru e A 3/ d udqgrpo|

vhohfwhg lqglylgxdo yrwhv iru fdqglgdwh 5 zkhqhyhu � . e�� . �� � 3/ uhtxlulqj d fulwlfdo ydoxh

ri � @ ���3�+��,@+4 . e,1 Wklv lv ghfuhdvlqj lq e1 Prylqj wr d 406 wlh/ wkh fulwlfdo ydoxh ri

� @ ��3�+4� ��, lqfuhdvhv wr � @ ���3�+4� ��,@+4 . e,1 Wklv iroorzv/ vlqfh �3�+4� ��, ? 31

Wkh fulwlfdo ydoxhv duh wkhq forvhu/ vr wkdw wkh olnholkrrg udwlr pryhv forvhu wr 41

Wklv pd| dw �uvw vhhp frxqwhu0lqwxlwlyh1 Zkhq e lv kljk/ yrwhuv uhvsrqg vwurqjo| wr wkhlu

vljqdo1 Lq sduwlfxodu/ wklv lqfuhdvhv wkh olnholkrrg ri d wdfwlfdo yrwh1 Lpsruwdqwo|/ lw lqfuhdvhv

wkh suredelolw| ri d vwudwhjlf yrwh lq erwk gluhfwlrqv1 Lw pd| vhhp wkdw d yrwhu uhfhlylqj d vljqdo

�� A 3 pd| ylhz wkh survshfw ri d 406 wlh dv h{wuhpho| xqolnho|1 Iru kljk ��/ krzhyhu/ d zlq e|

fdqglgdwh 5 vhhpv doprvw fhuwdlq1 Wr d�hfw wkh rxwfrph/ krzhyhu/ d yrwhu frqglwlrqv rq wkh

hyhqw ri d wlh1 Iru kljk ��/ d wlh fdq rqo| rffxu li wkh yrwhu*v vljqdo kdv ryhuvwdwhg wkh vxssruw

ri fdqglgdwh 51 Lw lv wkhq uhdvrqdeoh iru wkh yrwhu wr frqvlghu wuxh ydoxhv ri � vdwlvi|lqj � ? 31

Vxppdulvlqj/ yrwhuv ehfrph zruulhg wkdw wkhuh pd| eh wdfwlfdo vzlwfklqj lq wkh rssrvlwh gl0

uhfwlrq wr wkdw lqglfdwhg e| wkhlu sulydwh vljqdo1

�g .`��,�Oi��6

61714 Htxloleulxp Yrwlqj

Rqfh djdlq/ wkhuh duh dozd|v Gxyhujhuldq htxloleuld suhvhqw1 Jlyhq wkdw doo q.4 yrwhuv vxssruw

fdqglgdwh m 5 i5> 6j/ wkh slyrwdo orj0olnholkrrg udwlr lv xqgh�qhg/ dqg wkhuh lv qr lqfhqwlyh iru

yrwhuv wr vzlwfk1 D qrq0Gxyhujhuldq htxloleulxp pd| eh dydlodeoh1 Edvhg rq wkh uhvxowv ri wkh

suhylrxv vhfwlrq/ lw lv vx�flhqw wr h{dplqh wkh fodvv ri d�qh eholhi uxohv1 D qrq0Gxyhujhuldq

htxloleulxp wkhq fruuhvsrqgv wr d �qlwh sdlu idW> eWj vxfk wkdw eW @ ae+eW, dqg dW @ d+dW> eW,1

Wkh surshuwlhv ri wkh wkh pdsslqj ae+e, lpphgldwho| |lhog d xqltxh �{hg srlqw1

Ohppd 431 Wkh pdsslqj ae+e, kdv d xqltxh �{hg srlqw eW 1 Iru � � �@�/ wklv vdwlv�hv=

5�3�+��,

�
� eW � �3�+��,

�

+
4 .

v
�3�+��, . 5�

�3�+��,

,
+615,



Sduw 61 Vwudwhjlf Yrwlqj zlwk Sulydwh Vljqdov 7:

Iru wkh plfurirxqgdwlrq fdvh/ zlwk � @ �@�/ wkh erxqg pd| eh uh�qhg wr=

5�3�+��,

�
� eW � �3�+��,

�

yxxw5 . 5

v
+�3�+��,,2 . �2

+�3�+��,,2

Surri1 Vhh Vhfwlrq 61:1

Dq| qrq0Gxyhujhuldq htxloleulxp pxvw hqwdlo e @ eW1 Lw uhpdlqv wr frqvlghu �{hg srlqwv ri ad1

Qrwlfh wkdw ad lv d�qh lq d/ |lhoglqj d xqltxh qrq0Gxyhujhuldq htxloleulxp1

Sursrvlwlrq ;1 Iru �2 9@ eW�2 Wkhuh lv d xqltxh d�qh qrq0Gxyhujhuldq htxloleulxp=

dW @
eW+4 . eW,�2�

�2 � eW�2

Surri1 Vwudljkwiruzdug vroxwlrq wr dW @ ad+dW> eW,1

Rqfh djdlq/ wkhuh duh pxowlsoh htxloleuld1 Pruhryhu/ uhsulvlqj wkh dqdo|vlv ri Sduw 5/ wkh

gluhfwlrq ri wkh uhvsrqvh wr wkh sxeolf vljqdo � lv dpeljxrxv/ vlqfh wkh ghqrplqdwru ri dW fdq

eh hlwkhu srvlwlyh ru qhjdwlyh1

61715 Htxloleulxp Vhohfwlrq

Dq htxloleulxp vhohfwlrq sureohp lv srvhg1 Lq wkh sulydwh vljqdo fdvh/ wkhuh lv d xqltxh qrq0

Gxyhujhuldq htxloleulxp/ wrjhwkhu zlwk wzr ixoo| Gxyhujhuldq htxloleuld1 Vwdelolw| lv rqfh djdlq

hpsor|hg dv dq htxloleulxp vhohfwlrq ghylfh1 Frqvlghu dq lwhudwlyh ehvw uhvsrqvh surfhvv1 Dv

lq Vhfwlrq 517/ lw lv qdwxudo wr vshfli| dq lqlwldo k|srwkhvlv ri vwudljkwiruzdug yrwlqj1 Wklv lv

wulyldoo| dq d�qh eholhi uxoh/ dv lw fruuhvsrqgv wr df @ ef @ 31 Ohppd ; hqvxuhv wkdw wkh

ehvw0uhvsrqvh surfhvv uhpdlqv zlwklq wkh fodvv ri d�qh eholhi uxohv1

Gh�qlwlrq 91 Gh�qh wkh lwhudwlyh ehvw uhvsrqvh surfhvv e| e| @ ae+e|3�,/ d| @ ad+d|3�> e|3�,1

Wkh pdsslqj ae+e, dqg dvvrfldwhg surfhvv ie|j lv qrw frqwlqjhqw rq d|/ dqg khqfh pd| eh

frqvlghuhg lq lvrodwlrq1

Ohppd 441 eW lv joredoo| vwdeoh lq wkh lwhudwlyh ehvw uhvsrqvh g|qdplf= e| $ eW dv w$41

Surri1 Vhh Vhfwlrq 61:1

Zkhuhdv wkh irupdo surri ri Ohppd 44 lv dojheudlfdoo| whglrxv/ d gldjudppdwlf looxvwudwlrq

suryhv xvhixo1 Iljxuh 616 sorwv wkh ehvw uhvsrqvh ixqfwlrq ae+e,/ looxvwudwlqj wkh frqyhujhqfh wr

wkh �{hg srlqw1 Qrwlfh wkh f|folf ehkdylrxu � wklv lv d frqvhtxhqfh ri wkh qhjdwlyh ihhgedfn

lqkhuhqw lq vwudwhjlf yrwlqj zlwk sulydwh vljqdov1 Ehjlq zlwk ef @ 31 Wkhuh lv d vwurqj uhvsrqvh
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Iljxuh 616= ae+e, dqg Frqyhujhqfh wr Htxloleulxp

wr wkh sulydwh vljqdo � wklv lv wkh ghflvlrq wkhruhwlf fdvh/ |lhoglqj e� @ e(A 1 Wdnlqj wkh qh{w

vwhs/ wkh irfdo yrwhu uhfrjqlvhv wkh vwudwhjlf ehkdylrxu ri rwkhuv1 Wklv dwwhqxdwhv wkh uhvsrqvh

wr wkh sulydwh vljqdo/ zlwk d frqvhtxhqw uhgxfwlrq lq e1 Ri frxuvh/ wklv ehkdylrxu ohdyhv rshq

wkh srvvlelolw| ri d olplw f|foh lq wkh lwhudwlyh ehvw uhvsrqvh surfhvv1 Ohppd 44 hqvxuhv wkdw

wkh f|folqj gdpshqv grzq/ hyhqwxdoo| frqyhujlqj wr wkh xqltxh �{hg srlqw eW1

Wr vhohfw dq htxloleulxp/ qrz wxuq wr wkh pdsslqj ad+d> eW,1

Sursrvlwlrq <1 Li �2 A eW�2/ wkhq dW lv xqltxho| vwdeoh1 D vx�flhqw frqglwlrq lv iru=

�2 A ��3�+��,

+
4 .

v
�3�+��, . 5�

�3�+��,

,

Li wklv krogv/ wkhq wkh qrq0Gxyhujhuldq htxloleulxp lv xqltxho| vwdeoh/ dqg dwwdlqhg dv wkh olplw

ri wkh lwhudwlyh ehvw uhvsrqvh surfhvv iurp dq| �qlwh vwduwlqj srlqw1

Surri1 Wklv iroorzv iurp wkh d�qh qdwxuh ri wkh pdsslqj ad1 Wkh vx�flhqw frqglwlrq lv rewdlqhg

e| hpsor|lqj wkh xsshu erxqg rq eW iurp Ohppd 431

Fruroodu| 41 Zlwk sxuh sulydwh lqirupdwlrq +�2 $ 4,/ wkh qrq0Gxyhujhuldq htxloleulxp lv

xqltxho| vwdeoh/ zlwk dW @ 31
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Lw iroorzv wkdw wkh qrq0Gxyhujhuldq htxloleulxp lv vhohfwhg zkhqhyhu wkh sxeolf lqirupdwlrq

vrxufh lv vx�flhqwo| lpsuhflvh1 Wklv uhtxluhphqw lv dovr suhvhqw lq wkh sxeolf lqirupdwlrq

prgho ri Sduw 51 Qrwlfh/ krzhyhu/ wkdw wkh suhflvlrq lv mxgjhg uhodwlyh wr wkh suhflvlrq ri wkh

sulydwh vljqdo12 Khqfh li sulydwh vljqdov duh uhodwlyho| pruh lpsruwdqw wkdq sxeolf vljqdov/ d

qrq0Gxyhujhuldq rxwfrph hphujhv1 Dv Fruroodu| 4 frq�upv/ zlwk rqo| sulydwh lqirupdwlrq/

wkh htxloleulxp lv dozd|v qrq0Gxyhujhuldq1 Zklfk vlwxdwlrq lv olnho| wr rewdlqB Lq d qdwlrqdo

uhihuhqgxp ru vlploduo| qdwlrqdoo| frqgxfwhg hohfwlrq/ wkhuh duh w|slfdoo| pdq| sxeolf lqirupd0

wlrq vrxufhv1 Pruhryhu/ uhjlrq0vshfl�f h�hfwv duh xqlpsruwdqw1 Lw iroorzv wkdw sxeolf vrxufhv

duh olnho| wr eh pruh lpsruwdqw wkdq sulydwh1 Dw d glvwulfw ohyho/ krzhyhu/ frpprqo| revhuyhg

sxeolf vljqdov duh olnho| wr eh ihzhu1 Lw iroorzv wkdw sulydwh vljqdov duh wkh sulpdu| vrxufh ri

lqirupdwlrq1 D qrq0Gxyhujhuldq frqfoxvlrq hphujhv1

61716 Frpsdudwlyh Vwdwlfv

Wkh frpsdudwlyh vwdwlfv iru wkh sulydwh lqirupdwlrq prgho plplf wkrvh ri erwk wkh ghflvlrq0

wkhruhwlf +Sduw 4, dqg sxeolf lqirupdwlrq +Sduw 5, prghov1 Lq sduwlfxodu/ wkh lqfhqwlyh wr

yrwh vwudwhjlfdoo| lv lqfuhdvlqj lq wkh vwuhqjwk ri fdqglgdwh 4 +��, dqg wkh uhodwlyh vwuhqjwk ri

fdqglgdwh 5 ryhu fdqglgdwh 6 +�2,1 Wr vhh wklv/ vshfldolvh wr wkh fdvh ri sxuh sulydwh lqirupdwlrq/

vr wkdw dW @ 3 dqg �+��, @ eW��1 Wdnlqj h{shfwdwlrqv/ H^��` @ eW��3�+�2,1 H{dplqlqj wkh ehvw

uhvsrqvh ixqfwlrq ae+e,=

ae @
5�3�+��,

s
�2 . e2�2 . 5���e

�2+4 . e,

Wkh ehvw uhvsrqvh +dqg khqfh wkh �{hg srlqw eW, lv lqfuhdvlqj lq ��1

Wkhuh nh| gl�huhqfhv ehwzhhq wklv dqg wkh suhylrxv fdvhv1 Wkh �uvw lv wkdw vwudwhjlf yrwlqj lv

el0gluhfwlrqdo > ghshqglqj rq wkh rxwfrph ri wkh sulydwho| revhuyhg vljqdo ��/ d yrwhu pd| vzlwfk

lq hlwkhu gluhfwlrq1 Lqghhg/ jlyhq � A 3/ dq _lqfruuhfw% vljqdo rffxuv zlwk suredelolw|=

Su^�� � 3` @ Su

�
�� � �

�
� ��

�

�
@ 4��

��
�

�
@ 4��

�
��3�+�2,

�

�

Wkh vhfrqg nh| gl�huhqfh lv wkh h�hfw ri lqirupdwlrq suhflvlrq rq wkh vwudwhjlf lqfhqwlyh1 Wr

lqyhvwljdwh wklv/ vshfldolvh wr wkh plfurirxqgdwlrq fdvh ri � @ �@�/ dqg hpsor| wkh xsshu erxqg

rq eW iurp Ohppd 43=

H^��` @ eW��3�+�2, � ��3�+�2,�
3�+��,

�

yxxw5 . 5

v
�3�+��,,2 . �2

+�3�+��,,2

2W? u@U|c |�i UL?_�|�L? Thiti?|i_ �ihi �t Lu |�i t@4i uLh4 @t |�@| �? �Lhh�t @?_ 5��? E�bbb�� A�i) UL?t�_ih
|�i ULLh_�?@|�L? ThLM*i4 Lu M@?! h�?tc @?_ �?_ |�@| |�i h@|�L Lu |�i �@h�@?Ui Lu @ T�M*�U t�}?@* @?_ t|@?_@h_
_i��@|�L? Lu @ Th��@|i t�}?@* _i|ih4�?it |�i �?�^�i?itt Lu i^��*�Mh��4�
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Iljxuh 617= Suredelolw| ri d Vzlwfk iurp 6 wr 5 +Sulydwh Lqirupdwlrq/ � @ 3=7,

Qh{w/ uhfdoo wkdw �@� @pB1 Ixuwkhupruh/ doorz � & 3 wr rewdlq=

H^��` � 5�3�+�2,�
3�+��,

s
pB

Wkhuh duh wzr shuwlqhqw revhuydwlrqv1 Iluvw/ dv � & 3/ wkh h{shfwhg lqfhqwlyh dssurdfkhv wkh

orzhu erxqg jlyhq lq Ohppd 431 Vhfrqg/ qrwlfh wkh h�hfw ri pB1 Lq sduwlfxodu/ frpsduh wklv

zlwk wkh ghflvlrq0wkhruhwlf dqdo|vlv ri Sduw 5 � lq sduwlfxodu/ Htxdwlrq +518/ s1 5<,1 Lq wkh

ghflvlrq wkhruhwlf fdvh/ wkh vwudwhjlf lqfhqwlyh lv lqfuhdvlqj lq wkh suhflvlrq p1 Lq wkh sulydwh

fdvh/ krzhyhu/ wkh vwudwhjlf lqfhqwlyh lv lqfuhdvlqj lq
s
p1 Lw iroorzv wkdw wkhuh lv ohvv vwudwhjlf

yrwlqj wkdq lq d ghflvlrq0wkhruhwlf zruog/ dqg ixuwkhupruh wkdw wkh lpsdfw ri lqfuhdvhg vljqdo

suhflvlrq lv pxfk ohvv1

�F Y,,�t|iB|�NA

D odvw ylvlw wr wkh h{dpsoh ri Sduw 4 suryhv xvhixo lq looxvwudwlqj wkh frpsdudwlyh vwdwlfv gh0

vfulehg lq Vhfwlrq 6171 Iljxuh 617 looxvwudwhv wkh suredelolw| ri d vwudwhjlf vzlwfk iurp fdqglgdwh

6 wr fdqglgdwh 51 Wkh vshfl�fdwlrq lv rqh ri sxuh sulydwh lqirupdwlrq iru � @ 3=7 � lw iroorzv

wkdw yrwhuv duh uhodwlyho| krprjhqhrxv/ dqg khqfh rqh pljkw h{shfw h{whqvlyh vwudwhjlf yrwlqj1

Wklv lv qrw wkh fdvh1 Qrwlfh wkdw vwudwhjlf yrwlqj lv vljql�fdqwo| ehorz wkh ghflvlrq0wkhruhwlf

ehqfkpdun1 Qhjdwlyh ihhgedfn lv wkh fdxvh1 Ixuwkhupruh/ vwudwhjlf yrwlqj iurp fdqglgdwh 6

wr fdqglgdwh 5 ryhuvwdwhv lwv h�hfw � wkhuh pd| eh lqglylgxdov zkr vzlwfk lq wkh rssrvlwh

gluhfwlrq/ r�vhwwlqj wkh h�hfw1 Edvhg rq wklv h{dpsoh/ dqg vshfli|lqj uhdvrqdeoh suhflvlrqv

iru sulydwho| revhuyhg vljqdo suhflvlrqv/ vwudwhjlf yrwlqj lv idu iurp frpsohwh � vwulfw orfdo

elsduwlvp lv uhmhfwhg1
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�U �NAW,�t�NA

Wkh qhz wkhru| ri vwudwhjlf yrwlqj revhuyhv wkdw wkh Fr{ +4<<7, dqg Sdoiuh| +4<;<, prghov ri

vwudwhjlf yrwlqj duh gulyhq e| wkh dvvxpswlrq wkdw yrwhu suhihuhqfhv duh gudzq lqghshqghqwo|

iurp d frpprqo|0nqrzq glvwulexwlrq1 Wklv ohdgv wr wkh glyhujhqfh ri wkh slyrwdo orj0olnholkrrg

udwlrv wkdw duh wkh fulwlfdo ghwhuplqdqwv ri rswlpdo yrwlqj ehkdylrxu1 Lqwurgxflqj xqfhuwdlq

frpprq h�hfwv wr yrwhu suhihuhqfhv uhvxowv lq xqfhuwdlq frqvwlwxhqf|0zlgh fdqglgdwh vxssruw/

dqg ryhuwxuqv wklv uhvxow � slyrwdo orj0olnholkrrg udwlrv uhpdlq �qlwh1 Pruhryhu/ lw lv rqo|

xqfhuwdlqw| ryhu frpprq h�hfwv wkdw pdwwhuv1 Wklv vxjjhvwv wkdw wkh Fr{0Sdoiuh| prgho lv

shukdsv gulyhq e| wkh zurqj idfwruv1

Wkh lqwurgxfwlrq ri xqfhuwdlq frpprq h�hfwv/ dqg wkh fduhixo prghoolqj ri yrwhu lqirupdwlrq

vrxufhv ohdgv wr dq hohjdqw prgho1 Wkh nh| uaroh ri lqirupdwlrq lv qrz fohdu � d ixoo| Gxyhujhuldq

rxwfrph uhtxluhv erwk suhflvh sxeolf lqirupdwlrq dqg wkh devhqfh ri suhflvh sulydwh lqirupdwlrq1

Wkh suhihuuhg prgho lv wkh sxuh sulydwh lqirupdwlrq prgho ri wklv sduw1 Dv Vhfwlrq 615 dujxhv/

lqirupdwlrq dw d glvwulfw ohyho lv pruh olnho| wr eh sulydwh1 Wkh prgho suhglfwv vrph/ exw qrw

frpsohwh/ vwudwhjlf yrwlqj1

Hduolhu prghov odfn frpsdudwlyh vwdwlf suhglfwlrqv1 Wklv lv d qhfhvvdu| frqvhtxhqfh ri wkh vwulfw

elsduwlwh suhglfwlrq1 Khuh/ wkh frpsdudwlyh vwdwlfv duh fohdu1 Lq sduwlfxodu/ wkh prgho suhglfwv

ohvv vwudwhjlf yrwlqj lq d forvh hohfwlrq1 Vwudwhjlf yrwlqj lv dovr lqfuhdvlqj lq wkh krprjhqhlw| ri

wkh hohfwrudwh1 Hydqv/ Fxuwlfh dqg Qruulv +4<<;, k|srwkhvlvh wkdw lqfuhdvhg vwudwhjlf yrwlqj lq

wkh 4<<: Eulwlvk Jhqhudo Hohfwlrq zdv olnho| gxh wr lqfuhdvhg lqgl�huhqfh ehwzhhq wkh Oderxu

dqg Olehudo Ghprfudw fkdoohqjhuv1 Wklv ylhz lv frqvlvwhqw zlwk wkh qhz wkhru|1

Zhdnqhvvhv uhpdlq1 Wkh prgho frqvlghuhg khuh vshfldolvhv wr wkh fdvh ri d wkuhh0fdqglgdwh

hohfwlrq1 Ri frxuvh/ wkh wkuhh0fdqglgdwh prgho lv ri lqwhuhvw lq lwv rzq uljkw � wkhuh duh

wkuhh pdlq fkdoohqjhuv lq wkh pdmrulw| ri XN frqvwlwxhqflhv1 Pruh uhvwulfwlyh/ krzhyhu/ lv wkh

dvvxpswlrq wkdw wkh yrwhv ri fdqglgdwh 4 duh �{hg1 Wkh lqwurgxfwlrq ri xqfhuwdlqw| ryhu {�

pd| ixuwkhu uhgxfh wkh vwudwhjlf lqfhqwlyhv lq wkh prgho1 Wr vhh wklv/ qrwlfh wkdw wkh devroxwh

suredelolw| ri d slyrwdo rxwfrph lv odujhu dv wkh vwuhqjwk ri fdqglgdwh 4 ydqlvkhv1 Wklv zloo

olnho| uhgxfh wkh slyrwdo olnholkrrg udwlr ri wlhv ehwzhhq wkh srvvleoh w|lqj sdluv1 Shukdsv pruh

vhulrxv lv wkh uhvwulfwlrq rq yrwhu suhihuhqfh rughulqjv1 Wkh vwuxfwxuh ri suhihuhqfhv uxohv rxw

pxowl0gluhfwlrq vwudwhjlf vzlwfklqj> doo q yrwhuv duh dvvxphg wr vxssruw hlwkhu fdqglgdwh 5 ru

fdqglgdwh 61 Lq wkh fdvh ri � A 3/ wklv hqvxuhv wkdw fdqglgdwh 5 lv lq idfw d Frqgrufhw zlqqhu1

Wklv uhvwulfwlrq uhtxluhv oliwlqj1

Doo ri wkhvh lvvxhv duh wkh vxemhfw ri rqjrlqj uhvhdufk1 Lq dgglwlrq/ hpslulfdo whvwlqj ri wkh prgho

lv douhdg| lq surjuhvv/ dqg h{shulphqwdo zrun lv sodqqhg1 Krshixoo| d juhdwhu xqghuvwdqglqj ri

vwudwhjlf ehkdylrxu pd| ohdg wr d ehwwhu xqghuvwdqglqj ri hohfwrudo v|vwhpv1 Dowhuqdwlyho|/ wkh

uhdghu pd| zlvk wr dgrsw wkh vhqwlphqwv ri Zlqvwrq Fkxufkloo/ zkr fodlphg wkdw _^w`kh ehvw

dujxphqw djdlqvw ghprfudf| lv d �yh plqxwh frqyhuvdwlrq zlwk wkh dyhudjh yrwhu1% Shukdsv d

frqyhuvdwlrq zlwk wkh slyrwdo yrwhu zrxog kdyh frq�uphg klv ylhzv1
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�0 �6�||ja -jt�,|t

61:14 Surshuwlhv ri ae+e,

Wklv vhfwlrq dqdo|vhv wkh surshuwlhv ri wkh ehvw uhvsrqvh ixqfwlrq ae+e, ghvfulehg lq Vhfwlrq 6161

Surri ri Ohppd := Frqvlghu dq duelwudu| vprrwko| lqfuhdvlqj eholhi uxoh �+��,1 Gh�qh=

s @ Su^�+��, . � . �� � 3 m �` @ K+�,

Wklv lv wkh suredelolw| wkdw d udqgrpo| vhohfwhg yrwhu vxssruwv fdqglgdwh 5/ jlyhq wkh frpprq

xwlolw| frpsrqhqw �1 Jlyhq wkdw �+��, lv vprrwko| lqfuhdvlqj/ K+�, lv vwulfwo| lqfuhdvlqj lq �1

Zulwh k+�, @ K �+�,1 Lw iroorzv wkdw=

I +s, @ Su^� � K3�+s,` @ �

#
K3�+s,� H^�`s

ydu^�`

$

Wklv suredelolw| +yld H+�, dqg ydu^�`, lv frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh wr d irfdo

yrwhu/ dqg xvhv wkh idfw wkdw srvwhulru eholhiv ryhu � duh qrupdo1 Gl�huhqwldwh wr rewdlq=

i+s, @
4

k+K3�+s,,
s
ydu^�`

!

#
K3�+s,� H^�`s

ydu^�`

$

Qh{w/ xvlqj Sursrvlwlrq 4 iurp Sduw 4/ uhfdoo wkdw=

olp
?<"

t2
t�

@
i+��,

i+4� ��,

Hydoxdwh wklv h{suhvvlrq dqg wdnh orjv wr rewdlq=

orj
i+��,

i+4� ��,
@ orj

k+K3�+4� ��,,

k+K3�+��,,
� +K3�+��,� H^�`,2

5ydu^�`
.
+K3�+4� ��,� H^�`,2

5ydu^�`

@ orj
k+K3�+4� ��,,

k+K3�+��,,
.
K3�+4� ��,

2 �K3�+��,
2

5ydu^�`
.
K3�+��,�K3�+4� ��,

ydu^�`
H^�` +616,

Qrwlfh wkdw wklv lv d�qh lq H^�`1 Qh{w uhfdoo iurp Ohppd 9 ri Vhfwlrq 615 wkdw=

� � Q

�
�2�. �2��
�2 . �2

>
�2�2

�2 . �2

�

Wkxv ydu^�` grhv qrw ghshqg rq ��/ dqg H^�` lv d�qh lq ��/ vr wkdw a�+��, lv d�qh lq ��1

Surri ri Ohppd ;= Vxssrvh wkdw hdfk yrwhu dgrswv wkh lqlwldo d�qh eholhi uxoh1 Wklv uhvxowv lq

d yrwhu iru fdqglgdwh 5 zkhqhyhu=

� . d. e�� . �� � 3 / d. +4 . e,� � ��� � e+�� � �,
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Frqglwlrqdo rq �/ wkh uljkw kdqg vlgh lv qrupdoo| glvwulexwhg zlwk }hur h{shfwdwlrq/ dqg yduldqfh

��2 @ ydu^�� . e+�� � �,`1 Lw iroorzv wkdw=

s @ K+�, @ �

�
d. +4 . e,�

��

�
, � @ K3�+s, @

���3�+s,� d

4 . e

Gl�huhqwldwh wr rewdlq=

k+�, @ K �+�, @
4 . e

��
!

�
d. +4 . e,�

��

�
, k+K3�+s,, @

4 . e

��
!
�
�3�+s,

�

Ehjlq zlwk wkh �uvw whup ri Htxdwlrq +616,1 Iluvw hpsor| wkh v|pphwu| ri wkh qrupdo glvwul0

exwlrq wr qrwh wkdw �3�+4� ��, @ ��3�+��,/ dqg wkdw !+}, @ !+�},1 Lw iroorzv wkdw=

orj
k+K3�+4� ��,,

k+K3�+��,,
@ orj

!+�3�+4� ��,,

!+�3�+��,,
@ 3

Qh{w frqvlghu wkh vhfrqg whup ri Htxdwlrq +616,1

K3�+��,
2 @

+���3�+��,� d,2

+4 . e,2
@

^���3�+��,`
2 . d2 � 5d���3�+��,

+4 . e,2

Vlploduo|=

K3�+4� ��,
2 @

^���3�+4� ��,`
2 . d2 � 5d���3�+4� ��,

+4 . e,2
@

^���3�+��,`
2 . d2 . 5d���3�+��,

+4 . e,2

Lw iroorzv wkdw=

K3�+4� ��,
2 �K3�+��,

2

5ydu^�`
@

5d���3�+��,

ydu^�`+4 . e,2

Wkh �qdo whup lv vlpso|=

K3�+��,�K3�+4� ��,

ydu^�`
H^�` @

5���3�+��,+4 . e,

+4 . e,2ydu^�`
H^�`

Dvvhpeolqj/ rewdlq=

orj
i+��,

i+4� ��,
@

5���3�+��,+d. +4 . e,H^�`,

ydu^�`+4 . e,2

Wkh qh{w vwhs lv wkh hydoxdwlrq ri wkh h{shfwdwlrq dqg yduldqfh ri �/ frqglwlrqdo rq wkh lqiru0

pdwlrq ri d w|slfdo yrwhu1 Rqfh djdlq/ uhfdoolqj Ohppd 9 ri Vhfwlrq 615 lw iroorzv wkdw=

H^�` @
�2�. �2��
�2 . �2

dqg ydu^�` @
�2�2

�2 . �2
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Vxevwlwxwh lq wr rewdlq=

a�+��, @ orj
i+��,

i+4� ��,
@

5���3�+��,+d+�2 . �2, . +4 . e,+�2�. �2��,,

�2�2+4 . e,2

Vhsdudwh wklv rxw wr rewdlq wkh d�qh ixqfwlrq=

a� @
5���3�+��,^d+�

2 . �2, . +4 . e,�2�`

�2�2+4 . e,2
.
5���3�+��,��
�2+4 . e,

Wdnlqj wkh lqwhufhsw=

5���3�+��,^d+�
2 . �2, . +4 . e,�2�`

�2�2+4 . e,2
@

5���3�+��,�
2

�2�2+4 . e,

^d+�2 . �2, . +4 . e,�2�`

�2+4 . e,

@
ae^d+�2 . �2, . +4 . e,�2�`

�2+4 . e,

Wklv |lhogv wkh ghvluhg uhvxow1

Surri ri Ohppd <= Iurp Ohppd ; wkh ehvw uhvsrqvh ae+e, vdwlv�hv=

ae @
5���3�+��,

�2+4 . e,

Wklv uhtxluhv hydoxdwlrq ri ��/ zklfk vdwlv�hv=

��2 @ ydu^�� . e+�� � �, m �` @ �2 . e2�2 . 5���e

zkhuh � lv wkh fruuhodwlrq frh�flhqw ehwzhhq �� dqg ��/ frqglwlrqdo rq wkh frpprq xwlolw|

frpsrqhqw �1 Khqfh=

ae @
5�3�+��,

�2

s
�2 . e2�2 . 5���e

4 . e

Hydoxdwlqj wkh ghulydwlyh=

ae�+e, @
5�3�+��,

�2

+
e�2 . ���

+4 . e,
s
�2 . e2�2 . 5���e

�
s
�2 . e2�2 . 5���e

+4 . e,2

,

@
5�3�+��,

s
�2 . e2�2 . 5���e

�2+4 . e,

�
e�2 . ���

�2 . e2�2 . 5���e
� 4

4 . e

�

@ ae+e,

�
e�2 . ���

�2 . e2�2 . 5���e
� 4

4 . e

�

Wklv lv ghfuhdvlqj iru e � 3 li=

e�2 . ���

�2 . e2�2 . 5���e
� 4

4 . e
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Uh0duudqjh wklv h{suhvvlrq wr rewdlq �+�� � �, � e�+�� � �, Wr fkhfn wklv lqhtxdolw|/ �uvw

frqvlghu wkh uljkw kdqg vlgh1 Iluvw � � �@� e| dvvxpswlrq � vhh Vhfwlrq 6151 Vlqfh e � 3/

lw lv vx�flhqw wr vkrz wkdw wkh ohiw kdqg vlgh lv zhdno| qhjdwlyh/ zklfk uhtxluhv � � ��1 Exw

wklv krogv/ vlqfh 3 � � � 4 dqg � � �1 Lw iroorzv wkdw wkh ixqfwlrq lv +zhdno|, ghfuhdvlqj

hyhu|zkhuh1 Qh{w/ hydoxdwh dw wkh h{wuhphv wr rewdlq=

ae+3, @
5��3�+��,

�2
dqg olp

K<"

ae+e, @
5�3�+��,

�

Wkhvh fdofxodwlrqv |lhog wkh ghvluhg surshuwlhv ri wkh ixqfwlrq1

Surri ri Ohppd 43= Wr rewdlq dq xsshu erxqg iru wkh �{hg srlqw eW/ zulwh ae+e, dv=

ae+e,� @
5�3�+��,

s
�2 . e2�2 . 5���e

�. e�

Pdnh wkh fkdqjh ri yduldeoh � @ �e wr rewdlq=

a�+�, @
5�3�+��,

s
�2 . �2 . 5���

�. �
� 5�3�+��,+� . �,

�

Dq xsshu erxqg pd| qrz eh rewdlqhg e| vroylqj wkh htxdwlrq=

�2 � 5�3�+��,+� . �, @ 3

Wklv kdv d srvlwlyh urrw dw=

� @ �3�+��,

+
4 .

v
�3�+��, . 5�

�3�+��,

,

Lw iroorzv wkdw dq xsshu erxqg iru wkh �{hg srlqw lv=

eW � �3�+��,

�

+
4 .

v
�3�+��, . 5�

�3�+��,

,

Wklv xsshu erxqg zdv rewdlqhg e| vhwwlqj � @ 41 D wljkwhu erxqg lv dydlodeoh yld d irupdo

lpsohphqwdwlrq ri wkh plfurirxqgdwlrq iru wkh sulydwho| revhuyhg vljqdo1 Lq wkdw fdvh/ wkh

fruuhodwlrq frh�flhqw vdwlv�hg � @ �@�1 Wkh erxqg rq wkh wudqviruphg htxdwlrq ehfrphv=

a�+�, @
5�3�+��,

s
�2 . �2 . 5��

�. �
@ 5�3�+��,

v
�2 . �2 . 5��

�2 . �2 . 5��

Lw lv fohdu wkdw wkh uljkw kdqg vlgh lv ghfuhdvlqj lq �1 Khqfh vhqglqj � & 3=

a�+�, � 5�3�+��,
s
�2 . �2

�
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Wr rewdlq dq xsshu erxqg/ vroyh wkh htxdwlrq=

�e � +5�3�+��,,
2+�2 . �2, @ 3

Wklv htxdwlrq lv txdgudwlf lq �2/ dqg pd| eh vroyhg wr rewdlq wkh srvlwlyh urrw=

�2 @
+5�3�+��,,

2 .
s
+5�3�+��,,e . 7+5�3�+��,,2�2

5

@
+5�3�+��,,

2

5

+
4 .

v
4 .

�2

+�3�+��,,2

,

Lw iroorzv wkdw dq xsshu erxqg lv=

eW � �3�+��,

�

yxxw5 . 5

v
4 .

�2

+�3�+��,,2

Pruhryhu/ lw lv fohdu wkdw wklv erxqg lv dwwdlqhg dv � & 31

61:15 Vwdelolw| ri ae+e,

Surri ri Ohppd 44= Frqvlghu wkh pdsslqj=

E+e, @ aeE2�+e, @ ae+ae+e,,

Qrwlfh wkdw ae lv dovr d �{hg srlqw ri E1 Wdnlqj wkh ghulydwlyh ri wklv ixqfwlrq=

E�+e, @ ae�+ae+e,,ae�+e,

Lw iroorzv wkdw wklv lv dq lqfuhdvlqj ixqfwlrq/ vlqfh ae� � 31 Frqvlghu d jhqhulf �{hg srlqw e/

vdwlvi|lqj E+e, @ e1 Hydoxdwh wkh ghulydwlyh dw wklv �{hg srlqw=

E�+e, @ e

+
ae�2 . ���

�2 .ae2�2 . 5���ae
� 4

4 . ae

,
� ae

�
e�2 . ���

�2 . e2�2 . 5���e
� 4

4 . e

�

@

+
ae2�2 . ���ae

�2 .ae2�2 . 5���ae
�

ae

4 . ae

,
�
�

e2�2 . ���e

�2 . e2�2 . 5���e
� e

4 . e

�

Lw lv fohdu wkdw/ iru � A 3/ erwk ri wkhvh whupv duh ohvv wkdq rqh/ dqg khqfh E�+e, ? 4 dw d

�{hg srlqw1 Lw iroorzv wkdw dq| �{hg srlqw pxvw eh d grzqfurvvlqj1 Ixuwkhu �{hg srlqwv zrxog

uhtxluh dq xsfurvvlqj/ dqg khqfh wkhuh lv d xqltxh �{hg srlqw eW1 Iurp wklv lw iroorzv wkdw

e| $ eW1 Wr vhh wklv/ qrwlfh wkdw e|n2 @ E+e|,1 Iurp wkh surshuwlhv ri E/ wkhuh lv wkh uhtxluhg

frqyhujhqfh1
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��|,jie $�e BAa $� lB�BAB}� +4<<:,= Wkh Eulwlvk Jhqhudo Hohfwlrq ri 4<<:1 PdfPloodq/

Orqgrq1

�B�Ae �� .� +4<:;,= _Vwudwhjlf Yrwlqj lq Eulwdlq/% Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh/

55+6,/ 96<~9881

�Btj,,Be D�e BAa -� w� �ji}ji +4<<3,= Vwdwlvwlfdo Lqihuhqfh1 Gx{exu| Suhvv/ Ehoprqw/ FD1

�N!e D� b� +4<<7,= _Vwudwhjlf Yrwlqj Htxloleuld xqghu wkh Vlqjoh Qrqwudqvihudeoh Yrwh/%

Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;;+6,/ 93;~9541

+4<<:,= Pdnlqj Yrwhv Frxqw1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

��i|�Wje c�e BAa �� 7|jja +4<<:,= _Wkh Uhvxowv Dqdo|vhg/% lq Wkh Eulwlvk Jhqhudo Hohfwlrq

ri 4<<:/ hg1 e| G1 Exwohu/ dqg G1 Ndydqdjk1 PdfPloodq/ Orqgrq1

$jDiNN|e �� Q� +4<:3,= Rswlpdo Vwdwlvwlfdo Ghflvlrqv1 PfJudz0Kloo/ Qhz \run1

$iNNVe Q� -� +4;:4,= _Rq wkh Srolwlfdo dqg Vrfldo H�hfwv ri Gl�huhqw Phwkrg ri Hohfwlqj

Uhsuhvhqwdwlyhv/% lq Sdshuv/ 4;96~:3/ fkds1 6/ ss1 79<~83:1 Mxulglfdo Vrflhw|/ Orqgrq1

$��ji}jie �� +4<87,= Srolwlfdo Sduwlhv= Wkhlu Rujdql}dwlrq dqg Dfwlylw| lq wkh Prghuq Vwdwh1

Zloh|/ Qhz \run1

$�NiB"e c� ��e c� �� cN�AtNAe BAa $� �� �+B|| +4<<<,= _Whdp Sod| lq wkh Zdu ri

Dwwulwlrq/% plphr/ Qx�hog Froohjh/ R{irug dqg PLW Ghsduwphqw ri Hfrqrplfv1

.�BAte D�e c� ��i|�Wje BAa �� �Nii�t +4<<;,= _Qhz Oderxu/ Qhz Wdfwlfdo YrwlqjB Wkh

Fdxvhv dqg Frqvhtxhqfhv ri Wdfwlfdo Yrwlqj lq wkh 4<<: Jhqhudo Hohfwlrq/% lq Eulwlvk Hohf0

wlrqv dqg Sduwlhv Uhylhz Yroxph ;= Wkh 4<<: Jhqhudo Hohfwlrq/ hg1 e| G1 Ghqyhu/ M1 Ilvkhu/

S1 Frzoh|/ dqg F1 Sdwwlh/ ss1 98~:<1 Iudqn Fdvv/ Orqgrq dqg Sruwodqg/ RU1

8Bi`��BitNAe -� +4<9<,= Wkhru| ri Yrwlqj1 \doh Xqlyhuvlw| Suhvv/ Qhz Kdyhq1

8j+e �� +4<<:,= _Vwdelolw| dqg Frruglqdwlrq lq Gxyhujhu*v Odz= D Irupdo Prgho ri Suhhohfwlrq

Sroov dqg Vwudwhjlf Yrwlqj/% Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ <4+4,/ 468~47:1

8:
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QjB|�e ��e BAa D� .�BAt +4<<7,= _Wdfwlfdo Yrwlqj= Frqfhswv/ Phdvxuhphqwv dqg Ilqglqjv/%

Eulwlvk Mrxuqdo ri Srolwlfdo Vflhqfh/ 57/ 88:~8941

QNuu6BAe $� C� +4<;5,= _D Prgho iru Vwudwhjlf Yrwlqj/% VLDP Mrxuqdo ri Dssolhg Pdwkh0

pdwlfv/ 75/ :84~:941

cN�At|NAe -� c�e BAa �� c� �B||�j +4<<4,= _Wdfwlfdo Yrwlqj lq Juhdw Eulwdlq lq 4<;6 dqg

4<;:= Dq Dowhuqdwlyh Dssurdfk/% Eulwlvk Mrxuqdo ri Srolwlfdo Vflhqfh/ 54/ <8~43;1

wBAN�je $� c�e BAa 7� �N�,ji +4<<5,= _Wkh Vrxufhv ri Wdfwlfdo Yrwlqj lq Eulwlvk Sduold0

phqwdu| Hohfwlrqv/ 4<;604<;:/% Srolwlfdo Ehkdylrxu/ 47/ 474~48:1

�Wlj,�j+e -�e BAa �� �iajt�NN" +4<:5,= _D Jhqhudo Wkhru| ri wkh Fdofxoxv ri Yrwlqj/%

lq Pdwkhpdwlfdo Dssolfdwlrqv lq Srolwlfdo Vflhqfh/ hg1 e| M1 I1 Khuqgrq/ dqg M1 O1 Ehuqg1

Xqlyhuvlw| Suhvv ri Ylujlqld/ Fkduorwwhvylooh/ yroxph 91

�Nii�te 7�e BAa Q� 7� 7��A +4<<<,= _Frruglqdwlrq Ulvn dqg wkh Sulfh ri Ghew/% plphr

Qx�hog Froohjh/ R{irug1

�+B||e $� ��e BAa �� bB,,BWj +4<<:,= _Dgdswlyh G|qdplfv zlwk Lglrv|qfudwlf Djhqwv/%

Qx�hog Froohjh Hfrqrplfv Glvfxvvlrq Sdshu Z641

+4<<<,= _Vrsklvwlfdwhg Sod| e| Lglrv|qfudwlf Djhqwv/% Qx�hog Froohjh Hfrqrplfv

Glvfxvvlrq Sdshu 4<<<0Z41

�+jitNAe -� ��e BAa -� c� bjOji +4<<6,= _D Wkhru| ri Yrwlqj Htxloleuld/% Dphulfdq

Srolwlfdo Vflhqfh Uhylhz/ ;:+4,/ 435~4471

��j6�e -�e D� b��||jAe BAa �� 8iBA",�A +4<<5,= _Frqvwlwxhqf| Fkdudfwhulvwlfv/ Lqglylgxdo

Fkdudfwhulvwlfv dqg Wdfwlfdo Yrwlqj lq wkh 4<;: Eulwlvk Jhqhudo Hohfwlrq/% Eulwlvk Mrxuqdo ri

Srolwlfdo Vflhqfh/ 55/ 55<~5731

�B,uij+e C� -� +4<;<,= _D Pdwkhpdwlfdo Surri ri Gxyhujhu*v Odz/% lq Prghov ri Vwudwhjlf

Fkrlfh lq Srolwlfv/ hg1 e| S1 F1 Rughvkrrn/ ss1 9<~<51 Xqlyhuvlw| ri Plfkljdq Suhvv/ Dqq

Dueru1

-�"jie b� Q� +4<:9,= _Wkh Qxpehu ri Srolwlfdo Sduwlhv= D Uhh{dplqdwlrq ri Gxyhujhu*v

Odz/% Frpsdudwlyh Srolwlfv/ </ :86~:991

+4<;5,= _Wkh Wzr0Sduw| V|vwhp dqg Gxyhujhu*v Odz= Dq Hvvd| rq wkh Klvwru| ri

Srolwlfdo Vflhqfh/% Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ :9+7,/ :86~:991


