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Abstract

We study outlier robustness properties of Least Trimmed Squares (LTS) esti-
mators in linear models with categorical covariates. In a sample of size n, LTS
minimises the sum of h smallest squared residuals, where the number A < n is cho-
sen by the user. We find conditions under which LTS is bounded (in probability)
when a positive share of observations are outliers. Our boundedness guarantees
are uniform in A and apply to a chosen sub-coefficient of interest. We show that
LTS is robust in a wider range of settings with categorical regressors than sug-
gested by existing boundedness and breakdown point results. We also propose a
new data-driven approach to choosing an initial h, which is useful for methods
that estimate the number of outliers.

1 Introduction

Applied researchers are often concerned about ‘outliers’: observations that deviate from
the majority and induce distortions in methods such as least squares. We study outlier
robustness properties of the Least Trimmed Squares (LTS) estimator (Rousseeuw, 1984)
in regression models where some covariates are categorical. In a sample of size n, LTS
minimises the sum of A smallest squared residuals, where h < n is chosen by the user.
LTS possesses desirable properties, including scale equivariance and resistance to bad
leverage points, which distinguish it from other robust methods such as M-estimators.

In the past, LTS estimators have been mainly studied under an assumption that
all covariates are continuous, or satisfying a property known as general position. Yet
in practice, covariates are often categorical. An example is the data on identical twins
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from Bonjour et al. (2003), which contain individual wages (w;y), years of schooling (s;f),
and additional controls (¢;r) for twins ¢ in families f. The equation to be estimated is
wip —wap = B(s15— S2f) +'(crp —cof) + (€15 —€ar), where all regressors are categorical
and (3, the parameter of interest, is interpreted as the wage return to education. Amin
(2011) revisited the analysis and raised concerns of outliers. Our theory sheds light on
the properties of LTS estimators in this setting, offering a systematic approach to outlier
detection and robust estimation.

We find conditions for LTS estimators to be bounded (in probability) when a positive
share of observations are ‘outliers’. Boundedness is a probabilistic counterpart to finite
sample breakdown point (Donoho and Huber, 1983), where the latter is defined as the
smallest share of contamination in a given sample that can create unbounded distortions
in an estimator. Our definition of ‘outliers’ is motivated by a statistical model where
LTS is maximum likelihood (Berenguer-Rico et al., 2023).

The conditions involve the concentration of regressors on ‘hyperplane strips’, which
are thin neighbourhoods around hyperplanes. Berenguer-Rico and Nielsen (2025b) anal-
ysed boundedness of LTS estimators in a general setting with strip conditions on the
full sample regressors. Related strip conditions have been used to study M-estimators
(Johansen and Nielsen, 2019; Chen and Wu, 1988) and S-estimators (Lopuhad et al.,
2023; Davies, 1990). Strip conditions are most binding for categorical regressors, which
is our focus.

Our approach to boundedness contains two new features. First, we find conditions
to guarantee boundedness for a subcomponent of the full regression slope vector. This
is relevant when only some of the parameters are of interest as in Bonjour et al. (2003).
Second, our boundedness results are uniform over a range of values for h, which is useful
if LTS is computed iteratively over different h, as is common in practice.

We show that LTS is outlier robust in a wider range of settings with categorical
covariates than suggested by existing results. As an example, consider a model with an
intercept and a binary regressor z;, with z; = 1 for half of the observations. Berenguer-
Rico and Nielsen (2025b) and existing breakdown point results (e.g. Mili and Coakley,
1996) suggest LTS is robust up to share 1/4 of outliers. In contrast, we show how
the robustness of LTS depends on the nature of outlier contamination. If extremely
‘malicious’ forms of contamination, where outliers concentrate on a single value of z;, are
ruled out, up 1/3 of outliers can be allowed. If outliers further have a large magnitude,
as in the LTS model of Berenguer-Rico et al. (2023), up to share 1/2 of outliers can
be allowed. Our findings resonate with Huber and Ronchetti (2009, Section 11.4), who
note that breakdown point measures of robustness are overly pessimistic when some
regressors are categorical.

We also establish a relationship between strip conditions and ‘hyperplane conditions’,
where the latter play a key role in breakdown point theory (Davies and Gather, 2005).
This result has practical relevance, as hyperplane conditions are easier to interpret and
check from data.

We then propose a new approach to choosing an initial A for the LTS estimator. An
initial A is needed to estimate the number of outliers using, for example, an index plot
(Rousseeuw and Leroy, 1987) or forward search (Hadi and Simonoff, 1993; Atkinson and
Riani, 2000). An initial choice is also used to initialise MM-estimators (Yohai, 1987)



and reweighted LTS estimators (Alfons et al., 2013; Cizek, 2013). The current standard
practice is to use a breakdown point optimal h as an initial value. In fact, the initial
choice h ~ n/2 is often used, even though this has lacked robustness guarantees in
models with categorical regressors.

We write down a data-driven algorithm for choosing an initial h. This algorithm
allows a user to exploit information about the type of outlier contamination suspected
in their application. The breakdown point optimal choice of initial A is covered as a
special case when no information about outliers is available. The algorithms are given
robustness guarantees using our boundedness results.

The paper is structured as follows. Section 2 defines LTS estimators and explains
the role of an initial h. Section 3 gives the boundedness results. In section 4, we use
these results to write down an algorithm for choosing an initial A. Sections 5 and 6
contain simulations and an empirical illustration. Section 7 concludes. The appendix
consists of proofs and details on algorithms for exploring the regressor space.

2 LTS estimator and the initial h

LTS estimators depend on a tuning parameter h that determines how many observations
are trimmed from the sample. An initial choice of h is often used to estimate the number
of outliers in a data generating process.

2.1 LTS Estimator

Consider a linear equation y; = x3 +o¢; for i = 1,...,n with a scalar y; and a p-vector
x; which may include an intercept. Following Rousseeuw and van Driessen (2000), the
LTS estimator is defined as follows. The user first chooses a number h < n. For an
h-subset ¢ of {1,...,n}, define least squares estimators

o 1 A
Bc = argmlnz -, ﬁ 02 = Z(yz — ;)%

i€C 1€¢

LTS estimator is the triplet { = arg ming ¢ &g,,@ = Bé, — 6?. The estimator may

not be unique, so we let M,, denote the set of solutions M), = arg ming¢|=p, (3?.

2.2 Role of an initial h

LTS estimators with an initial i are used to provide slope and scale estimates for various
robust methods. We discuss methods that estimate the number of outliers using an
initial h. For clarity, let h denote an initial choice and write h, for the number of ‘good’
observations in a data generating process.

The index plot method (Rousseeuw and Leroy, 1987) begins by computing an LTS
estimator with an initial choice h = h, which gives a slope B(o) and scale (g). A potential
estimator for h, is then b = S0 T{|y; — x;3(0)|/&(0) < ¢}, which counts the number
of scaled residuals below a cut-off ¢ > 0 chosen by the user. The cut-off is typically
calibrated to a case where all errors are standard normal. Reweighted LTS estimators
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(Cizek, 2013; Alfons et al., 2013) are extensions of the index plot method, and likewise
depend on an initial h.

For the index plot, h is typically chosen to be slightly above n/2. The standard
choice following Rousseeuw and Leroy (1987, p.134) is h = |n/2] + [(p + 1)/2], where
p is the number of covariates. This maximises the finite sample breakdown point of
LTS if all regressors are continuous, but has so far lacked robustness guarantees when
some regressors are categorical. We will show that the choice h & n/2 is justified if the
regressors of interest are continuous.

The forward search algorithm (Hadi and Simonoff, 1993; Atkinson et al., 2010) like-
wise starts with an initial choice h = h. The number h is then iteratively increased until
a stopping rule is satisfied. The stopped value is an estimate of h,. Atkinson and Riani
(2000) suggest stopping rules based on recursively computed residuals and t-statistics.

For forward search, it is common to choose h to be much smaller than n/2, as the
algorithm requires a ‘burn-in’ for evaluating the stopping rule. Choosing h smaller than
n/2 has so far lacked a formal theory, even though it has been found to work well for
various types of data (Atkinson and Riani, 2000). We will show that the choice h < n/2
has robustness guarantees as long as the number of outliers is not too large.

Recent studies have also suggested estimating h, by minimising an objective function
over a range of h starting from an initial value h. The proposed objective functions
include a normality test statistic (Berenguer-Rico et al., 2023) and a stability index
based on bootstrapped LTS estimators (Heng and Lange, 2025).

3 LTS boundedness

We develop conditions for boundedness of LTS estimators with three goals in mind:
first, to allow for a wider range of categorical regressors; second, to choose an initial h;
and third, to obtain boundedness for sub-coefficients.

3.1 A sequence of data generating processes

Consider a sequence of data generating processes indexed by n. For each n, we have
random variables y; and p-vectors x; for i = 1,...,n. Let z;, be a normalised version of
x;, allowing indicator variables z;, = I{i > mn} for 7 € (0,1) and trending regressors
Zin = 1/n. For each n, the equation of interest is y; = x},,6 + o¢;.

For each n, let h, be the number of good observations and (, an h,-subset of 1,...,n
giving the indices of the good observations. Thus, h., (, are deterministic sequences in
n, but this is suppressed in the notation.

For boundedness results, we need only little structure on the ‘good’ observations. In
analogy with least squares estimation, we will require that good errors have bounded
sample second moments.

Assumption 1. Suppose the good errors satisfy hy' >, . e = Op(1).

For the first few results in this section, we place no structure on the outlier errors.
Later, we will use properties of the outlier errors to improve the boundedness results.



Write ‘| - |” for the Euclidean norm on vectors and cardinality when applied to sets.
Define lim(q,5)—(0,00) Sa,;n = § to mean Ve > 0, Jag, no, Va < ag,n > ng: [Sqn — 8| < €.

3.2 A first boundedness result

Boundedness of the LTS estimator in regression has recently been explored by Berenguer-
Rico and Nielsen (2025b). Their result requires that regressors are not too concentrated.
We start by presenting a slightly modified, but equivalent result.

The full sample OLS estimator is unique when > | §'z;,2),0 > 0 for any 0] = 1.
This is equivalent to requiring that n=' >""" | I{|2},0] = 0} < 1. We generalize the latter
to get boundedness results for LTS. To this end, define a function counting the share of
regressors in ‘strips’ of width a > 0 around a hyperplane through

—1 /
Fo(a) = max n ;H{I%ﬁl < a}. (1)

The function F,, is a discrete distribution function. In particular, the maximum in
its definition is attained. Johansen and Nielsen (2019) use F), to show boundedness of
M-estimators with non-convex objective functions, with related results in Chen and Wu

(1988). They also relate it to a boundedness condition for S-estimators; see also Davies
(1990) and Lopuhad et al. (2023). We state the first boundedness result.

Assumption 2. Suppose h, = | A.n| where 1/2 < X\, < 1. There exists 0 < & < 2\, — 1
such that
lim P(F,(a)>¢&)=0. (2)

(a,n)—(0,00)
Theorem 1. Suppose Assumptions 1, 2 and that h = ho. Then the set of LTS estimators
retaining h observations satisfies maxcem, |5¢c| = Op(1).

Examples of regressors satisfying Assumption 2 are discussed in Johansen and Nielsen
(2019) and Berenguer-Rico and Nielsen (2025b). We mention a couple of examples.

Example 3.1 (Cointegration). (Berenguer-Rico and Nielsen, 2025a, Section B.3) If
the regressors x;, include some continuous I(0) components and some continuous I(1)
components satisfying certain reqularity conditions, then F,(a) vanishes for small a and
large n. Hence Assumption 2 holds for any Ao > 2/3.

Example 3.2 (One binary regressor). (Johansen and Nielsen, 2019, Ezample 3.1) Sup-
pose xt, = (1, zin) with z, binary, but not necessarily i.i.d. Let m = [{i < n : z; = 1}
Then F,(a) = n~'max(m,n —m) for small a > 0. Assumption 2 now constrains the
range of possible values of \o. In the best case m = n/2 and F,(a) = 1/2, we must
choose & > 1/2, and thus the condition 2\, — 1 > £ requires A, > 3/4.

Going forward, we focus on models with some discrete regressors, where conditions
for boundedness are most restrictive. We mainly consider cross sectional regressions.
We will present variations of Theorem 1. First, we allow for an unknown A and give
uniform boundedness guarantees. Second, we show how conditions can be relaxed if the
user is only interested in subcoefficients. Third, we show that the strip conditions can be
simplified to hyperplane conditions in special cases assuming i.i.d. regressors or discrete
regressors with a finite support. Fourth, we show how the conditions needed for oracle
inference also improve boundedness results.



3.3 Uniformity and subcoefficients

We improve the boundedness result in two aspects. First, we allow A to be unknown
and show uniformity over h < h < h,. Second, if only subcoefficients are of interest, the
strip condition can be weakened accordingly.

Let R’ be the parameter of interest, where R is a p X s selection matrix. Define,
for a given h-subset ( C {1,...,n}, the strip function

R — -1 / < / '
L) = g B D Mokl < al 1) (3)

When there is no selection, that is R = [ and ¢ = {1,...,n}, this function reduces to
F,(a) in (1). Due to the inequality F,%(a) < Fj.(a), we will see that boundedness for
a subcoefficient RS can often be obtained under weaker conditions than for the full
parameter B. This insight is useful when some regressors are only included as controls,
such as in our empirical illustration.

Assumption 3. Let R be a p X s matriz with R'R = I, and s < p. Suppose the data
are generated with ho = [Aon] ‘good’ observations where 1/2 < Ao < 1. Let h = [An]
be an initial choice with 1 — Ao < A < A,. There exists 0 < & < A+ Ao — 1 such that

lim P (AE (a) > &) =0. (4)

(a,n)—(0,00)

Theorem 2. Suppose Assumption 1, 3. Then maxp<p<n, Maxcen, |Bc| = Op(1).

Theorem 2 implies Theorem 1 since Assumption 3 is weaker than Assumption 2.
To see this, let A = A, and R = I. Then the inequality hoF,. (a) < nFy,(a) implies
AoF (a) < 1/n+ Fy(a). Thus, if F,(a) < ¢ for some § < 2)\, — 1 then A F}l, (a) < ¢t
for some & < &7 < 2)\, — 1 and large n.

Assumptions 2 and 3 are identical when hoF%t (a) = nF(a). This occurs when a
strip contains many good observations and no outliers. Guarding against such ‘mali-
cious’ contamination can be overly pessimistic in applications (Huber and Ronchetti,
2009, section 17.4). Instead, it can be reasonable to assume outliers are more evenly
spread out, as illustrated in the next example. In Section 4, we propose an algorithm
for choosing an initial h that allows a user to exploit such assumptions.

Example 3.3 (One binary regressor as in Example 3.2). Suppose z!,, = (1, z;,) with z,
binary while A = Ao and R = Iy. Suppose [{i <n: zy, = 1} =n/2 so that F,(a) = 1/2.

In the worst case, all outlying regressors are zero so that me = |{i € (, : 2y, = 1} =
n/2 and Fl. (a) = n/(2he) = 1/(2X.). We must choose £ > Xo/(2X.) = 1/2 and require
2Xo — 1 >1/2, that is Ao > 3/4 as in Example 3.2.

In the best case, outlying regressors are balanced so that m, = ho/2 and F,{Co(a) =
1/2. We then need & > A\o/2 and require 2\, — 1 > \o/2, that is Ao > 2/3. Thus, we
can tolerate more outliers if we have knowledge of the outlying regressors.

We will explore cross section regressions with continuous and discrete regressors. To
facilitate, we will find convenient sufficient conditions for Assumption 3.



3.4 Imposing structure on the good regressors

We will now require convergence of the empirical measure for good regressors. This is
satisfied for i.i.d. good regressors. The strip condition in Assumption 3 involved a limit
a — 0. This now reduces to an evaluation at a = 0 so that the strip condition turns
into a simpler hyperplane condition, which is easier to handle in practice.

Assumption 4. Suppose there is a probability measure Pyooq such that
h; Zi% {zs € A} = Pyooa(A) (5)

almost surely for every measurable set A. Let pyoods = Pyooa{® : 2’0 = 0}.

Proposition 3.1. Suppose Assumption 4. Then on a set with probability one it holds

lim Ff‘ a) = lim Ff‘ 0) = sup Paood.s
(a,n)—(0,00) CO( ) n—00 CO( ) 5:06|=1,|R'8|>0 9900
Assumption 4 holds for i.i.d. or ergodic regressors. We give some examples below.
The quantity pgeod,s is the probability of a hyperplane. Due to Proposition 3.1, Assump-
tion 3 can be evaluated using the inequality A, F\ (0) < F*(0) 4 1/n, where F*(0) can
be computed using algorithms in Appendix B.

Assumption 5. Suppose Sups.si=1,|rs|>0 AoPgood,s < A+ Ao — 1.

Proposition 3.2. Assumptions 4, 5 imply Assumption 3. In particular, if Assumptions
1, 4, 5 hold then maxp<p<p, maxcenm, |Bc| = Op(1).

Proposition 3.2 connects our boundedness results with existing breakdown point
theory where largest hyperplanes play a central role (Davies, 1993). For example, the
finite sample breakdown point of LTS is maximised by choosing h = | (n+nFL(0)+1)/2],
which is also the largest possible breakdown point of a regression equivariant estimator.

Example 3.4 (Continuous regressors). Consider continuous, i.i.d. regressors x;, for 1 <
i <n. Then pgoods = 0, Y6 # 0. By Proposition 3.2, F,(a) vanishes and Assumption 2
holds if A+ Ao > 1. An initial choice A < 1/2 is then allowed if \o > 1/2. This justifies
existing practices in the Forward Search (Atkinson and Riani, 2000).

Example 3.5 (Mixed regressor). If a regressor mizes continuous and discrete features,
the strip function does not vanish. Consider i.i.d. regressors x;, = z;w; with independent
binary z; and continuous w;. Then sups pgeod,s = P(2; = 0), which is generally non-zero.

Example 3.6 (Stationary and ergodic regressors). Let y; = xf + €; where (x;)2, is
stationary and ergodic. Then I{z; € A} is stationary, ergodic, and integrable (Breiman,
1992, Proposition 6.31). By the ergodic theorem (Breiman, 1992, Theorem 6.28), (5)
holds with Py.oq equal to the distribution of ;.

Our final example illustrates that if the regressors of interest are continuous then up
to 50% contamination can be allowed even if there are discrete controls. This justifies
the use of the conventional initial value h &~ h/2 in models with categorical regressors.
A related insight applies if the regressor of interest is discrete but not very concentrated.
These findings will be used in our empirical application.
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Example 3.7 (Subcoefficients). Consider i.i.d. regressors x}, = (1, z1;, z2;, w;) and B’ =
(Bo, B1, B2, Pw). Let w; be continuous and z;, zi be independent, binary with P(zy =
1) =0.5 and P(z;2 = 1) =0.9. Let A = X\, for simplicity. We apply Proposition 3.2.

If By is of interest then R, = (0,0,0,1). By continuity, pgoods = 0 Vo: R, # 0.
Thus, Assumption 3 requires Ao X 0 < 2\, — 1, that is X\, > 0.5 as in FExample 3.1.

Note that if 6t = (1,0,—1,0)/v2 then pyooast = Plzie = 1) = 0.9 and if &* =
(0,1,0,0) then pyopqst = P(zi1 = 0) = 0.5.

If By is of interest then R, = (0,1,0,0). Then &' is not relevant as Ry6" = 0 and we
get Dgood,s < Pgooast = 0.5 ¥o: R16 # 0. We require Ao x 0.5 < 2X\, — 1, that is Ao > 2/3
as in Example 3.5.

If By is of interest, then R, = (0,0,1,0). If By is of interest, then Ry = (1,0,0,0).
If Bo, B1 are of interest, then Ry, = (Iz,09x2). In all cases R'6V # 0. Thus, pgood.s <
Pyood,st = 0.9 Vd: R'0 # 0 and we require Ao x 0.9 < 2X\, — 1, that is Ao > 10/11 ~ 0.91.

3.5 Categorical regressors with a finite support

For the second result, we consider regressors that have a fixed and finite support. No
further restrictions are then needed on the distribution of regressors.

Proposition 3.3. Suppose x;, has a finite support not depending on n. There exists
a* > 0 such that F}(a) = FF(0) for all ¢ € {1,...,n} and 0 < a < a*.

Example 3.8 (Two binary regressors). Consider binary regressors x}, = (1, z1, 2i2). By
Proposition 3.3, for all small a > 0 it holds F. (a) = h;"' maxgep, >ice, (210, 22:) €
S}, where Py are the 2-element subsets of {0,1}2. Thus, Assumption 3 depends on the
probabilities of the sets {ziy = 1}, {za = 0}, {zi2 = 1}, {22 = 0}, {zi1 = 22} and
{21 + 22 = 1}.

3.6 Exploiting conditions for oracle inference

Usually, we are interested in statistical inference as well as boundedness. Inference
requires more structure on the data generating processes, which we will now exploit.

Berenguer-Rico et al. (2023) show LTS is maximum likelihood in a model where good
and outlier errors are separated. Further, LTS has the oracle property that asymptotic
inference is the same as for OLS when the errors are weakly separated (Berenguer-Rico
and Nielsen, 2025b). These assumptions contrast with the (Huber, 1964) model where
errors are i.i.d. draws from a mixture distribution and the limiting distribution of LTS
depends on the unknown contamination.

We now let the good and outlying regressors be i.i.d. within each group. This special
case of Assumption 4 is the simplest setting that can generate ‘bad leverage points’,
where errors depend on regressors.

Assumption 6. Let h, = |Aon| with 1/2 < X\, < 1. Let x;, = x; be independent for
1 <@ < n such that x; ~ Pyoq fori € (; and xj ~ Py j & Co.

For oracle inference, the outlier errors must diverge at a certain rate (Berenguer-Rico
and Nielsen, 2025b). Here, it suffices that they diverge at any rate. We also rule out
exact fit hyperplanes, a condition that is not binding in most applications.
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Assumption 7. Suppose

(4) 1/ minjece g5 = 0p(1).
(#7) limy, 00 P(ming|¢j=p 67 > 0) = 1.

We relax Assumption 5 to a weaker condition on pyeeds = Pyooa{® : 2’9 = 0}. Define
Pout,s = Pout{x cald = 0}7 Pfull = /\oPgood + (1 - >\0>Pout; and Prull,s = Pfull{x 2’ = 0}

Assumption 8. Suppose supy,5i—1|rs/>01 AoPgood.s — (1 = Ao)Pours} <A+ Ao — 1.

Theorem 3. Suppose Assumptions 1, 6, 7, 8. Then maxy<p<p, MaXcem, ]BC| = 0,(1).

Assumption 8 reduces to Assumption 5 when p,,; s = 0 V9. Thus, to take advantage
of the present condition, we require some additional information that outliers are not
‘malicious’, just as in Section 3.3. The following example illustrates this.

Example 3.9 (One binary regressor as in Examples 3.2, 3.3). Suppose z, = (1, z;),
with z, binary and satisfying Assumptions 6, 7, 8 with Pry{zm = 1} = 1/2. Let
Pout = Powt{zi = 1} 50 that Dgood = Pyooa{zi = 1} satisfies AoPgood = 1/2 — (1 — o) Dout-

We have non-zero probability for the two hyperplanes defined by 6t = (1,—1)/v/2
and 6* = (0,1). We get pysi = 1 — pyst = ps for s € {good,out}. Thus, Assumption 8
i83/2 < A+ Ao+ 2(1 — Xo) min{pout, 1 — Pout }-

In the worst case, if poy = 1 we require A+ Ao > 3/2 as in Examples 3.2, 3.3.

In the best case, if pour = 1/2 we require A > 1/2, improving on Examples 3.2,3.3 by
further exploiting knowledge of outlying regressors.

4 Choosing an initial h

We propose algorithms for choosing an initial A for LTS. The algorithms allow a user to
restrict the type of outliers and guard against a higher share of contamination through
feasible versions of Assumptions 5, 8. The initial values from these algorithms have
robustness guarantees based on our boundedness results.

4.1 Imposing restrictions on the regressors

We consider the setting of Assumption 6, which implies Assumption 4. We seek an
initial A = |An| guaranteeing uniform boundedness.

As before, write p,s = Ps{z : 2/6 = 0} for s € {good,out, full}, where prus =
XoPgood,s + (1 — Ao)Pout,s- We will provide a feasible version of Assumption 5, that is of

sup [Prurs — (1= Xo)Douts] <A+ Ao — 1. (6)
5:]8]=1, |R'6]>0

Although both A, and peus are unknown, so that (6) cannot be directly verified,
in some applications it is reasonable to restrict the range of values these quantities can
take. Restrictions on py,s can be used to rule out extremely concentrated outlying
regressors, which are often unlikely in applications. Restricting A, to be close to ‘one’
can be reasonable if outliers are suspected to be isolated observations instead of, say, a
misspecified group structure in the data. These ideas motivate the following algorithm.
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Algorithm 1.
(1) Choose parameter of interest R, lower bounds byyts > 0 0n pouts V6 : |R'6| >0, a
lower bound on the share of good observations A, > 1/2, and an € > 0.
(2) Compute estimates prus =n" > 5 I{a},0 = 0}.
(3) Compute

AW = 7 1—A)(1—b :

AV = §?§5|>0{pfuzz,a + (1= A) (1 = bout,s) } (7)
(4) The initial choice h = |An] is A = max{A\M +¢,1— A}

Computing 2D can be difficult. For example, for R = I and binary regressors,
the complexity is NP-hard (Amaldi and Kann, 1995, Corollary 2). An algorithm that
approximates A by drawing random subsets of p — 1 observations is described in
Appendix B and implemented in the empirical illustration.

Although there are uncountably many orthogonal vectors 9§, we foresee that only
a small number of non-zero restrictions by, s would typically be needed. As A(l) is
decreasing in by, 5, restrictions only influence the initial choice when py,y s is large. We
thus suggest first using an algorithm to detect large values of P, 5, and then considering
non-zero restrictions b,,; s only on these hyperplanes. This idea is demonstrated in the
empirical application of Section 6.

Algorithm 1 coincides asymptotically with the breakdown point optimal choice A ~
maxs;5=1 (1 + Pruus +n')/2 from Mili and Coakley (1996) when R = I, byys = 0 V0
and A, = ALY,

We have the following robustness guarantee for Algorithm 1. As in our previous
boundedness results, the conditions link the lower bound A in the search to the lower
bound on the true outlier proportion A, .

Theorem 4. Consider initial choice h and € > 0 from Algorithm 1. Suppose Assump-
tions 1, 6 hold, byt s < Pouts Y0 : |[R'6| > 0, and AQ) < A, < A\, — € where

1 u - bou
AL = sup + Pruil,s £ (8)

5:16]=1, | R'5|>0 2 — bout,s

Then maxp<p<h, MaXce M, |R/B<| = Op(l)

The hyperplane restriction byt s < Pout,s cannot, in general, be tested. However,
it often has an application-specific interpretation that can be defended. Our empirical
illustration provides an example.

The restriction A\, > Agl) can be evaluated by computing (8) with p.; s replaced by
Dfuis- The restriction A, < A\, — € is again hard to test, but it is easy to interpret and
communicate.

Theorem 4 highlights a trade-off between hyperplane restrictions b,,: s and the rate
of contamination allowed by the initial choice. The assumption bours < Pout,s always
holds under the trivial restriction by,s = 0 for all 4, as in the breakdown point optimal
initial choice. However, by choosing valid restrictions b,,: s > 0, the initial choice can
permit a higher level of contamination, as A(()l) decreases with b, 5. This is illustrated
with the following example.
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Example 4.1 (One binary regressor as in Examples 3.2, 3.3, 3.9). Suppose z, = (1, z;)
where z; is binary with pry = Pra(z = 1) = 1/2 and take R = 1. Here, the choice of
restrictions byyts amounts to choosing an upper and lower bound on ey = Poyt(z; = 1).

If 61 = (1, —1)/\/§ and 6* = (0,1) then Prunst = Pratt and Ppyy st =1 — Dpunr-

If 0 < powr < 1 is unconstrained then by, st = by st = 0 so that MY = 3/4 by (8).
This 1s the breakdown point optimal choice.

If 1/3 < pow < 2/3 is appropriate then by st = boust = 1/3 so that A= 0.7,

If pout = 1/2 is appropriate then by st = boys st = 1/2 so that 2D =9/3.

For algorithms such as the Forward Search (Atkinson and Riani, 2000), the initial
choice should satisfy h < h, so that a stopping rule can be evaluated relative to a ‘burn-
in. If A\, = Agl) and Prus = Pruns for all 4, then A = A, + €. Since A(l) is decreasing
in A\, we thus need to choose A\, above the minimum level Agl) in order to guarantee a
burn-in.

4.2 Exploiting oracle conditions

We adapt Algorithm 1 and the boundedness result in Theorem 4 to the setting where
outliers satisfy the conditions required for oracle inference (Section 3.6). By exploiting
these conditions, we obtain initial choices h that can tolerate a higher share of contam-
ination. We provide a feasible version of Assumption 8, that is of

sup {)\opgood,é - (1 - )\o)pout,é} < A + )\o - 1. (9)
8:)6|=1,|R’|>0

The adapted algorithm and the associated boundedness result have a structure similar
to Algorithm 1 and Theorem 4, and the points raised in Section 4.1 continue to apply.

Algorithm 2. Follow steps 1,2 and choice of € > 0 in Algorithm 1.
(3) Compute

A = ; 1= ) (1 = 2Dt s)H{bours < 1/2}]- 1
A 6:|5|:r{172‘11§6|>0[pfull,6 +( —o)< out,(5) { out,d < / }] ( O)

(4) The initial choice h = |An] is A = max{A\® + ¢ 1 - A}

Theorem 5. Consider initial values h and € > 0 from Algorithm 2. Suppose Assump-
tions 1, 6, 7 hold, bouts < Pouts V0 : |R'0| > 0, and Agz) <A, < A\, — € where

[1 + Dfutt,s — 2bout s
2(1 - bout,é)

Then maxp<p<p, MaXcem, |R’B¢| = 0,(1).

M= sup

o5 < 1/2} + prunslboues 2 1/2}] (1)
8:5|=1, |R'5|>0

If bours = 0 Vo then Aff) = Agl), and we again get the breakdown point optimal
choice. If some information about the outlying regressors is available, we can improve
over the robustness of Algorithm 1, as the following example shows.

Example 4.2 (One binary regressor as in Examples 3.2, 3.3, 3.9, 4.1). The setup and
the values of prus and bouws are as in Example 4.1. We have pryy st = Dpunst = 1/2.

If 0 < Pour < 1 then by st = bourst = 0 so that A\ = A2 =3/4 by (8), (11).

If 1/3 < Pour < 2/3 then by st = bourst = 1/3 s0 that AV = 0.7 > 5/8 = AP,

If Dour = 1/2 then by st = bourst = 1/2 s0 that A\ =2/3 > 1/2 = \?).
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5 Simulations

We use a Monte Carlo simulation with one binary and one continuous regressor to
evaluate our boundedness results against the properties of LTS in finite samples.

5.1 Data generating processes

We simulate data from six data-generating processes (DGPs). The equation of interest
is y; = Bo+ B12; + Bow; +¢;, where z; is binary and w; has a continuous distribution. We
compute LTS and least squares estimators for § = (g, 81, 52)" in 10000 generated sam-
ples. Sample sizes are n € {25,100, 400, 1600, 6400}, and we compute LTS estimators
with h = |An] for A € {0.6,0.7,0.75,0.8,0.85}. Data are generated with 5 = (0,0,0)".

Computations are implemented in R (4.3.2) using the robustbase package (0.99-
2). We made small adjustments to the FAST-LTS algorithm in robustbase to improve
numerical stability. These adjustments relate to a known limitation of FAST-LTS in the
presence of categorical covariates (Koller and Stahel, 2017).

Inspired by the theoretical analysis, each sample consists of ’good’ observations (, =
{1,..., ho} and ’outliers’ (¢ = {ho + 1,...,n}. The share of ‘good’ observations is fixed
by having h, = |0.8n]. We describe the data generating processes in three parts.

1. Binary regressor z;. Distribution of z; differs across good observations and out-
liers. We let z; = 1 for the first |hopgooa| good observations and first |(n — ho)pout]
outliers. The share of observations with z; = 1 in the full sample is thus approximately
Dsuit = 0.8Pg00d + 0.2poyue. Table 1 shows pgood, Pout, and pr,; across the six DGPs.

In DGPs 1-3, we set pr,; = 0.7 so that the full sample distribution of z; is unbalanced.
In DGP1, we set pout = Pgooa = 0.7 so that good and outlying regressors have the same
distribution. In DGP2, we set p,,; = 1 so that outlying regressors are ‘benign’ and
located where the majority of ‘good’ observations are. In DGP3, we set p,.; = 0, so
that outliers are ‘malicious’ and located where good observations are scarce.

In DGPs 4-6, we set p, = 0.52, so that the full sample distribution of z; is relatively
balanced. In DGP4, we set p,.,; = 0 so that the outlying regressors are again ‘malicious’.
In DGPs 5 and 6, we set poyt = Dgooa = 0.52.

2. Continuous regressor w; and errors €;. In DGPs 1-5, we draw w; for i = 1,...,n
independently from a uniform distribution on [—10, 10]. The good errors are generated
as g ~ N(0,1) while the outlying errors are generated as ; ~ U|0,0.5] + y/2logn.
Outlying errors are thus growing, so that Assumption 7(i) holds. The rate of growth
matches a consistency condition from Berenguer-Rico and Nielsen (2025b).

In DGP6, we introduce bad leverage by drawing w; ~ U[—10,10] +n if z; = 0
and w; ~ U[—10,10] if z; = 1 for j € ¢¢. This violates Assumption 6, where outlying
regressors have a distribution that does not depend on n. To make the unboundedness
of LTS in DGP6 apparent, we also adjust the distribution of good errors and draw
gi~N(0,3)if z; =0and g; ~ N(0,1/5) if z; =1 for i € (..

3. Lower bounds on \. Table 1 shows A" and A, calculated from (7) and (11)
with Prus = Pruiis, bout,s = Douts, and A, = 0.8. DGPs 1-5 satisfy Assumptions 1, 6
so LTS estimators with [nA® | < h < [0.8n] should be bounded by Theorem 5. In
DGP6, Assumption 6 is violated so Theorem 5 does not apply, but by Proposition 3.2
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Table 1: Distribution of z; and initial retention shares in the DGPs

Distribution of z; Lower bounds
DGP Pgood  Pout  Pfull )\(1) A(2) Abp
0.70 0.70 0.70 0.76 0.70 0.85
0.62 1.00 0.70 0.70 0.70 0.85
0.88 0.00 0.70 0.90 0.90 0.85
0.65 0.00 0.52 0.72 0.72 0.76
0.52 0.52 0.52 0.62 0.52 0.76
0.52 0.52 0.52 0.62 0.52 0.76

DY U W N =

LTS should be bounded for [nAY ] < h < |0.8n]. For comparison, Table 1 also shows
the breakdown point optimal value A,, = 1/2 + pru/2.

5.2 Simulation results

Table 2 shows mean squared errors for LTS and least squares estimators computed in
the six DGPs described above.

In DGP1, mean squared errors converge to zero for A € {0.7,0.75,0.8}. This is in
line with Theorem 5 and the lower bound A®) = 0.7 in Table 1. Errors also converge for
A = 0.6, indicating that our conditions are not necessary. The breakdown point optimal
choice Ay, = 0.85 suffers from a growing bias.

In DGP2, outliers are ‘benign’. LTS estimators with A € [0.6, 0.8] are again bounded.
The bias of the breakdown point optimal choice Ay, = 0.85 is reduced.

In DGP3, outliers are ‘malign’. LTS estimators with all choices of A are unbounded.
This corresponds to lower bounds A(l) = A(Q) = 0.9 being above the rate of contamination
Ao = 0.8, and there being no value of A satisfying Assumptions 3 or 7.

In DGP4, outliers are again malicious, but the binary regressor is more balanced
among ‘good’ observations. Estimators with A € {0.75,0.8} are bounded, in line with
the lower bound A®) = 0.72. In contrast with DGP1 and DGP2, there is not much slack
in our boundedness conditions, and estimates with A = 0.7 seem unbounded.

In DGP5, estimates with A € [0.6,0.8] are bounded, in line with A2 = 052, In
DGP6, Assumption 6 is violated, and the estimator with A = 0.6 becomes unbounded.
Meanwhile, the estimators with A € [0.7,0.8] are still bounded, in line with the lower
bound AV = 0.62 and Proposition 3.2, which does not require Assumption 6.

6 Empirical Illustration

We revisit the Bonjour et al. (2003) study of returns to education using a UK sam-
ple of identical twins. Within-twin differences in earnings are related to differences in
education and other labour market characteristics through

wyp — wap = p + P(schoolyy — schoolas) + o (e1p — cap) + (€17 — €2f), (12)

where ‘7 f” indexes twin ¢ = 1,2 in family f = 1,...,183, w;s is log-earnings, and school
is years of education. The vector ¢;; includes years of work experience (exp) and dummy

13



Table 2: Mean squared errors in the simulation

A A

n DGP 06 07 075 08 08 DGP 06 0.7 075 08 0.85

25 1 1.1 08 06 05 1.7 4 16.7 93 56 47 6.8
100 03 02 01 01 1.3 348 11.0 1.0 0.7 7.2
400 01 01 00 00 1.5 444 149 0.0 0.0 2.2
1600 0.0 00 00 00 20 51.8 152 0.0 0.0 1.0
6400 0.0 00 00 00 23 59.1 259 0.1 00 19
25 2 09 06 05 04 07 5 09 07 06 06 1.1
100 03 02 01 01 0.3 02 01 01 01 06
400 01 00 00 00 03 01 00 00 00 0.5
1600 0.0 00 00 00 03 00 00 00 00 0.6
6400 0.0 00 00 00 0.3 0.0 00 00 00 0.7
25 3 46.0 46.0 459 459 458 6 51 43 40 3.7 3.3
100 56.0 56.0 56.0 55.9 55.9 49 10 08 06 0.5
400 65.3 65.3 65.3 653 65.3 165 04 02 0.1 0.1
1600 742 742 742 742 742 2877 01 0.1 00 0.0
6400 82.9 829 829 829 829 29.8 00 0.0 00 0.0

Notes. Columns correspond to LTS estimators with different choices of h = |An|. Mean squared errors
for OLS[n=6400]: DGP1=1.66, DGP2=3.38, DGP38=36.83, DGP4{=10.26, DGP5=1.08, DGP(=2.57.

variables for living in London or South-East England (LonSE), part-time employment
(part), marital status (marry), and self-employment (self). The parameter of interest

is (8, which is interpreted as the wage return to an additional year of education.
A sensitivity analysis by Amin (2011) found that instrumental variable estimates of
[ are sensitive to the exclusion of a small number of observations in the data, whereas

OLS estimates are more stable. We reassess robustness of OLS estimates using LTS.

6.1 Selecting an initial h for twins data

We use Algorithms 1 and 2 to choose an initial h for LTS.

Notes: The rows refer to the i-th largest hyperplane among the regressors. Orthogonal vectors §; and

Table 3: Five largest hyperplanes in twins data

Orthogonal vector Share of

1 school LonSE marry exp part self obs. (%)
0 0 0 0 0 0 0 1 94.5
dy 0 0 1 0 0 0 0 82.5
d3 0 0 1 0 0 0 -1 79.2
dg O 0 0 0 0 1 0 71.6
d5 0 0 0 0 0 1 1 70.5

shares of observations are indicated.
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Table 4: Selection of initial A for twins data

Hyperplane restrictions Coefficients Q(()l) h((f) h, h(l) Q@)
(1) None All coefficients 178 178 178 178 178
(2)  pouts, = 0.5 All coefficients 177 173 178 175 173
(3) None Excluding o,y 167 167 168 166 166
(4)  Douts, > 0.3, Pouts, > 0.15  Excluding oy, 165 161 168 161 157

Notes: Column 2 shows restrictions by, relating to the orthogonal vectors in Table 3. Column 3
shows coefficients of interest for which boundedness is required. Columns 4-8 show minimal choices of

h under various assumptions.

Step 0: Hyperplane detection in the covariate space. We use a randomised algorithm
(Appendix B) to find the five hyperplanes with most observations. Their orthogonal
vectors and associated observation shares are shown in Table 3. The largest hyperplane
contains 95% of the sample. Observation shares decline sharply thereafter, and the
fifth-largest hyperplane has 71% of the observations.

Step 1: Choice of R and byy:s. In step 1 of Algorithm 1, we choose hyperplane
restrictions on outliers and the coefficient of interest. Columns 2 and 3 of Table 4
show four alternative specifications. Row 1 has no hyperplane restrictions and requires
boundedness for all coefficients. Row 2 requires at least half of outliers to be on the
hyperplane orthogonal to the vector d; from Table 3. In row 3, boundedness is no
longer required for the coefficient on self-employment. Row 4 adds restrictions on the
hyperplanes orthogonal to d, and d3.

We interpret the hyperplane restriction in row 2. The bound pyyus, > 0.5 in row 2
rules out all ‘outliers’ being twins where one is self-employed and the other is not. This
restriction could be violated if, say, the data contained many high-earning entrepreneurs.
We have gauged this restriction heuristically by plotting the outcome variable for twins
with sel f; = 1 against those with self; = 0 (not shown), finding no evidence of ‘outliers’
being more prevalent among twins with selfy = 1.

Step 2: Choice of \,. Algorithms 1 and 2 require a lower bound h, = n)\, on
the number of good observations. Columns 4, 5 of Table 4 show A = [nAV] and
LY = (@91, computed from (8),(11) with pruus = Pruns. Theorems 4,5 suggest we
can choose h, as low as @E}) or @g’” depending on whether we impose the conditions for
oracle inference. Choosing it slightly higher allows a search for h to be initialised with
a burn-in. In rows 1,2 we choose h, = 178 as shown in column 6. Since n = 183, this
allows up to 5 outliers as in Amin (2011). In rows 3,4, we choose h, = 168, allowing up
to 15 outliers.

Step 3: Initial choice h. The last two columns of Table 4 show initial choices Q(I) =
1nAW] and A® = [nA®], calculated from (7) and (10) with € = 0. In rows 2,4 the
initial values A are below the lower bound h,, giving a burn-in that could be used for
searching. This reflects the choice h, > A from step 2.
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6.2 Results from LTS estimation of twins model

We assess the number of outliers using an index plot (Rousseeuw and Leroy, 1987).
Figure 1 shows residuals from an LTS estimator with h = 168, scaled by the standard
deviation of the selected ‘good’ residuals. This initial estimator is bounded under rows
3,4 from Table 4. Observations 8, 28, and 89 stand out as potential outliers, with four
additional observations (39, 106, 111, 119) somewhat separated from the majority of
the data. The index plot thus suggests at most seven outliers.

Table 5 shows LTS estimates of equation (12), trimming 0 to 15 observations. The
bracketed terms display asymptotically standard normal t-statistics. The square brack-
ets require large outlying errors and a correctly specified h (Berenguer-Rico and Nielsen,
2025b). The round brackets require that there are no outliers and all errors are inde-
pendent normal (Cizek, 2004). For n — h = 0, LTS=OLS and standard theory applies.

Table 5 suggests that OLS estimates (for n — h = 0) of returns to education are not
driven by ‘outliers’. This conclusion holds under all four sets of restrictions in Table 4,
as the LTS estimates remain qualitatively similar to the OLS estimate of 0.037 across
all trimming rates. Both of the reported t-statistics reject the null of no returns at the
5% level when n — h = 15. Given that trimming 15 observations probably exceeds the
true number of outliers, this finding should be interpreted with caution.

By contrast, the estimates for self-employment are highly sensitive to the choice of
h. As trimming increases from one to four observations, point estimates jump from 0.05
to over 0.3. Since we cannot give theoretical robustness guarantees for this coefficient
across all the reported trimming rates, we cannot rule out this jump being spurious.

The coefficient on work experience increases from the OLS estimate of 0.001 to about
0.01 when more than four observations are trimmed. At the same time, the t-statistics
turn from insignificant to being significant at the 5% level. Under restrictions (3), (4) in
Table 4, LTS is bounded across all displayed trimming rates. The results thus suggest
that the small and insignificant least squares estimate on work experience may be driven
by a few outliers, which LTS detects.

7 Conclusion

We have studied conditions for the boundedness of LTS estimators in the presence
of outlier contamination, focusing on models with categorical covariates where these
conditions are most binding.

We showed that LTS can tolerate more contamination than suggested by existing
results on boundedness and breakdown point. Our approach shows how robustness prop-
erties of LTS depend on whether outliers are ‘maliciously’ concentrated or more evenly
spread out. Our theory uses ‘strip conditions’, and we have established cases where
these are equivalent to ‘hyperplane conditions’. This equivalence connects results on
boundedness to existing breakdown point theory and allows conditions for boundedness
to be checked in practice.

Our boundedness results are uniform between an initial choice of h and the true share
of ‘good’ observations. This is relevant when iterated LTS estimators, such as reweighted
LTS (Cizek, 2013), are computed. Further, we found conditions for LTS to be bounded
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Figure 1: Index plot of scaled residuals with LTS(h=168)
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Table 5: Results from LTS estimation of twins model

n—h 15 10 8 5 4 1 0
school  0.037 0.031 0.030 0.033 0.031 0.031  0.037
(2.71] [2.12] [1.89] [1.89] [1.70] [1.35]  [1.4§]
(2.12)  (1.78) (1.63) (L.71) (L57) (1.32) (1.48)
LonSE 0.123 0.081 0.084 0.084 0.079 0.089 0.085
[1.79]  [1.09] [1.07] [0.96] [0.86] [0.78]  [0.68]
(1.40) (0.92) (0.92) (0.87) (0.79) (0.76) (0.68)
marry  0.054  0.024 0.023 0.019 0.051 -0.054 -0.068
[0.99] [0.41] [0.39] [0.28] [0.72] [-0.64] [-0.72]
(0.78) (0.34) (0.34) (0.26) (0.66) (-0.62) (-0.72)
exp 0.016 0.013 0.014 0.012 0.010 0.003 -0.001
[4.65]  [3.64] [3.51] [2.84] [2.17] [0.58]  [-0.09]
(3.64) (3.06) (3.03) (2.57) (2.00) (0.56) (-0.09)
part  -0.087 -0.105 -0.074 -0.074 -0.081 -0.093 -0.094
[-1.55] [-1.76] [-1.18] [-1.06] [-1.09] [-1.03] [-0.94]
(-1.22) (-1.48) (-1.02) (-0.96) (-1.00) (-1.00) (-0.94)
self 0.345 0.353 0.383 0.371 0.376 0.053  0.075
2.64] [2.44] [2550] [2.17] [2.08] [0.25] [0.32]
(2.06) (2.05) (2.16) (1.96) (1.92) (0.24) (0.32)

Notes: Columns show LTS estimates with different trimming numbers n — h. When n — h = 0 then
LTS=O0LS. Squared brackets give t-statistics valid under the LTS model of Berenguer-Rico and Nielsen

(2025b), and round brackets give t-statistics valid under uncontaminated normal errors (Visek, 2006).

for a subcomponent of the full regression slope vector. Requiring boundedness only
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for a parameter of interest allows LTS to be used with more concentrated categorical
regressors. For example, if the regressor of interest is continuous, we can justify the
conventional initial choice h ~ n/2 even in models with categorical regressors.

We used our boundedness results to propose an algorithm for selecting an initial
h for LTS estimators. This algorithm could be used to initialise methods such as the
index plot, forward search, and two-step LTS estimators. Our algorithms improve on a
breakdown point optimal initial choice, which is covered as a special case, by allowing
a user to exploit information about the nature of outlier contamination.

The ideas presented here could be used to study boundedness and tuning parameter
selection for other robust regression methods. Methods closely related to LTS include
least trimmed absolute deviations (Tableman, 1994) and trimmed likelihood estimators
(Hadi and Lucetio, 1997).

Appendix

A  Proofs for Main Results

A.1 Proof of Theorem 1

Berenguer-Rico and Nielsen (2025b) derive a boundedness result using the strip function

F — FI — -1 L sl < 1
wh(a) = I, Fola) = max, max ~ Ueind] < aj, (13)

where F[% is defined in (3). We show equivalence between F, ; and F, from (1).
Lemma A.1. Let 0 < { < h/n<1,a>0. Then {F,(a) > &} = {(h/n)F,n(a) > &}.

Proof. Let b; = I{|},0] < a}. Then n=' 37" b; > (h/n)maxcq=nh~' Y, bi for any
0 < h < n. Thus, comparing F,(a), F,, x(a) from (1), (13), we find F,(a) > (h/n)EF, 1(a).
Therefore, for any 0 < h < n and £ > 0 we have {(h/n)F,  (a) > &} C {F,(a) > &}.
Suppose then F,(a) > £ and h/n > £ > 0. Since the maximum is attained, 39:
|| = 1 such that nF,(a) = [{i : || < a}|. Consider two cases.
Case 1: nF,(a) > h. If (* is an h-subset of {i : |2} 0| < a} then

(h/n)Fyn(a) =0~ > 1{|a},0] < a} = h/n> &
iec*
Case 2: nF,(a) < h. Let ¢* be the union of {i : |z},0] < a} and any subset of
h —nF,(a) elements from {i : |2},6| > a}. Then (* is an h-subset of {1,...,n} and
(h/n)Fup(a) =07ty [, < a} = Fu(a) > &

ieC

In both cases, {F,(a) > £} C {(h/n)F,n(a) > £} O
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Proof of Theorem 1. The boundedness result in Berenguer-Rico and Nielsen (2025b)
requires P{F, ;. (a) > £} — 0 as (a,n) — (0,00) for some 0 < & < 2 — A\;1. This
is equivalent to P{(ho/n)F,,(a) > &} — 0 for £ = £'he/n. By Lemma A.1 this is
equivalent to P{F,(a) > £} — 0. Since h,/n — X, it is sufficient for the final condition
to hold for some 0 < & < (2 — A7)\, = 2\, — 1. O

A.2 Proof of Theorem 2

Lemma A.2. Consider a set ¢ C {1,...,n} with [(| = h and a p x s matriz R. Stack
y; and x;, for i € ¢ to get an h-vector y. and an h x p matrizc X¢. Let B; be the set of
least squares solutions for the equation y = X¢f +e¢. It holds

-1 5 = - )
5:|6|:r?,z\11}2(’5|>0h ;H{xiné - 0} <l = Rﬁg 1S Unique. (14)

Proof. Least squares solutions satisfy the normal equations (X{ XC) B = X(yc. Therefore,

if Bc,ﬁ are solutions then (XIXC)(ﬂc ﬂc) = 0. This means 6( ﬁc + v for some v
with X.v = 0. The assumption in (14) gives

{0:Xe0=0}={0:h"> Haj,6 =0} =1} C {6: R's = 0}.

1€C

Since X¢v = 0 then also R'v = 0, giving R’Bg = R’(Bg +v) = R’BZ‘. As this holds for
any solutions BZ and ﬁg, then R’ Bc is unique. O

Define 6, = (B — B)/|5c — Bl if |Bc — 8] > 0 and otherwise take d; to be a vector
with each element equal to 1/,/p. We allow f3. and o, to be set valued.

Lemma A.3. Let R be a p X s matriz such that RR=1,1/2 < )Xo <1, and 0 < A <
Xo. Define ho = |Aon] and b = [An]. Suppose hi'y, . ef = Oy(1). Then for any
a,e, 7 > 0 there exists B > 0 and sets (2,) with P(2,) > 1 — € such that on Q, for

7R, = ¢ |¢| = h, R' B is unique, and maxh™" Z I{|«},8| > a|R'd|} > T
5E5C i€CNCo
and all h < h < h, it holds
min &g > max frgh. (15)
CEZR :|R'Bc—R'B|/o>B CnClo:[Chl=h
Proof. 1. C’onstructz’on of 0, and B. Let a,e, 7 > 0 be given Denote h = |An]. Since
ha' Yice. €2 = Op(1) and ho/h — Ao /A < 00, we have h™" Y7, &} = Oy(1). Therefore,
we can find a constant Ay > 0 and sets ,, with P(Q,) > 1—¢ such that on (2,, it holds
h! Zz‘eg‘o g2 < Ag. Then on €, it holds for all h < h < h, that

£2 2
max o0:/0°< max h~ e; <h” 2 <A 16
ChClosICh|=h Ch/ T ChCloilCnl=h Z ; ” 10)
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We also have on €2, for any n > 0 and all h < h < h, that

Ag > n7! 25? >ht 25?]1{53 > Ao/n} > (Ao/n)h™" ZH{E? > Ao/},

1€Co 1€¢Co 1€Co

implying h~1 > et I{e? > Ag/n} < n. Fix an arbitrary 0 < < 7 and take

AN L2 A\ 12

&) ) ) o
n T

2. Showing inequality (15) holds on €2,. Consider any h < h < h, and ¢ € Z!, with

|R/ BC — R'B|/oc > B. While R/ Bc is unique for any ¢ € Zf,  the solution 3; may not
be. However, since ¢ € ZL, there exists 0f € d such that

B>t
a

Rt Iah,0 > al RO} > 7 (18)
1€CNCo
Since |R’B< — R'|/o > 0 by assumption, it also holds |BZ — 8] > 0. Therefore, SZ =
(Bzf — B)/\BZ‘ — f| for some Bzf € Bc. Denoting @C = \R’BZ‘ — R'B|/o, then

(i — 2}, B) o =& — 2, (BE — B) /o
. |R'B; — R'B| {xén(ﬁé — ﬁ)} 65 — B

(2

= ¢, — Leal,,0% /| R'3Y).

o B: -8l JIRB; - RB|l
Use this to write
62/0* = WS (e — el B/ IR
ie¢
>0t Y {200 > al ROI{E? < Ao/n}(ei — lealidf /|R'OE)). (19)
i€CNCo

When |$;n32| > a|R/5Z|, (¢ > B, and €2 < Ay/n we have using (17) that

R R R AO>1/2 < AO )1/2 ( AO )1/2
Cela) 05 /|RIOF| > aB > | — + > |eg| + :
ot 821 > o > (] ) 2 e+ (2

T n
Combining with the reverse triangle inequality gives
(60 = Leal 00 /| RGN = (Uelartid2) /IR0 — |eal)? > Ao/ (7 — ).
Plugging this in (19) gives the lower bound
A

) S Ll > al REE < Ao/,

1€¢CNCo

~2 2
o:/o* >
C/ (T
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Next, use that for two sets S and 7' it holds Ignr > g — I7e to see

A . .
62)0* > ( > Yy (]I{|x;"-52| > a| RS} —T{e? > Ao/n}) .

T=n i€CNCo

Using (18) and that on €, it holds h=" 37, .. T{ef > Ao/n} < n, we get

52/0> > (%) (r— 1) = Ao.

Thus, combined with (16), on €, it holds 67 /0 > maxg, cc,.\c,|=n 62, /07, s0 (15) holds.
O

Proof of Theorem 2. The proof has three parts. First, we describe a constant B > 0
and a sequence of sets €2, in the probability space. We then show that on €2, and n
large it holds maxcem, \R’BC — R'B|Jo < B for all h < h < h,. Finally, we show that
for any € > 0, Q,, and B can be constructed so that P(£2,) > 1 — € for all n large.

1. Construction of 2, and B > 0. Let €),, be a set such that

)\o< max  ho' > I{|2],0] < a\R’d]}) <€ (20)

5:8|=1, |R'§|>0
=1 |78 =

for some 0 < £ <A+ A, — 1 and a > 0. Define 27 = \JH A+ Ao — 1 — &) > 0 and

ZR {g : (i) ¢ = h, (i) BB, is unique, (ii6) maxh™" Y I{|a!, 6] > a|R'S]} > T}.
0€%¢ i€CnCo
On ,, there is B > 0 such that for all h < h < h,
min 6> max 07, (21)

CeZR :|R'B—R'B|/o>B ¢ ChClotCn|=h

2.1. Deterministic Analysis on 2, — A set inclusion. We show that on €2, it holds for
all h < h < h, and n large

E={C:[¢|=h,|RB— RB|Jo>B}C{¢eZr, : |RB.— RB|/o > B}). (22)

Tah *

To do this, we check that for all n large, h < h < h,, and { € = the three properties
in the definition of Zf, hold. Property (i) is immediate. We check properties (ii) and

Tah

We check property (ii). Use the identity

Rsne=h"" Y Ha},0] > a|R6|} = A7 CN G| = h7" Y I, 0] < alR'3]}. (23)

1€CNCo 1€¢MNCo

Bound the first term in (23) from below. Using |(| = h > h and |(S| = n — h, we get

BCN Gl = A — 16D = A (B ho = n).
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For the second term in (23), inequality (20) gives for all 6 € A = {J : |§] = 1, |R'd| >
0},h,¢
Wty Hjag,6] < alR6JY < (ho/R)(E/A).
i€¢nto

Combining, bound (23) for any 6 € A, h < h < h,, and || = h with
Rspe 2 h™ b+ ho —n) — (ho/h)(§/X0) = (n/h){A+ Ao — 1 =€ +o(1)},

where the final equality uses ho/n = Ao + 0o(1) and h/n = A + o(1) from Assumption 3.
Since h < he and ho/n = X + o(1), it holds n/h > n/h, = A\;' + o(1). Thus, using our
choice of 7, conclude for all large n, d € A, h < h < h,, and |(| = h

Ripe 2 A A+ A —1 =&+ o)} +o(1) =A' A+ Ao — 1= &) +o(1)
>27 4 0(1) > 7. (24)

Property (ii) then follows from Lemma A.2, since by (24) for all 6 € A

W'Y Hal, s =0y <1—h7" Y I{ja},0] > a|R6|} =1 — Rspe <1—7 <1 (25)

i€q 1€¢NCo

We check property (ii7). Since C satisfies ’BC Bl > \R’BC R'B| > Bo > 0 by
assumption, we have SC = (BC B)/| & -0 by definition. It follows that all § € 5C have
norm one and satisfy |R'§| = |R’5< — R’B|/|ﬁ< — B] > 0. Thus, using (24), conclude that
(#4i) holds since

max R57h7< Z min R&hﬁ Z T. (26)
5ed; 8:16|=1,|R'6|>0
2.2 Deterministic Analysis on Q, — Conclusion. Using first (22) and then (21), we
have for large n and any h < h < h,

min (3? > min 62>  max 6? : (27)
C:|¢|=h, |R'B¢—R'B|/o>B ¢eZR :|R'B.—~R'B|/o>B ChClotlCrl=h

Tah”
Thus, any h-subset ¢ with |R’BC — R'B|/o > B is not in My, i.e. maxcth{\R’Bg —
R'5|/o} < B.

3. Probability analysis. Construct €2, = €2y, Ny, as follows. Using the strip condition
in Assumption 3, we can find 0 < £ < A+ A\, — 1, a > 0, and y,, such that (20) holds
on Qy, and P(Q,) > 1 — ¢ for large n. Since ), .. &7 = O,(1) by Assumption 1, then
by Lemma A.3 there exist B > 0 and {2y, such that (21) holds for all h < h < h, and
P(€s,) > 1 — € for large n. The conclusion in part 2 is then obtained on €2, for n large
such that (24) holds. O

A.3 Proof of Proposition 3.2

The following definitions are from Roman (2005, Chapter 16). For a linear subspace S
and a vector z, the set = + S is called a flat (affine set). The affine hull of a non-empty
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set A is the smallest flat containing A. For a set A with affine hull = + S, the affine
dimension dim(A) of A is the dimension of S. For a set A, let span(A) be the set of
all finite linear combinations of vectors from A. The orthogonal complement of a linear

subspace S is denoted S+ = {z : 2/6 = 0,V0 € S}.

Lemma A.4 (Rao, 1962, Lemma 7.3). Let Pyooq be a probability measure on (RP, B(RP)).
There exist measures {ug 3>, and distinct affine sets {Ag}3>, of affine dimensions
{mi ¥, such that (i) Pyooa = D gy pk, (10) pup(RP\ Ag) = 0, and (iii) px(B) = 0

for any measurable set B with affine dimension less than my.

Remark A.1. For two linear subspaces S and S'. If S has dimension strictly greater
than zero, it can be checked (e.g. using Theorem 1.14. of Roman (2005))

S¢ZS = dim(SNS') < dim(S). (28)

An analogous property holds for flats. Let X = x4+ S and X' = o' + 5" be flats. If X
has affine dimension strictly greater than zero then

X ¢ZX = dim(X NX') <dim(X). (29)

Property (29) is immediate if XN X' =@. If XNX' # &, then XNX' ' =z*+5N5
for any z* € X N X" (Roman (2005), Theorem 16.5). Since X < X', it holds S € 5.
By (28), conclude that dim(X N X’) = dim(SNS") < dim(95) = dim(X).

Lemma A.5. Let Pyooq be a probability measure and {py, Ak, mi}5>, given by Lemma
A.4. For every k € N and with the convention sup @ = 0
a—0

sup wf{x 2’6 <a} —= 0.
despan(Ag):|6|=1

Proof. Let k € N. Write u = py,, A = Ag, m = my, and A = span(A) N {J: |§] = 1}.

Consider first m = 0, in which case A is a singleton {z} C RP. If further z =
0 then A = 0, giving supsea p{z : |2/0] < a} = 0 for all @ > 0. If z # 0 then
A = {z/|z], —z/|#|} and supsep p{z : |2/ < a} = p{x : |2'2]/|z| < a}. Further, by
Lemma A.4(i7) it holds p{z : |2'z|/|z| < a} = {|Z'2|/|2| < a}u{z} and thus for all
0 < a < |2'z|/|z] we conclude supgep p{z : [2'0] < a} = 0.

Consider then m > 1. For a contradiction, suppose k € N is such that the claim is
not true. From the contradiction assumption, d¢ > 0, and sequences a,, with a,, | 0 and
0, € A such that u{x : |2'd,| < a,} > € for all n.

As {§ : |d] = 1} is compact while span(A) is closed, then A is compact. Thus, 4,
has a converging subsequence 9, — 6* € A.

Since §* € span(A), there exists an element a € A with a’'0* # 0. Therefore,
A Z {x:2'6* = 0}. From Remark A.1, it follows that the set dim(AN{z: 2'6* =0}) <

Let A* = limsup, , {7 : [2'0p| < @} = yen Unsyi®  [200]| < ap}. Tt holds
A* C{x: 2/6* = 0}. To see this, consider any = such that |2'6*| > 0. With the reverse
triangle and Cauchy-Schwarz inequalities we get |2/d,/| > |2/6*| — |z||d,, — 6*|. Since
O — 6" and a,y — 0, we have |2/0,/| > |2'6*|/2 > a,y for large n. This shows x ¢ A*.
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Use liminf, o p(S,) < p(limsup,,_,. S,) (Billingsley, 1995, Theorem 4.1.) to get
the contradiction

0<e<liminfu{z: |26, <ay}
n—oo

<pu (limsup {z: |26 < an/}) <p{z:2'6* =0} =0. O

n—oo

For a matrix B with columns By, ..., By, write span(B) for span{ B, ..., B;}. For a
set S, write St = {0 : 2/0 = 0, V2 € S} while for a matrix B write B+ = {0 : B'd = 0}.
For a linear subspace S C R? and vector § € RP, denote projg(d) = argmin, glx — d|.
If B is a matrix with full column rank then projy,...z) () = B(B'B)~'B'd.

Remark A.2. If M is a matriz with M'M = I then |projspanan(0)| = [M'S] for any
vector 8. This follows since proj,(8) = M(M'M)~Y(M'§) = M(M'S), and therefore

[Pr0jgpan(ary () = (8"M)(M'M)(M') = (6'M)(M'3) = | M'3|*.

Lemma A.6. Consider a p X s matrix R with R'R = I and a finite collection of linear
subspaces { Sk tren C RP with S = span(Ugen Sk) # {0}. There exists a matriz B of full
column rank such that span(B) = S and every column of B is an element of UgenSk
with norm one. For ¢ = {mineig(B'B)/p}'/? and any 6 € R it holds

[prois(0)| < mas [projs, (9)|/c. (30)
Further, if for some vector 6 of norm one
< ' !
0 < ma [proi, (6)] < | R'sle (31)

then St N{§: 0] =1,|R'0| > 0} # 2.

Proof. 1. Euxistence of matriz B. For every Sy with Sy # {0}, there exists a matrix
By, whose columns are elements of Sy with norm one and span(By) = Sk. Let B be
a matrix whose columns consist of the largest possible number of linearly independent
columns from {By}ren. By construction, each column B; of B has norm one and is an
element of UgenSk. Since B has the maximal number of linearly independent columns
from {By}ren, then span(B) = S.

2. Proof of (30). We have (Axler (2015), 6.55) that for two linear subspaces U,V C RP
if U C V then |proj;(0)| < |proj, ()| for all 6. (32)
With maxeig{(B’'B)~'} = 1/mineig(B’'B) we get, for any § € R?,
[projs(8)|* = [6'B(B'B) ' B'd| < | B'|* /mineig(B'B).

Let B; denote the j-th column of B. We can bound |B'6|* < max;(Bjd)*p. Thus, we
get
Iprojg(6)[* < max(Bj6)*p/mineig(B’'B) = max(Bj)*/c.
J J
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As each column B; has norm one, it holds (Bj0)* = |p1"0(]'span(Bj)(6)|2 for all j from
Remark A.2. Since for all j it holds span(B;) C Sy for some k by construction, use

property (32) to conclude
[projs(6)[* < max [Pr0jspan(s,) (9)]°/¢* < max [projs, (9)[/¢*.

Taking square roots gives (30).
3. Proof of ST N{d: 10| =1,|R'6| > 0} # &. Let ¢ satisfy (31). Combine (30, 31) to get
Iprojg(d)| < [R'4]. Since R'R = I, then [R'0| = |projs,n(r)(0)| by Remark A.2. Thus,
[projg ()] < [Projspan(ry(0)|- Contraposition of (32) shows span(R) € S.

Since span(R) € S, a vector 7 exists such that Rm ¢ S. Writing S = {x € R? : 2/§ =
0,V6 € St}, weget Rm & S <= m'R'§* # 0 for some 6* € S+. We see that 6*/|§*| is
an element of the set St N {d:[d] = 1,|R'6| > 0}, which is thus non-empty. O

Lemma A.7. Let Py,oq be a probability measure and R a px s matriz such that R R = 1.
For all e > 0 there exists a > 0 such that

sup  Ppea{z:|2'0] <|R'6la} < sup  Ppea{r:2'd=0}+e. (33)
§:[8|=1,| /8|0 5:[81=1, |[R'8]>0

Proof. 1. Construction of measure p. Let measures {u}7, and distinct affine sets
{A}72, of affine dimensions {my};°, be given by Lemma A.4. They satisty (1) Pyooa =
> ore B, (i1) p(RP\ Ay) = 0, and (i27) pi(B) = 0 for any measurable set B with affine
dimension less than my. By (i), there exists pu = Zszl iy, for some finite K such that
1(B) < Pyooa(B) < pu(B) + € for any measurable set B. It suffices to show (33) for p.

2. Choice of constant c. Define S, = span(Ag) for 1 < k < K. By Lemma A.6, for
every non-empty subset N C {1,..., K} with Sy = span(UgenSk) # {0} there exists a
matrix By and a constant 0 < cy = {mineig(By By)/p}"/? such that

0< max Iprojg, (0)] < |R'0|cy for some ¢ of norm one
€
— SxN{8:]6| =1, |RS| >0} # 2. (34)

Take 0 < ¢ = minycq,.. K}:Sy£{0} CN-

3. Choice of constant a. By Lemma A.5, there exists a > 0 such that

max sup p{x: |2’ <afc} <e/K. (35)
k<K scs,:l5=1

4. Main argument. Let & € {6 : |6] = 1, |R'6] > 0}. Write 6 = projg, (0), 0 =
projs:(0), and N5 = {1 < k < K : [6;] < [R'd|c}, and N§ = {1,..., K} \ N5. We have
the identity

pla: 28] < a|lR'6} = pefa: 28] < al RS} + ) - |2/0] < alR'6]}. (36)

kEN;s k& Ns

Consider the latter sum in (36). Since § = 0+ i, if x € S, then 26 = '8 +2'6; =
x'0p. Using ug(RP \ Ag) = 0 from property (ii) and Ay C Sk, it follows pp{x : [2/d] <
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a|R'$|} = wf{x : |2'0k] < a|R'0|}. As k ¢ Ns, it holds |0x| > |R'd|c > 0 by construction.
Since d; € Sy and d;/|dx| has norm one, use (35) to bound
> efr |20 < alRS|} <Y pdwc [276k]/10k] < afc} < Ke/K = (37)
k&N k&N
Consider the first sum in (36). Since pgp(RP \ Sk) < pup(RP \ Ax) = 0, it holds
pr(B) < ug(Sk) for any measurable set B. Thus, bound py{x : |2/d] < a|R'6|} < pr(Sk).

Let S5 = span(Ugen; Sk). Since Sy C S5 for all k € Ny, it holds pu(Sk) < pr(Ss). Using
the definition 1 =}, - p1. we conclude

Y mda: [a'8] < alRO[} < Y un(Ss) < ) un(Ss) = al(S5)- (38)
kEN;s kEN;s k<K
Insert bounds (37) and (38) into (36) to get
M = p{x :|2'6| < a|R'S|} < p(Ss) +e. (39)

If Nj is empty then the first sum in (36) is empty, so (36) and (37) combine to

M<e< sup pfz:2'6=0}+e
5:[81=1, |[R'8]>0

If Nj is non-empty and S5 = {0} then (39) gives

M<u{0}+e< sup pfx:2'0=0}+e (40)
5:]8|=1,|R’8]>0
Suppose Njs is non-empty and Ss # {0}. Then 0 satisfies |§| = 1 and maxyen; |0x] <
|R'§|e, and so that by (34) there exists 6* € Sy N {d: |§| = 1,|R'6] > 0}. In particular,
Ss C {x : 2/6* = 0} and from (39)

M<u(Ss)+e<pfz:2'8"=0}+e<  sup p{z:2'6=0}+e

5:|8|=1,|R'8]>0
]
Lemma A.8. Let {%i,}i<nnen be defined on a probability space (2, %, P). Let ¢, C
{1,...,n} be sets with |(,| = hy,. Suppose there exists a probability measure P* on

(RP, B(RP)) such that for any measurable set B it holds h,;' >

P-almost surely. Then P-almost surely

{z;, € B} — P*(B),

i€Cn

sup  |h,' > I{|af, 0] < a} — P{x: 28] < a}| =0

0:)8]=1,a>0 i€tn

Proof. Let Py = h,' 7. {xy, € B}. Theorem 1 and Example 11 of Elker et al.
(1979) show that if P*(B) — P*(B) P-almost surely for all Borel sets B then

sup  |P{z:2'6 <a} — P{x: 26 <a}] 0. (41)

4:|0]=1,a€R
We rewrite I{z : |2/d] < a}. Since {|2'd0| < a} = {2/6 < a}\{2/d < —a} and
the latter set complements {z'(—¢) < a} then I{z: |20| <a} = {z:2'0 <a} +
{x:2'(=6) <a} — 1. Thus, PH{z : [2/6] < a} — P{x : 20| < a} = PH{zx : 2/§ <
a} — P{x:2'6 <a}+ PH{x:2/(=06) <a} — P{z:2'(—=J) < a}. The claim follows by
the triangle inequality and (41). O
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Proof of Proposition 3.2. It holds lim 4 n)—(0,) cho(a) = lim,, o cho(()) if the first
limit exists. We show that

lim anzo(a) = sup  Pea{z : 2’5 =0}, (42)
(a,n)—(0,00) 8:|8|=1,|R'8|>0

Let € > 0 be given. By condition (5) and Lemma A.8, we can find a set of probability
one where, pointwise, for large n

sup |t Y I{[2}6] < a} — Pyooa {x : [2/6] < a}| <e. (43)

8:/6|=1,a>0 icCo
In particular, for each element of this set, for a« > 0 and n large it holds

FE (q) = oYY I{|2h6| < a|R'S
nCo<a) 5:|6\:r§1,2|%1}%(’5|>0 o ; {|xz |_CL| ’}

< sup  Pa{z:|2'0] < a|R'O|} + e
5:(8|=1, |R'8|>0

and

FE (a) > max  h 'Y I{zld =0} > su Pood{r : 2’6 =0} —e.
C"( )2 8:|6]=1, |[R'8|>0 XC: { = 5;|5\:1,|%5\>o booa{ J

By Lemma A.7, we can find a* > 0 such that for 0 < a < a*

sup  Pyooa{z : |2'6] < a|R'6|} < sup  Pyoea{r : 20 =0} + €.
5:18|=1, |[R'8|>0 §:18|=1, | R'3|>0

Putting the inequalities together gives that for all 0 < a < a* and n large

sup Pyooa{r : 2'0 =0} —e < cho(a) < sup Piood{z : 2’6 = 0} + 2e.
5:16|=1, |[R'8|>0 5:18|=1, |[R'8|>0

Thus, (42) holds.

For the second part of the statement, if sups. 5-1, risj>0 Ao Pgood{® 1 2’0 = 0} <
Ao + A — 1 then from limap)—(0,00) Ao Frag, (@) = SUDg.(5=1, |rr6|50 Ao Pgocal{z = 2'6 = 0}
holding almost surely we can find £ < A\, + A — 1 so that Assumption 3 is satisfied. []

A.4 Proof of Proposition 3.3

Proof. It holds F[(0) < F(a) for all a > 0 and ¢ C {1,...,n} by definition. We show
that Ja* > 0 such that Fjit(a) < F(0) for all ¢ € {1,...,n} and 0 < a < a*.

Let the finite set X = {z1,...,2x} C R? denote the support of z;,. Define X5 =
{z € X : 20| <a|R'J|} so that for any a > 0

FE(a) = A=Yy {2 5| < a|R6|} = A1 Hu € Xysr).
nC(a) 5:|5|:?%1§6|>0 % {‘Izn |_(l| |} 5:|5|:Hll,?l§6|>0 % {I S 5R}

To show Ft(a) < F}(0) for, we show that for every 6 € {4 : |§| = 1,|R'] > 0} there
exists 0* € {d : |9| = 1,|R'd| > 0} such that X,sp C Xos«g = {z € X : 2/6* = 0}.
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If X = {0} then X5z = Xpsg = {0} for all §, a. Consider then X # {0} andlet x € X
be such that |z| = mingex.jz/>0 |2|. For every non-empty subset N C {1,..., K} with
{0} # {zr}ren € X, by Lemma A.6 there exists a matrix By such that every column
of By has norm one and span(By) = span(Ugen{xx}). Furthermore, by Lemma A.6,
the constant 0 < cy = {mineig(B)y By)/p}'/? satisfies

0< max IPTO]span(ey) ()| < [R'd]cn for some 0 of norm one
— span(Ukew {ze})* N {65 6] = 1, || > 0} # 2. (44)

Take ¢ = minycqi,. K}z bren{0} €N and 0 < a* = c|z|.

Let ¢ C{1,...,n} and 0 < a < a*. For§ € {6:|0] =1, |R'd| > 0} with X5 = @
or X5r = {0} it holds X,sr = Xps<r for any 0* € {d : |0] = 1,|R'5| > 0}.

Consider then ¢ such that X,sr is not empty and not equal to {0}. We have
projpy(6) = 0 and therefore

xg}?j;{ |projspan(x) (5)| = wegﬁ;ﬁ¢o |pr0jspan(x) (5)|
For any non-zero x it holds |projy,.(6)| = [x(z'd)/(z'z)| = |2'|/|z|. Since for z €

Xusr it holds |2/d| < a|R'6| by definition, we get

Iproj )| |20 < a|R'0|
max ro = max .
TE€X,5 R0 PFOJspan(z) 2€XspaA0 || T w€Xuspa#0 |l

Bounding a < a* = ¢|z| and |z| > |z| in the final term we conclude

max ‘projspan(z)((S)’ < |R/5’C

TE€EXasR

Thus, by (44), there exists §* € span(Uzex, {z})* N {0 : |6] = 1, |R'§|] > 0}, giving
Xosr € {z : 2/0* = 0}. Since X5p C X then Xy5p C {z € X : 2/6* = 0} = Xoseg, as
desired. O

A.5 Proof of Theorem 3

Lemma A.9. Let R be a p x s matriz and h < n. Suppose ming¢|—p, &g >0 and

n

> Haj,6 =0} <n (45)

max
5:8]=1, | R8>0 “—
1=

Then R/B§ s unique for all minimisers ¢ € My,.

Proof. By Lemma A.2, if ¢ with |(| = h is such that

max  h7'Y Ifa},5 =0} <1 (46)
i€C

8:]8]=1, |R'8|>0

then R’ Bc is unique. Therefore, (46) holds with equality for any ¢ with R’ Bc non-unique.
We show that if (46) holds with equality then ¢ & M, which establishes the claim.
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Let ¢ be such that 2~' 37, 1{x},0 = 0} = 1 for some ¢ € {J : || = 1,|R'd| > 0}.
Let BC denote a solution to the least squares problem for observations in (. By (45),
there exists j € {1,...,n} \ ¢ such that 2,0 # 0. Furthermore, from the assumption
ming|cj—, 67 > 0, there exists i* € ¢ such that (y;» — :cg*nﬁ})z > 0. Let ¢* be the h-set
of indices consisting of j and all elements of ¢ except for ¢*. Let S« = ¢ + 6t where

t = (y; — 2, 5)/(2,0) so that y; — @, Ber = (y; — 2, 5¢) — (y; — @}, 5c) = 0. We thus
see that ¢ ¢ M,, since

< h” Z - ‘rmﬁc* = hil(yj o ‘r;nBC*>2 + h’il Z (yl - x;nBC*)Q
ie¢* ie\{i*}
=pt Z (i — 2, 6c)? < 3. O
ie\{i*}
We now prove a general result regarding LTS boundedness when the magnitude of
the ‘outlying’ errors grows. The result uses the following assumption.

Assumption 9. Let R be a p X s matriz with R'R = 1. Suppose the following hold.

(i) The data are generated with ho = |Aon| ‘good’ observations with 1/2 < Ao < 1. Let
the lower bound h = [An| be such that 1 — Ao < A < Ao.

(i) hot D ict, g7 = Op(1).

(i) Timy, o0 P(ming,|cj=p 67 > 0) = 1.

() There exists a deterministic sequence b, — 0o such that b} / minjece €5 = 0,(1).

(v) For ¢ C{l,....,n},d€{6:]6| =1}, a,7 >0, and t < | N (| define

Hsc(a)= ) Hlz},0l < alR6[}, Gala) = ) l2i,0] > a|R'6]},

1€CNCo 1e¢N¢s

chl(t) =inf{a > 0: Hsc(a) > t}, Koer = H&l(lc N (| —n),

K — H g —htl.
(@) hEhEhe g{ﬁ?:xh 5:\5|:I{17?1§5|>0{ sc(a) + Gic(wacrbn) =}

There exists v, 7 > 0 such that ( )hn? )P (Kpr(a) > —vn) = 0.
a,n)— (0,00

Remark A.3. Hs: is a non-decreasing, right-continuous step function with limits from

the right. H(S_{l 1s a non-decreasing, left-continuous step function with limits from the
right. It holds HéC(Hs_gl (t)) >t by right-continuity of Hs.

Lemma A.10. Suppose Assumption 9. Consider the LTS estimator selecting h obser-
vations and let My, be the set of minimising . Then maxcem, | R Be| = Op(1) uniformly
for h < h < he.

Proof of Lemma A.10. Structure of the proof is similar to that of Theorem 2. We first
construct a sequence of sets €2, and a constant By. We then show that on {2, and for
large n it holds maxce |B< — Bl/o < By for all h < h < h,. Finally, we show that for
any € > 0 the sequence (2, can be constructed so that P(£2,) > 1 — € for all large n.

1. Construction of €),. There are a, v, 7 > 0 such that on §2,, it holds for all h < h < h,

H, Gic(kserbn)} < h—vn. e
Cn\%l h5|6\I?|R’6\>0{ 54 )+ 5C(“5C )}_ vn (47)
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Since ks¢, is decreasing in 7 and Gg¢(a) is decreasing in a, we can adjust 7 downwards
while maintaining the inequality (47). Take 0 < 27 < min{v, A + A\, — 1}.
We require that on €2, there are Ay > 0 and 0 < n < 7/2 such that

BNy el < Ay, VY T{el > Ag/n} <, (48)

1€Co 1€Co

where the first inequality implies the second by Chebyshev’s inequality.
For h < h < ho, let (, C (, be sets with |(,| = h. Let By > 0 be such that on Q,
and for

ZE, = {g (i) [¢] = h, (i1) R’ is unique, (iii) maxh™" > " I{|2},0] > a| 5|} > T}
o€ i€¢NCo
it holds
: ~2 ~2
min Gz > 0¢ . (49)
¢ezl :|R'Bc—R'B|/o>By ¢ ‘h

We can adjust By upwards while maintaining (49), so we take

B> () + () (50

Finally, we require that on 2, it holds

micn|5j| > +/Ap/T + b, Bo, gﬂ%\inhﬁg > 0. (51)
Jees :[¢|=h

2.1. Showing M, C {¢ : R’Bg is unique} on §,. For h < h < he, let (;, C (, have
o] = R as above. Since ¢, N ¢ = (p it holds Heg, (a) = >, H{[25,0] < a|R'S|}. Using
min ) ; T4, = h — max ), T4 we get

> |2}, 0] > a|RS|} =h— max  Hy,(a). (52)

min
5:6|=1, |R'8|>0 5:8|=1, |R'8|>0

1€CH
Since ¢ N ¢E] = 0 then Gig, (Kscrbn) = 0. Thus, (47) gives maXsjsi—1, rrsj>0 Hac, (a) <
h — vn. Insert this in (52), and use n > h and our choice of 7 to get uniformly in
h < h <h,
‘ {|z; 'S5} > vn > vh > 7h > 0.
5m£%%w2;{wwﬂ>MRl}_ka/>T >0 (53)
1&Ch

Use max ) " Ty, =n —min) " T4, (53), 7 >0, and h > h > 0 to get

n

Haipd =0} <n -  mi {|«/,8| > a|R'6|} <n—7h <n.
5;5|311,?§5>o; {}, }<n 5:|§:r{}|11r%1,5|>O§ {|2},0] > a|R'0|} <n—7Th<n
— =

Therefore, (45) is satisfied. From (51) we have mingcj—, 67 > (h/h) ming,c= 67 > 0 for
all h < h < h,. Then Lemma A.9 shows M, C {(: R’Bc is unique} for all h < h < h,.
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2.2. Identity on . Define le = |R Bg - R’B|/U We will consider ¢ in the set S = {¢C:

(| = h, R'f¢ unique, ¢, > B,}. Fix 6( € B for each ¢ and write o, = ( )/|ﬁC Bl
Define

He = Hj

HC = |CmCo|_HC7 GC = GSQC’GC = |Cng|_GC ) H< ! Hé 1<a K’SC,C,T'
For all h < h < h, and ¢ with |(| = h we have the identity
HC(G) + FIC(G) + GC(HCTbn) + GC(HCTbn) = h. (54)

2.3. Bounding argument on 2,. Define S = {¢ : [(| = h, R/Bc unique, g( > By} as
above and write S = SP'U S U Sh where

St =5n{¢: H¢(a) > nt},

Sh=5n{¢: He(a) < nt} N{(: leker < By},

St =SN{¢: He(a) < nry N {C: lekicr > Byl
We show minCESJh (32 > &gh forh<h<h,and j=1,2,3.

The set St. Let h < h < h, and ¢ € SP. By definitions of H; and S} it holds

> 2,0 > al R0} = He(a) > nt > hr.

1€CNCo
Thus, S} C Zean N {C : |R'B: — R'B|/o > By}. From (49) it follows

min (3? min 6? > 6§h.
cesp CeZR , :|R'Bc—R'B|/o>Bo

The set S;l. Let QAS hAg he 9nd ¢ e SQ. As in the proof of Lemma A.3, we have
(yi — 2}, 8c) )0 = e; — Lexl, 0¢ /| R'O¢|. Use this to write
sznﬁ 1 N In Zéx/ngC 2
T L B S LS el < bR - XY (s5)
je¢ Jje¢nNes

For ¢ € S¥ it holds {¢k¢, < By by definition. Combine with [x/,d¢| < kie-by|R'dc| to get
Mcx J0c|/|R'd¢| < b, By. Combine with (51) to get

VAo/T +b,By > \/Ao/T + [ 0] | R'dc- (56)

min
S C

The reverse triangle inequality and (56) give that for j € (¢ it holds |e,;— Ecx 5C / |R/5C|| >

;| — |€<xm5€|/|R’5C| > y/Ap/T and therefore (¢; — ﬁcx]n6</|R’6g|) > Ay /7. Insert this
in (55) and use the definition of G¢ to bound

6¢/0® > h7 Y K, 0c] < herbal R'oc[}(Ao/7) = h™' Gelkigrba)(Ao/7).  (57)

JeCNCs
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It holds H¢(a) < nt by definition of S¥. By (47), we have H¢(a)+G¢ (k¢ by,) < h—vn.
Combine these with identity (54) to get

Gg(/ﬁ)@-bn) =h— ﬁ((d) — HC(CL) — Gg(/ﬁ@-bn) > n(u — 7') > hT, (58)

where the last inequality uses n > h and the choice 27 < v. Inserting (58) into (57) shows
62/ > Ag. Since Ag > h™" Y, €F from (48) and h™ Y, ef > h7' Y. e > 6,
we conclude min gy 67 > o7, forall h < h < h,.

The set Si'. Let h < h < h, and ¢ € St. Using (y; — o, 3¢c) /o = &; — beat, dc /| R'6¢|
bound

o¢/o® = h Yy Hjal,dc| 2 wer|[R'O{E] < Ao/} (i — Lealydc /RO (59)

1€¢NCo

It holds {¢k¢, > By by definition of S*. When |2/, dc| > kcr|R'0¢| then ez, dc|/|Rd¢| >
By. Using (50) and |g;| < (Ag/n)"/? we get further

Ao Ay \1/2 Ay \1/2
i 5|/ |R'S >< ) +< ) 25,~+< ) . (60)
et el RG> (52) "+ () 2 el (2
Thus, reverse triangle inequality and (60) give
. . I . Ay N\ 1/2
€i — 5<90§n5</|3'5c|‘ > |l oc| /1R Oc| — |ei| > (T _077> ,

and (g; — lex!, 0 /| R'Oc|)? > Ao/(T —n). Insert this in (59) to bound
¢ ¢ ¢

~ — / A
00" > 0 S0 Hleldel 2w REHE < Ao/} (2.
iECﬂCe

With the inequality Igll; > g — Ire holding for any two sets S, T we get
Ao

~2 2
>
O'C/O' —

(0730 el 2 A RO}~ 3T el > Aof}). (1)

1€¢NCo 1€CNCo
We bound the first sum in (61). Using min ), .. Ta, = [¢NCo|—maxh™" 37, . Lae
> |20 > mer RO} = ¢ N ¢l = Y I, dc| < ke[ R'oc|}- (62)
i€¢NCo i€CNCo
It holds I{|x},,0| < k|R'S|} = limgy, I{|25,0] < a|R'd|} and thus
= > @l 0] < ker[RS|} = lim Y I{|2),0¢] < al R} = JMm H(a).
i€¢no M 1écno

By definition of k¢ = HC_I(|C N (| — ™) we have H¢(a) < max{|¢ N (| — n,0} for
all @ < k¢r, and therefore limgp, He(a) < max{|¢ N G| — 7n,0}. Use [(| > h and
¢S] = n — ho to bound | N (| > |¢] = ¢S] = b+ ho —n. Since ho/n = A + o(1)
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and h/n = A+ o(1) by assumption, our choice of 7 implies that for large n it holds
ICN G| > n{A+ Ao —140(1)} > ™. Thus max{|( N (| —Tn,0} = |[(N (| — 7 for large
n and we conclude M¢ = limgy.., He(a) < max{|¢ N (| — 70,0} = [( N (| — 7n. Plug
this in (62) and use n > h to get

> Hl2},0c] = ke |Roc|} = 7> 7h. (63)

1€¢NCo

For the second sum in (61), use (48) to get for all h < h < h,

> et > Ag/n} <> el > Ao/n} < nh < nh. (64)

1€CNCo 1€Co

Insert (63) and (64) in (61) to conclude 67/0* > Ag > 67 /o°. Since the bounds are
uniform in ¢ € S# and h < h < h,, conclude mingegp 6? > &gh for all h < h < h,.

2.4. Conclusion on Q,,. Part 2.1 shows M, C {( : R’Bg unique} for all h < h < h,. Part
2.3. shows for all b < h < he and ¢ € {¢ : |¢| = h, R’ unique, |R'f; — R'S|/0 > By} it
holds 6% > &7 . Thus, any h-subset ¢ with |R’B¢ — R'B|/o > By is not in Mj,.

3. Probability Analysis. Let € > 0. By Assumption 9(v), Ja, v, 7 > 0 and €2y,, such that
(47) holds on €y, and P(€2,) > 1 — € for large n. By Assumption 9(¢,4i), 34, > 0 and
(2, such that the first inequality in (48) holds on s, and P(£2,) > 1 — € for all n. By
Assumption 9(7,4i) and Lemma A.3, By > 0 and g, exist such that for any (, C (,
with |(,] = h, (49) holds on Qj,, and P(€3,) > 1 — € for all n. Finally, by Assumption
9(i11, iv), Sy exists such that (51) holds on €y, and P(€y,) > 1 — € for large n. Take
Q= Q1 N Qo N Qg N Q. O

Remark A.4. A finite union V. = U;c;V} of linear subspaces V; C RP is a linear
subspace only if V=V, for some j € J. If V = {0} the claim is immediate. If V # {0}
is a linear subspace, then V' is a non-trivial vector space over the infinite field R. The
claim then follows from the following fact (Roman (2005), Theorem 1.2): A non-trivial
vector space over an infinite field is not the union of a finite number of proper subspaces.

Lemma A.11. Let R be a px s matriz and S C RP a linear subspace with S(;l = Slﬂ{é :
6| = 1,|R8| > 0} # @. For any finite subset {x;};c; CRP\ S, a vector 6* € S5 exists
such that 206" # 0 for all j € J.

Proof. We show 367 € S* with |67| = 1 such that 20" # 0V € J.It is equivalent to
show S+ Z V, where V = |J;, ;. If V is not a linear subspace, S* ¢ V' is immediate.
Suppose V' is a linear subspace. By Remark A .4, it follows V = xj for some j. Since
x; ¢ S by assumption, conclude S+ ¢ xj =V.

By assumption, 3§ € Si. Consider ¢; = (1 — )67 + ¢ for t € [0,1]. It holds §; € S*
Vt since S* is a linear subspace. As xg-éf =# 0 for j € J by construction, there is at
most one t; € [0,1] such that 26, = 0. Likewise, since R'6 +# 0, there is at most one
tr € [0,1] such that R'0;, = 0. Thus, as J is finite and [0, 1] is a continuum, 3t* € [0, 1]
such that ¢* # ¢; for all j € J and ¢* # tg and such that 6+ € Sy O

Lemma A.12. Suppose 1/minjecce; = 0,(1). Then there exists a deterministic se-
quence b — 0o such that b7,/ minjece €5 = 0p(1).
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Proof. Write 22 = 1/ minjcce s?. Since 22 —, 0 by assumption, for every k& € N there
exists N, € N such that P(22 < 1/k) > 1 —1/k for n > Nj. Define the sequence k,
by k, =k for n = Ng, ..., Ngip — 1. It holds k, — oo and therefore bi = log k,, — o0.
For any € > 0, there exists k* such that log(k)/k < e for all k£ > k*. Then for all n such
that k, > k*

P222 <e)=P(z2 <e¢/loghk,) > P(22 <1/k,) >1—1/k, — 1. O

Proof of Theorem 3. We check that Assumptions 1 and 7 imply Assumption 9. The-
orem 3 then follows from Lemma A.10.

Assumptions 9(i, i, i7i) are given in the statements of Assumptions 1 and 7.

Assumption 9(iv) holds by Lemma A.12 and Assumption7(i).

We show that Assumption 6, 7(i), 8. imply Assumption 9(v). The proof of this is
closely related to that of Lemma A.7. The argument is structured as follows. First, we
fix constants v, 7 > 0. Second, we define a decomposition of the measure Py,,4. Third,
we construct sets €2, with a prescribed set of properties. Fourth, we show that on the
sets €2, it holds

= g _ < _
Kur(a) = max Jax 6:|5|:??§5|>0{H6<(a) + Goc(Kserbn) —h} < —nv (65)

for all @ > 0 small and n large. Finally, we argue that for any € > 0 the sets (£2,,) can be
constructed so that P(€2,) > 1 — € for large n. This shows that Assumption 9(v) holds.

0. Choice of constants v, 7 > 0. By Assumption 8, we can choose v > 0 such that

sup  {AoPyooa{x : 2’0 =0} — (1 = Ao) Pour{z : 20 =0}} < A+ Ao — 1 —3v. (66)

8:|8|=1,|R'8|>0

Let 7,¢ > 0 be small so that 7 + 5¢’ < v.

1. Construction of measure ji. Let measures {j}72, and distinct affine sets { A }72, of
affine dimensions {my}3°, be given by Lemma A.4. They satisfy (¢) Pyooa = Y peq Hks
(1) px(RP\ Ax) = 0, and (¢ii) pug(B) = 0 for any measurable set B with affine dimension
less than my. From property (i), there exists pu = Zszl i for some finite K such that
p1(B) < Pyooa(B) < pu(B) + € for any measurable set B.

2. Choice of constant c. Define Sy = span(Ay) for 1 < k < K. By Lemma A.6, for
every non-empty subset N C {1,..., K} with Sy = span(UkenSk) # {0} there exists a
matrix By and a constant 0 < cy = {mineig(By By)/p}"/? such that for any &

Jprois ()] < ma [proi, (5)]/ex- (67)
and
0 3%15\3;(|Pr0j5k(5)| < |R'd|ey for some [0] =1
— SxN{d:16] =1, |R'S| >0} # 2. (68)
Take 0 < ¢ = minNg{l ..... K}:Sn#{0} CN-
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3. Choice of constant a*. By Lemma A.5, there exists a* > 0 such that

max sup pp{z: |20 <a*/c} <€/K. (69)
k<K s5cg,:|5=1

4. Construction of §2,. We require that on (2, it holds for all @ > 0 and 0 with |§] = 1

ho' > I{[2,0] < a} < Pyooa{x : /5] < a} + ¢ (70)
1€Co
(n—ho) Y a6 = 0} > Pou{a: /5] <a} — €. (71)
1€Co
Let {|z;n|}jecc have ordered values i, ..., 7,—pn,. There exists b, — oo such that on ,
Vi(n—ho)(1—e)] < bpa™ (72)

5.1. Bound for Hs:(a) on €,. Consider any 0 < a < a*. We find a uniform bound on
the term Hsc(a) in (65). Define ks, (a) = Hy'(Hsc(a) — mn). Tt holds H(ksc-(a)) >
Hsc(a) —n by Remark A.3, and therefore Hs¢(a) — Hs¢(kscr(a)) < n. Forallh < h <
ho, h-subsets ¢, and 6 € {d : |§| = 1,|R'd] > 0} we get

Hjc(a) = Hs¢(Kocr(a)) + Hse(a) — Hse(kser(a)) < Hse(kser(a)) + T

Using first the definition of H¢s and then (70) gives

Hyc(rscr(a)) < Y I{|,0] < wser(a)| R'6|} < hoPooa{a : 28] < tiser(a)| R'6]} + hoe'

1€(o

Since Pyood(B) < > i t(B) + € holds for any measurable B (part 1), then for all
h,¢,0 )

Hse(a) < he Z pr({z ¢ |2'0] < Koer(a)|R'O|}) + (2ho€’ 4+ Tn). (73)

k<K

Let &), = projg, (0), 05 = projgi(0), and Ns¢c = {k < K : || < rocr(a)|R'0](c/a”)}.
Consider first k ¢ Nsc. Since 0 = &, + i, if @ € Sy then 2/6 = 2/6;. As pp(RP\ Sy) <
pp(RP\ Ag) = 0 by property (i¢) in part 1, it follows

i < 28] < rocr (@) ROTY = pufe : |26 < rocr(a) | RS]).

For k ¢ Ny it holds |0x] > 0 and we write d; = 0 /|dx|. Divide both sides of |2/0;| <
kecr(a)|R'6| by |0x| and use ke, (a)|R'0|/|6k| < a*/c holding by definition of Ns¢ to get

pd = [2'0k] < koer(a@)| R'0|} < pf{a + |2'65] < a”/c}.
Bound the right-hand-side using (69) to conclude that for all & ¢ Ny,

el : [20] < mser(a)| RO} < €/ K.
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Insert this into (73) and use [Ng| < K to get

Hy(a) < ho > mel{z : [2/0] < kiscr(a)|[RS[}) + (hoe’ + 71).

kEN(;C

Writing Ss¢ = span(Uken, Sk) and using properties (i, 77) of  show that for any measur-
able B it holds Zkaw ur(B) < Zkaw 1 (Ss¢) < Pyood(Ssc). Thus, for all h < h < ho,
h-subsets ¢, and § € {d : |§] = 1,|R'5| > 0} it holds

ch(&) S hoPgood(S6C) + (Bhoﬁl + TLT). (74)

5.2. Bound for Gs; on Q. Use kser = chl(|§ﬂ(o| —nT) > H&I(ch(a) —nT) = Kser(a)
to get

Gic(kscrbn) = Y I{[2)0] > kocrbn| S|} < " I{|0] > kaer(a)bn| R'6[}

jECnes jeECs
< Hay € SscH{|a8] > kocr ()bal RO} + 3 T{aj ¢ Sscy. (75)
Jeds 1€Cs
Consider the first sum in (75). If # € Sy then [2'6| = [2'projg, (6)] and by

Cauchy-Schwarz inequality |2'6| < |z|[projg, (0)[. By (67) and definition of Ny it holds
|proj55C(5)| < maxpeny, [0k|/c < Kocr(a)|R'0]/a*. Thus, for z € Ss¢

[#0] < || [projs,, (8)| < [z[rsc-(a) | R'6] /a”. (76)

From (76), for x € Ss¢ it holds |2'] > K¢, (a)b,|R'0| only if |x| > b,a*. Thus,

Ticr = 3 My € Ssch{lal] > rscr (@bl R3]} < 3 Iflay| > bua'}.  (77)

1€CS 1€(S

Use Yfn—ho)(1-ey] < bpa™ from (72) to get

Tscr < Y I{|a;] > boa’} < I{|25] > Yinonoya—en} < (n— ho)e. (78)

1€qs

Insert (78) back into (75) to conclude that for all h, (, ¢

Gic(serbn) < (n—ho)e'+> Ma; ¢ Ssc} = (n—ho) =Y I{x; € Ssc}+(n—ho)e. (79)

i€CS 1€¢5
5.8. Deterministic analysis on §2, - Conclusion. For h < h < h, define

K = H, G bn) —h} = Esc.
wrh(0) = BAX I o VHac(@) F Goclitscrba) —h) = mmaxe | mac, | Eac

Plug-in (74) and (79) to see that with € = 3h.¢' + ™n + (n — ho)€’ it holds

55< = hoPgood(Sgg) + (71 — ho) — ZH{{L'J € S(sc} —h+ EZ, (80)

JECs

36



forall ( € {C:|¢|=h}and d € {6:]6] = 1,|R'| > 0}.

By construction of N, it holds maxien;, [6x] < kser(a)|R'0[(c/a*). Since kser(a) < a
by definition and @ < a* we get further maxye ;. [0x| < [R'd|c. Therefore, by our choice
of ¢ and (68), it follows that S5c N {4 : [0] = 1, |R'd] > 0} # (. Further, by Lemma A.11,
there exists 6f € Sz N {0 : [8] = 1,|R'd| > 0} such that 267 # 0 for all j € ¢¢ with
z; ¢ Ss;. The vector 67 then satisfies

Pyooa(Ss¢) < Pyooa{w : /67 =0}, Y "{a; € S5} = > Ia)y6f = 0}. (81)

JE¢s Jees

Plug (81) in (80) and use (71) to conclude

Es¢ < hoPyooal{x : /07 = 0} + (n — ho) — Zﬂ{x;&g =0} —h+¢€,
Jjees

< hoPyood{r : 2’67 = 0} + (n — ho) — (n — ho) Pour{w : 2’67 = 0} — h 4 2¢,,.  (82)

Since ho/n = A, + o(1) by assumption, using (66) we can bound ho Pyoea{® : 2/} =
0} — (n = he) Pour{z : 2’0, = 0} <n{A+ Ao —1—3v+o0(1)}. Insert this in (82) and use
n—hoe—h<-—-n{A+X —1+0(1)} to conclude

Kyon(a) = max & < n{2€ /n—3v+o0(1)}.

= Imax
CI¢C|=h &:]6|=1, |R'8|>0

It holds 2¢ /n < 8¢ + 27 + o(1) < v for large n by our choice of 7, €. Conclude that for
large n
Kpn(a) <n{—2v+o0(1)} < —nv.

Since the bounds are uniform in h < h < h,, we get (65).

3. Probability Analysis Construct €, = Qq, N Oy, N Q3,. Using Assumption 6 and
Lemma A.8, we can find sets (€,) with P(€s,) > 1 — € for n so that (70) and (71)
hold on €Qy,. Assumption 6 further gives that {|x;|};ecc is drawn independently from
some common distribution. Therefore, the order statistic ¥r(,—p.)1-e] is bounded in

probability. Combining with b, — 0o, we see that for every € > 0 we can find (€3,) so
that P(£23,) > 1 — € for large n so that (72) holds on Q3. O

A.6 Proof of Theorem 4

Lemma A.13. Suppose Assumption 6. Then sups, s— D fuirs — Pruns] — 0 a.s.

Proof. Define Ppy(B) = n~ 'S 1{x;, € B} for any measurable B. Using ho/n =
Ao + 0(1), for any measurable set B it holds

Pra(B) = @hflzﬂ{m € B} + —— h°(n— ho)™ > i € B}

full n e in n o in

1€Co 1€Cs

= Xohg' Y Haim € B+ (1= Xo)(n— ho) ™ Y i € B} + o(1).

i€(o 1€Cs
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By Assumption 6, for any B it holds with probability one that

ho
> Haim € B} =) af*" € B} = Pyoou(B) (83)
i€(o i=1
n—ho
> Hawm € By =Y a™ € B} = Pou(B).
i€CS i=1
Thus, Pgood(B) — Ao Pyood(B)+ (1= Ao) Pout = Pruy(B) with probability one. By Lemma
A8, we conclude sup;, 5 D fuit,s — Pruns] — 0 a.s. O

Proof of Theorem 4. 1. Population counterpart. Let A = maX{A(l) +€e/2,1—=\,}, where

AV = sup {ppars + (1= A)(1 = bours) }- (84)
5:|8|=1,|R'8|>0
We show A satisfies Assumption 3. To do this, we check 1 — A, < A < A, and (4).
Begin by checking (4). Assumption 6 implies Assumption 4. Thus, by Proposition
3.2, (4) holds if Assumption 5 is satisfied, that is
sup )\opgood,é < A + /\o -1 (85>
5:8|=1, |R8|>0
Using identity AopPgood,s = Pfuire — (1 — Ao)Pout,s and subtracting (Ao — 1) from both
sides, (85) holds if
sup  {pruns + (1= A)(1 — pouts) } < A (86)
5:|8|=1,|R"5|>0

The left-hand-side is decreasing in A\, and poyes. Since A, < Ao and bours < Pouts
Vo : |R'§| > 0 by assumption, (84) shows

{Pruns + (1= X)X = Pouts)} <APfunrs + (1 —A) (1 — bours) } < AW

V6 : |R'6] > 0. Since A = max{A) 4+ ¢/2,1 — A}, (86) holds.

It remains to check (i) 1 — A, < A and (i7) A < A,. Since 1 — A, < A by definition
and )\, > ), by assumption, (i) holds. By definition of A, (ii) holds if AM +€/2 < A,
and 1 — A, < A,. The latter holds as 1 — A, < 1/2 < A, by step 1 and Assumption 6.
By the assumption A, < A — €, the former holds if A < \_, that is if, by (84),

Pruits + (1 = A)(1 = bours) < A, (87)
Vo : |R'6| > 0. Rearranging, (87) is equivalent to

1 + Pfull,s — bout,6
2 — bout,é

The supremum of the left-hand-side in (88) over § € {0 : [0| = 1, |R'd| > 0} is denoted
A in (8), and satisfies AV < )\, by assumption.

2. Conclusion. Consider h = |An| and A\ = maX{A(l) + 6,1 — A}, where 2D g
given by (7). Define b = |[An], where A = max{A\Y) +¢/2,1 — A} as above. By

Assumption 6 and Lemma A.13, sups [pfur,s — Pruu,s| — 0 a.s. Thus also AL AW

< Ao (88)

a.s., implying P(h > h) — 1. By part 1, AW satisfies Assumption 3. Assumption 1
and Theorem 2 then show maxp<p<p, maxcem, | R Bc] = Op(1). Since P(h > h) — 1,
conclude maxy<p<p, maxcenm, |[R'Be| = Op(1). O
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A.7 Proof of Theorem 5
Proof. 1. Population counterpart. Let A = maX{A(Q) +¢/2,1 — A}, where

A(Q) = sup [pfullﬁ + ]I{bout,ci < 1/2}(1 - Ao)(l - 2b0ut,5)] . (89>
5:6|=1, |[R'8|>0

We show A satisfies Assumption 8. We need to check 1 — A\, < A < A, and

sup {)\opgood,é - (1 - )\o)pout,ﬁ} < A + X — L (90>
5:16|=1, |[R'6|>0

We check (90). Insert Aopgood,s = Pfuit,s — (1 — Ao)Pout,s and subtract A, — 1 from
both sides to see (90) holds if

sup {pfull,& + (1 - )\O)<1 - 2pout,5)} < A (91>
8:)8|=1, |R/6|>0

The left-hand-side is decreasing in pouts. Since bouts < pouts V0 : |R'0] > 0 by assump-
tion, (91) holds if

sup W5 = sup {pfull,é + (1 - )\o)(l - 2bout,5)} < A (92)
8:|8|=1,|R’§|>0 8:)8|=1,|R’6|>0

For bous < 1/2, W5 is decreasing in A,. Since A, < A, by assumption then W; <
Pruit,s + (1 — Ag) (1 — 2bgys5). For bours > 1/2, Wi is increasing in .. Since A, < 1 then
Ws < ppuns- Put together, it follows W5 < A® . Since A > A® 4 €/2, (92) holds.

It remains to check (i) 1 — A, < A and (73) A < A,. Since 1 — A, < A by definition
and A\, > A, by assumption, (i) holds. By definition of A, (iz) holds if A@ 4 €/2 <X
and 1 — A, < A,. The latter holds since 1 — A, < 1/2 < A, by assumption. By the
assumption A\, < A, — €, the former holds if A® < )_, that is, by (89), if

pfull,(i + H{boutﬁ < 1/2}(1 - Ao)(l - 2bout,5) S Ao (93)
V4§ : |R'§| > 0. For § with byt s < 1/2, rearrange to see that (93) holds if

1+ Prfulls — 2bout,5
2(1 - bout,é)

For bous > 1/2, (93) holds if pruus < Ao. Combined, (93) holds if V§ : |R'é| > 0

< A,

1 + pfull,& - 2bout,é
2(1 - bout,é)

Supremum of the left-hand-side in (94) over § € {8 : |§] = 1,|R'6| > 0} is denoted A(?
in (11). This satisfies A® < A, by assumption.

2. Conclusion. Consider h = |An| and A\ = maX{A@) + 6,1 — A}, where PSS
given by (10). Define b = |An], where A = max{A® +¢/2,1 — A} as above. By
Assumption 6 and Lemma A.13, sups [pfuns — Pruus| — 0 a.s. Thus also AR\
a.s., implying P(h > h) — 1. By part 1, A@ gsatisfies Assumption 8. Assumptions 1, 6,
7 and Theorem 3 then show maxp<p<p, maxcen, | R Bc| = Op(1). Since P(h > h) — 1,
conclude maxy<p<p, maxcerr, | R Be| = 0,(1). O

H{bout,é < 1/2} + ]I{bout,(5 Z 1/2}pfull,5 S Ao- (94)

39



B Hyperplane search algorithms

We mention some algorithms for locating hyperplanes with many observations. Such
algorithms are needed to check conditions for boundedness of LT'S estimators (see Section
3.4) and to choose an initial h together with Algorithms 1 and 2. Implementations in
R can be found in the replication materials for the empirical illustration.

B.1 Exhaustive search

Let X = {x € RP : z; = = for some 1 < i < n} be the support of the regressors. We can
exhaustively search over all hyperplanes containing regressors by enumerating subsets
of size p — 1 from X. Mili and Coakley (1996) mentions this in passing, but we are not
aware of the details or of an available implementation of their suggestion.

Exhaustive search is outlined in Algorithm 3. Algorithm 3 returns the number of
observations in the largest hyperplane, but it could be adjusted to save the k largest
hyperplanes for £ > 1 and their orthogonal vectors.

The number of (p — 1)-subsets is of order |X'[P~1 so Algorithm 3 quickly becomes
infeasible as the dimension grows. Two further issues arise. First, some (p — 1)-subsets
do not span a hyperplane, so we include dimension checking in the algorithm. Second,
different (p — 1)-subsets may span the same hyperplane. To avoid repeated checks,
we record all subsets that lie in a hyperplane once it has been visited, at the cost of
increased memory usage.

Algorithm 3 (Exhaustive hyperplane search).

(0) Initialise m* <— 0 and Ly, < 0.

(1) Let v : {1,..., (}If‘l)} — [X]P~1 be a bijection for enumerating (p — 1)-subsets of X
and m(z) the frequency of value x € X. Initialise Ls;y, < 0 to track subsets contained

i a previously visited hyperplane.
(2) Fori=1,..., ();’f'l);
If i € Typip or dim (i) < p — 1, continue.
Let Xpg < span{u(i)} N X and mpy < 3 oy, m(T).
Get the (p — 1)-subsets Logq < {t 71 (W) : W € [Xg]P~'} contained in the current
hyperplane. Update Lgyip < Lskip U Loaa-
If mg > m* then update m* < my.
(3) Return m*.

B.2 Randomised search

Algorithm 4 searches for the number of observations on the largest hyperplane by draw-
ing random (p — 1)-subsets from the support X. To locate hyperplanes with many
observations, it weights x € X by its frequency m(z) = > " I{x; = «} in the random
sampling. Algorithm 4 could be adapted to return the k largest hyperplanes for & > 0
and orthogonal vectors.

Algorithm 4 (Randomised hyperplane search).
(0) Initialise m* < 0.
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(1) Let m(x) be the frequency and w(x) = m(x)/ > ., m(z) the share of value x € X.
(2) For 1,... Njer:
Initialise current subset S < 0 and rank r < 0.
While r < p — 1:
Let S* «+ X'\ span(S) be values linearly independent of S.
Draw a random element of S+ with weights w and add this to S.
Update r <—r + 1.
Let Xp = span(S)N X and my « >
If mg > m* then update m* < my.
(3) Return m*.

rzeXy m(x)

Algorithm 4 ensures that each randomly drawn subset spans a unique hyperplane
by sequentially drawing linearly independent elements. The ‘non-singular subsampling’
algorithm of Koller and Stahel (2017) could also be adapted for this purpose, but our
implementation opts for a simpler solution.

B.3 Heuristics

We note the following heuristics for finding hyperplanes with many observations.

(1) Tt is often useful to tabulate the frequency of each value from the support of the
regressors. With p binary regressors, any hyperplane contains at most 2°~! points. The
sum of 2P~! most frequent values then upper bounds the largest hyperplane.

(2) Marginal distributions often help locate large hyperplanes. They reveal ‘continu-
ous’ variables, which can typically be ignored in the search. Under mutual independence
of the regressors, marginal distributions find the largest hyperplane exactly, as formalised
in the following.

Remark B.1. Consider z > P, where z' = (1,2') and 2" = (z1,...,2) has finite
support. If the components of z are mutually independent then sups, 5 P{z : 2’6 =
0} = max;<j<; maxqer P(z; = a).

Proof of Remark B.1. Let X = {z : P(x) > 0} and &; = {a : P(z; = a) > 0}. Let
a; = arg maX,cy, P(2; = a) and m;(z) = (1, 21,..., 2j-1, 45, Zj41, . .., 23) for z € X

We argue that if for S C X it holds |{m;(x) : x € S} = |7;(9)| < |S|Vj € {1,... Kk}
then span(S) has dimension k + 1. Note that if |7,;(S)| < |S| then Jv,w € S differing
only in the (j + 1)-th coordinate. Thus, e;;1, the (j + 1)-th standard basis vector, is in
span(S) Vj = 1,... k. It follows {ea,...,exr1} C span(S) and then also e; € span(S).
Conclude that span(S) has dimension k + 1.

Define Ss = X N{z : 2’6 = 0} for all § with |§] = 1. By mutual independence,
P(z) < P{mj(z)} Vx € X. Since S5 has at most dimension k, by the above observation
37 such that |7;(Ss5)| = |Ss|. Conclude

P(S5) = P(x) <Y P{m(2)} < P(z = ¢;) < max P(z = a;),

1K<k
TESs TESs

where the second inequality is by the definition of a marginal distribution and |7;(Ss)| =
|S5| implying there are no repeated terms in the sum ) o P {m;(z)}. O
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