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Devwudfw

Lq wklv sdshu zh suryh wkh uhvxow wkdw d pxowlsurgxfw prqrsrolvw*v rswlpdo vhoolqj vwudw0
hj| lv ghwhuplqlvwlf1 Wkhuhiruh/ qhlwkhu orwwhulhv qru dq| kdjjolqj zloo eh ehqh�fldo wr d
prqrsrolvw vhoolqj pxowlsoh surgxfwv wr frqvxphuv zlwk xqlw ghpdqgv iru hdfk frpsrqhqw
jrrg1 Wklv uhvxow krogv hyhq jlyhq dq| ghjuhh ri frpsohphqwdulw| ru vxevwlwxwdelolw| lq
frqvxphu ghpdqg1 Wkh uhvxow kdv ehhq dfklhyhg e| euhdnlqj wkh sureohp grzq lqwr wzr
vxe0sureohpv1 Zh �uvwo| vkrz wkdw li wkh prqrsrolvw*v joredoo| rswlpdo sulflqj srolf| lv wr
r�hu d vfkhgxoh ri orwwhulhv wkhq wkh prqrsrolvw fdq dozd|v lpsuryh khu sur�wv iurp wkh
rswlpdo ghwhuplqlvwlf sulfhv e| lqwurgxflqj vrph vlqjoh orwwhu| zkrvh sulfh fdq eh shuwxuehg
e| vrph vpdoo dprxqw iurp wkh ohyho dw zklfk frqvxphuv duh mxvw lqgl�huhqw wr lw1 Lq rwkhu
zrugv/ zh �uvw vkrz wkdw wkh prqrsrolvw*v sur�w ixqfwlrq lv lq d fhuwdlq vhqvh frqfdyh lq dq
dssursuldwh vhoolqj vwudwhj| vsdfh1 Zh duh wkhq deoh wr jr d vwhs ixuwkhu dqg vkrz wkdw d
pxowlsurgxfw prqrsrolvw zrxog qhyhu dfwxdoo| ehqh�w iurp h{shulphqwlqj e| dgglqj d vlqjoh
orwwhu| rswlrq wr wkh rswlpdo ghwhuplqlvwlf sulfhv1 Wkhvh wzr uhvxowv frpelqh wr suryh wkh
pdlq uhvxow zklfk zh fdswxuh dv Wkhruhp 41
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4 Lqwurgxfwlrq

Ilupv vkrz d juhdw ghdo ri lqjhqxlw| lq wkhlu vhoolqj vwudwhjlhv1 Pdq| �upv srvw �{hg wdnh

lw ru ohdyh lw sulfhv exw wklv lv rqo| rqh wrro lq d odujh duprxu|1 H{dpsohv ri �upv r�hulqj

frqvxphuv wkh fkdqfh wr hqwhu lqwr d csul}h gudz* duh dovr frpprq1 Vwloo pruh frpprq duh �upv

hqwhulqj lqwr edujdlqlqj jdphv zlwk srwhqwldo frqvxphuv1 Erwk edujdlqlqj dqg sul}h gudzv duh

doo irupv ri orwwhu| lq zklfk hlwkhu wkh jrrgv wkh frqvxphu uhfhlyhv ru wkh sulfh vkh sd|v iru

wkhp lv udqgrp1 Wkh txhvwlrq lv zklfk ri wkhvh vwudwhjlhv/ li dq|/ duh wkh prvw sur�wdeoh iru

d pxowlsurgxfw prqrsrolvw= fdq orwwhulhv hqkdqfh prqrsro| sur�wv ru duh �{hg sulfhv ehvwB Lq

pdnlqj khu fkrlfh ehwzhhq �{hg sulfhv dqg orwwhulhv d prqrsrolvw lv dwwhpswlqj wr edodqfh wzr

edvlf frqvlghudwlrqv1 Rq wkh rqh kdqg frqvxphuv zkr gr qrw ydoxh d surgxfw kljko| pljkw

qrw eh suhsduhg wr sd| iru lw rxwuljkw/ exw duh suhsduhg wr sd| d orw ohvv iru wkh fkdqfh ri

uhfhlylqj lw1 Vlploduo| frqvxphuv zkr gr ydoxh wkh surgxfwv zloo eh ohvv nhhq wr orvh wkhp

wkurxjk d orwwhu| ru e| edujdlqlqj1 Wkh orwwhulhv wkhuhiruh dfw wr vhsdudwh wkh frqvxphuv dqg

vr zrxog doorz wkh prqrsrolvw wr lqfuhdvh khu sur�wv1 Rq wkh rwkhu kdqg/ wkh dydlodelolw| ri wkh

orwwhu| pljkw hqfrxudjh vrph frqvxphuv zkr zhuh jrlqj wr sxufkdvh d surgxfw wr wu| dqg vdyh

prqh| e| wdnlqj d jdpeoh rq uhfhlylqj lw wkurxjk wkh orwwhu|1 Wklv h�hfw zrxog dfw djdlqvw wkh

prqrsrolvw dqg whqg wr ghsuhvv prqrsro| sur�wv1 Zklfk ri wkhvh h�hfwv grplqdwhv kdv wkxv idu

uhpdlqhg dq rshq txhvwlrq1 Gl�huhqw dvshfwv ri wkh olwhudwxuh vhhp wr surylgh flufxpvwdqwldo

hylghqfh iru hlwkhu ri wkh wzr h�hfwv ehlqj wkh vwurqjhu dqg vr hfrqrplvwv duh glylghg dv wr wkh

uhdolw|1 Wklv sdshu zloo vkrz wkdw zh duh deoh wr pdnh d juhdw ghdo ri surjuhvv wrzdugv wkh khduw

ri wkh pdwwhu1

Lq hvvhqfh wkh prqrsrolvw*v ghflvlrq erlov grzq wr zkdw lv nqrzq dv d cvfuhhqlqj sureohp*

lq wkh hfrqrplfv olwhudwxuh1 Wkh prqrsrolvw fdq xvh wkh suredelolw| wkdw d jrrg lv uhfhlyhg dv

dq lqvwuxphqw wr doorz lw wr vruw frqvxphuv lqwr jurxsv= frqvxphuv uhyhdo wkhlu ydoxdwlrqv iru d

surgxfw zkhq wkh| fkrrvh rqh orwwhu| ryhu dqrwkhu1 Sulfh glvfulplqdwlrq whfkqltxhv frxog wkhq

eh xvhg wr h{wudfw pruh vxusoxv iurp wkh frqvxphuv1 Wkh lvvxh khuh lv zkhwkhu wkh frvw wr wkh

prqrsrolvw ri xvlqj wkh vfuhhqlqj lqvwuxphqw dw doo rxwzhljkv dq| ehqh�wv lw fdq wkhq uhfhlyh

wkurxjk sulfh glvfulplqdwlrq1

Wkh �uvw pdmru lqurdg lqwr wklv sureohp zdv pdgh e| Uloh| dqg ]hfnkdxvhu ^45`1 Wkh|

frqvlghuhg d rqh jrrg prqrsrolvw vhoolqj wr d srsxodwlrq ri frqvxphuv1 Wklv vlpsol�fdwlrq

phdqw wkdw frqvxphuv zhuh qrw idfhg zlwk d fkrlfh ehwzhhq gl�huhqw frpsrqhqwv dqg kdg

qr frpsohphqwdulwlhv lq ghpdqg= wkh lvvxh ri jrrgv ehlqj frpsohphqwdu| ru vxevwlwxwdeoh zdv
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wkhuhiruh dvvxphg dzd|1 Wklv uhvwulfwlrq wr rqh jrrg dovr kdg wkh h�hfw ri fdxvlqj doo frqvxphuv

wr gl�hu lq rqo| rqh yduldeoh1 Doo wkh lqglylgxdov ri wkh srsxodwlrq frxog wkhuhiruh eh rughuhg

rq d olqh1 Lq wklv frqwh{w Uloh| dqg ]hfnkdxvhu ^45` zhuh deoh wr wdfnoh wkh sureohp gluhfwo|1

Wkh nh| wr wkhlu zrun lv wr xvh dq lqwhjudwlrq e| sduwv whfkqltxh frlqhg lq Pluuohhv ^;` zklfk lv

frpprq wr wkh vfuhhqlqj olwhudwxuh lq rqh glphqvlrq1 Zlwk wklv wrro Uloh| dqg ]hfnkdxvhu ^45`

frqvwuxfw dq hohjdqw jhrphwulfdo surri wkdw wkh rswlpdo suredelolw| ri vdoh ixqfwlrq wdnhv rqo|

wkh ydoxhv 3 ru 4 dqg vr pxvw fruuhvsrqg wr d wdnh0lw0ru0ohdyh0lw r�hu1 Lq rwkhu zrugv/ orwwhulhv

gr qrw khos d vlqjoh jrrg prqrsrolvw1 Krzhyhu/ wkh lqwhjudwlrq e| sduwv whfkqltxh idprxvo|

grhv qrw krog lq pxowlsoh glphqvlrqv1 Wklv lpphgldwho| ohg wr vshfxodwlrq wkdw wkh Uloh| dqg

]hfnkdxvhu ^45` uhvxow pljkw eh vshfl�f wr wkh fdvh lq zklfk doo frqvxphuv fdq eh rughuhg rq d

olqh1

Wkh zrun ri Urfkhw dqg Fkrqì ^47` vhhphg wr vxssruw wklv ylhz1 Wkh| frqvlghu wkh jhqhudo

pxowlsoh glphqvlrqdo vfuhhqlqj sureohp lq zklfk d pxowlsurgxfw prqrsrolvw vhoov khu jrrgv zlwk

d frqwlqxrxv udqjh ri surgxfw txdolwlhv wr frqvxphuv zkr duh fkdudfwhulvhg e| d pxowlsoh glphq0

vlrqdo w|sh yhfwru1 Urfkhw dqg Fkrqì ^47` duh deoh wr �qg sdudoohov ehwzhhq wkh prqrsrolvw*v

sur�w pd{lplvdwlrq sureohp dqg zkdw lv nqrzq dv dq revwdfoh sureohp lq sk|vlfv1 E| xvlqj wkh

lqvljkwv d�rughg iurp wkh sk|vlfv olwhudwxuh wkh| duh deoh wr uhgxfh wkh vfuhhqlqj sureohp wr d

vhw ri sduwldo gl�huhqwldo htxdwlrqv1 Wkhvh sduwldo gl�huhqwldo htxdwlrqv riwhq fdq rqo| eh vroyhg

qxphulfdoo|1 Krzhyhu/ Urfkhw dqg Fkrqì ^47` zhuh deoh wr vkrz wkdw lq prvw vxfk sureohpv wkh

prqrsrolvw zloo fkrrvh wr exqfk vrph frqvxphuv1 Wkdw lv wr r�hu d jurxs ri frqvxphuv zlwk

gl�huhqw ydoxdwlrqv wkh vdph txdolw| ri surgxfwv1 Wklv zrun krzhyhu vkrzv wkh jhqhudo pxowlgl0

phqvlrqdo vfuhhqlqj sureohp wr eh lqfuhgleo| frpsolfdwhg1 Lw vhhphg yhu| xqolnho| lqghhg wkdw

lq wkh frpsolfdwhg pxowlsurgxfw fdvh orwwhulhv frxog eh uxohg rxw zlwk d Uloh| dqg ]hfnkdxvhu

^45` w|sh uhvxow1

Ixuwkhu vxssruw iru wklv ylhz fdph iurp d qxpehu ri vlpsoh wkhruhwlfdo h{dpsohv1 Lw fdq eh

vkrzq wkdw li d pxowlsurgxfw prqrsrolvw lv vhuylqj d glvfuhwh pdunhw zlwk rqo| wzr w|shv ri ex|hu

zkrvh w|shv duh fduhixoo| fkrvhq wkhq d udqgrp gholyhu| uxoh fdq eh rswlpdo= d vshfl�f h{dpsoh

ri wklv lv jlyhq wrzdugv wkh hqg ri wklv sdshu rq sdjh 691 Lq rwkhu zrugv/ xvlqj orwwhulhv wr vfuhhq

wkh frqvxphuv lq wkhvh h{dpsohv lv wkh prqrsrolvw*v rswlpdo sulflqj srolf|1 Pdq| hfrqrplvwv

ihow wkdw h{dpsohv vxfk dv wkh rqh rq sdjh 69 zhuh qrw d uhvxow ri wkh frqwulyhg qdwxuh ri

wkh pdunhw exw lqglfdwlyh ri d jhqhudo uhvxow= kdjjolqj lv vxuho| rswlpdo iru wkh pxowl0surgxfw

prqrsrolvw1

Dwwhpswv zhuh krzhyhu pdgh wr h{whqg wkh cqr orwwhu|* uhvxow ri Uloh| dqg ]hfnkdxvhu ^45`
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wr wkh pxowlsurgxfw prqrsro| fdvh1 Srvvleo| wkh ehvw ri wkhvh zdv PfDihh dqg PfPloodq ^9`1

PfDihh dqg PfPloodq ^9` dwwhpswhg wr h{whqg wkh Uloh| dqg ]hfnkdxvhu ^45` surri wr pxowlsoh

frqvxphu fkdudfwhulvwlfv gluhfwo|1 Dv phqwlrqhg deryh/ wkh lqwhjudwlrq e| sduwv phwkrg ri

Pluuohhv ^;` glg qrw h{whqg wr pxowlsoh glphqvlrqv1 Lqvwhdg/ PfDihh dqg PfPloodq ^9` uxohg rxw

frpsohphqwdulwlhv lq ghpdqg +vxfk dv wkrvh ehwzhhq WYv dqg YFUv, dqg wulhg wr frqvlghu wkh

sureohp dv wkh vxp ri rqh0glphqvlrqdo hohphqwv1 Krzhyhu/ wklv suryhg wr eh d yhu| frpsolfdwhg

surfhvv dqg vr wkh surri lv riwhq wkrxjkw wr eh rsdtxh lq sduwv1 Wr doorz wkh sureohp wr eh

eurnhq xs lq wklv zd| PfDihh dqg PfPloodq ^9` pdnh d vhfrqg frqfhvvlrq zklfk lv wr uhvwulfw

wkh glvwulexwlrq ri frqvxphuv* ydoxdwlrqv wr vdwlvi| d vshfl�f kd}dug udwh frqglwlrq1 Kdylqj

grqh wklv PfDihh dqg PfPloodq ^9` uhgxfh wkhlu uhvwulfwhg sureohp wr d vhulhv ri pdwkhpdwlfdo

frqglwlrqv1 Krzhyhu/ wkh| dfnqrzohgjh wkdw wkhvh frqglwlrqv duh gl!fxow wr lqwhusuhw dqg vr

uhvwulfw wkh sureohp ixuwkhu wr wkh fdvh ri d wzr jrrg prqrsrolvw1 Khuh/ wkh| duh deoh wr �qdoo|

fodlp wkdw orwwhulhv duh qrw ehqh�fldo wr wkh prqrsrolvw dqg vr wkh Uloh| dqg ]hfnkdxvhu ^45`

uhvxow grhv h{whqg/ doehlw lq wkhlu vshfldo fdvh1 Wklv uhvxow zdv krzhyhu xqvdwlvidfwru| iru doo

wkh uhvwulfwlrqv wkdw zhuh hpsor|hg dqg ohiw pdq| hfrqrplvwv vwloo gxelrxv dv wr wkh phulwv ru

rwkhuzlvh ri orwwhulhv lq jhqhudo vlwxdwlrqv1

Zrun lq d gl�huhqw duhd e| Udvxo dqg Vrqghuhjjhu ^44` wlowhg wkh txhvwlrq ri orwwhulhv lq

d gl�huhqw gluhfwlrq1 Wkh| orrnhg dw wkh frqwh{w ri frqvxphuv dv djhqwv frqwudfwlqj zlwk wkh

prqrsrolvw ru/ lq wkhlu zrun/ wkh sulqflsdo1 Zkdw lv fuxfldo qrz lv wkdw wkh frqvxphuv +djhqwv,

kdyh rxwvlgh rswlrqv zklfk ghshqg rq wkhlu w|shv1 Wklv lv ehfdxvh Udvxo dqg Vrqghuhjjhu ^44`

prgho wkh vlwxdwlrq lq zklfk wkh djhqwv pxvw pdnh uhodwlrqvkls vshfl�f lqyhvwphqwv ehiruh wkh|

fdq frqwudfw zlwk wkh sulqflsdo14 Vshfl�fdoo|/ frqvxphuv zlwk kljk ydoxdwlrqv +djhqwv ri kljk

w|sh, zkr gr qrw wudgh zlwk wkh sulqflsdo orvh d juhdw ghdo pruh wkdq frqvxphuv zlwk orz

ydoxdwlrqv1 Lq wkh Udvxo dqg Vrqghuhjjhu ^44` prgho wklv lv ehfdxvh ri wkh gl�hulqj rssruwxqlw|

frvwv ri qr wudgh dfurvv wkh djhqwv1 Wklv dvvxpswlrq gl�huv pdunhgo| zlwk wkh vwdqgdug dssurdfk

wr prqrsro| vlwxdwlrqv lq zklfk li d frqvxphu uhfhlyhv qrwklqj wkhlu xwlolw| lv }hur1 Udvxo dqg

Vrqghuhjjhu ^44` qrz �qg wkdw xvlqj orwwhulhv duh sur�w pd{lplvlqj iru wkh sulqflsdo/ hyhq lq

wkh rqh glphqvlrqdo fdvh1 Vr zkdw kdv fkdqjhgB Suhylrxvo| frqvxphuv zlwk kljk ydoxdwlrqv

pljkw kdyh ehhq whpswhg wr sd| ohvv iru d prqrsrolvw*v surgxfwv dqg wdnh d jdpeoh rq uhfhlylqj

wkhp dw doo1 Lq wkh Udvxo dqg Vrqghuhjjhu ^44` frqwh{w zkhq wkhvh kljk ydoxdwlrq frqvxphuv

4Wkh Udvxo dqg Vrqghuhjjhu ^44` zrun lv prwlydwhg e| wkh dxwrpreloh lqgxvwu| lq zklfk wkh frpsrqhqw

pdqxidfwxulqj cdjhqw* �upv pdnh uhodwlrqvkls vshfl�f lqyhvwphqwv ehiruh wkh| fdq wudgh zlwk wkh sulqflsdo zkr

dfwxdoo| sxwv wkh fduv wrjhwkhu1
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orvh wkh orwwhu| wkh| grq*w mxvw uhfhlyh qrwklqj/ wkh| duh dfwlyho| kxuw1 Wklv ri frxuvh ghwhuv kljk

ydoxdwlrq frqvxphuv iurp xvlqj wkh orwwhu| rswlrq dqg vr suhyhqwv sur�w orvv dorqj wklv dyhqxh1

Rq wkh rwkhu vlgh ri wkh htxdwlrq orz ydoxdwlrq frqvxphuv zkr zrxogq*w kdyh sduwlflsdwhg li

qr orwwhu| lv r�huhg duh vwloo whpswhg wr wu| lw1 Li wkh| orvh wkh| duh kdugo| kxuw dw doo dv Udvxo

dqg Vrqghuhjjhu ^44` kdyh d w|sh ghshqghqw rxwvlgh rswlrq1 Wkh edodqfh ri wkh wzr irufhv zh

glvfxvvhg deryh kdv wkhuhiruh fohduo| ehhq sxvkhg lq idyrxu ri orwwhulhv dqg frqvhtxhqwo| orwwhulhv

duh irxqg wr eh ehqh�fldo1

Wkh zrun ehorz vhhnv wr khos xv wr �oo lq wkh jds ri xqghuvwdqglqj frqfhuqlqj wkh vwdqgdug

prqrsrolvw*v rswlpdo sulflqj vwudwhj|1 Zh dqdo|vh wkh jhqhudo fdvh ri d pxowlsurgxfw prqrsr0

olvw vhoolqj khu jrrgv wr frqvxphuv zlwk xqlw ghpdqgv iru wkh frpsrqhqw jrrgv dqg duelwudu|

frpsohphqwdulwlhv lq ghpdqg ehwzhhq gl�huhqw frpsrqhqwv1 Dv lv vwdqgdug lq wkh olwhudwxuh zh

vxssrvh wkdw dq| frqvxphu zkr grhvq*w pdnh d sxufkdvh uhfhlyhv qrwklqj dqg ghulyhv qr xwlolw|1

Lpsruwdqwo| zh dvvxph wkdw jlyhq dq| frpelqdwlrq ri wkh prqrsrolvw*v jrrgv dw wkh ehvw �{hg

sulfhv/ wkhuh h{lvwv vrph +srvvleo| vpdoo, suredelolw| ri d frqvxphu ehlqj lqgl�huhqw ehwzhhq

wkhp1 Zh duh deoh wr vkrz wkdw lq wklv vlwxdwlrq orwwhulhv duh qrw ehqh�fldo wr wkh pxowlsurgxfw

prqrsrolvw= wkh Uloh| dqg ]hfnkdxvhu ^45` grhv h{whqg dqg wkh frvw wr wkh prqrsrolvw ri xvlqj

suredelolwlhv dv d vfuhhqlqj wrro rxwzhljkv lwv xvhixoqhvv1 Zh gr qrw qhhg wr pdnh dq| uhvwulfwlyh

dvvxpswlrqv rq frqvxphu ghpdqg ru rq wkh kd}dug udwh ri wkh frqvxphu ghqvlw| ixqfwlrq1 Wkh

ixoo prgho lv hvwdeolvkhg lq Vhfwlrq 51 Wkh uhvxow lv h{suhvvhg irupdoo| dv Wkhruhp 4 dqg lv

suryhg lq wzr vwdjhv lq Vhfwlrqv 6 dqg 71

Wkh uhvxowv ri wklv sdshu duh doo ghulyhg lq wkh frqwh{w ri d rqh shulrg prgho/ dq dssurdfk

zklfk lv vwdqgdug lq wklv olwhudwxuh1 Wklv wkhuhiruh vshfl�fdoo| uxohv rxw uhshdw lqwhudfwlrqv= li

d frqvxphu sxufkdvhv d orwwhu| dqg idlov wr uhfhlyh wkh jrrg vkh zdqwhg vkh lv xqdeoh wr pdnh

d vhfrqg sxufkdvh lq wkh prghoohg wlph shulrg1 Wklv lv fohduo| dq lpsruwdqw uhvwulfwlrq dqg

kdsslo| dovr qrw d yhu| uhvwulfwlyh rqh1 Wklv dssurdfk frxog eh vdlg wr prgho vlwxdwlrqv lq

zklfk= +d, Wkh pxowlsurgxfw prqrsrolvw lv vhoolqj d qrq gxudeoh ru h{shulhqfh jrrg/ vxfk dv

dffhvv wr d sd| WY surjudp1 Lq wklv h{dpsoh wkh frqvxphu zloo kdyh plvvhg wkh surjudp zkhq

vkh glvfryhuv wkdw vkh kdv qrw ehhq vxffhvvixo zlwk wkh orwwhu|1 +e, Wkh prqrsrolvw lv vhoolqj

d gxudeoh jrrg exw wr d wudqvlhqw srsxodwlrq1 Wklv frxog eh ehfdxvh ri vxevwdqwldo wudyho ru

frqwudfwxdo frvwv ghwhuulqj d frqvxphu iurp uhwxuqlqj1 Dowhuqdwlyho|/ wklv frxog eh d prgho ri

d vwruh lq dq dlusruw whuplqdo iru h{dpsoh1 +f, Ilqdoo|/ wklv prgho hqfrpsdvvhv dq| kdjjolqj

ru edujdlqlqj jdph lq zklfk li wkh frqvxphu edujdlqv dqg wkh qhjrwldwlrqv euhdn grzq wkhq

wkh frqvxphu lv xqdeoh wr uhwxuq wr wkh prqrsrolvw lq wkh prghoohg wlph shulrg dqg uhvwduw
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qhjrwldwlrqv1 Lq rwkhu zrugv/ wkh prqrsrolvw fdq suhfrpplw wr dq| jlyhq edujdlqlqj vwudwhj|1

Zh zloo wkhuhiruh hvwdeolvk wkdw xvlqj orwwhulhv lv qrw d ehqh�fldo vwudwhj| iru d pxowlsurgxfw

prqrsrolvw lq d yhu| jhqhudo prgho1 Vhfwlrq 8 dgguhvvhv krz wklv uhvxow lv fkdqjhg dv wkh

xqghuo|lqj fkdudfwhulvwlfv ri wkh prgho duh dowhuhg dqg frqvlghuv ixuwkhu h{whqvlrqv1 Vhfwlrq 9

frqfoxghv1

5 Wkh Prgho

D pxowlsurgxfw prqrsrolvw vhoov n lqglylgxdo frpsrqhqw jrrgv wr d srsxodwlrq ri frqvxphuv1

Wkh jrrgv fdq eh vrog lqglylgxdoo| ru dv sduw ri d exqgohg sdfndjh1 Wkh prqrsrolvw wkhuhiruh

kdv N =@ 5&�4 srvvleoh frpelqdwlrqv wr vhoo1 Wkh �jxuh N lv ghulyhg iurp wkh vl}h ri wkh srzhu

vhw ri d vhw zlwk n hohphqwv +wkdw lv wkh qxpehu ri srvvleoh vxevhwv,1 Zh uhpryh wkh hpsw| vhw

+wkh �4 deryh, dv wkh �up fdqqrw vhoo dq hpsw| exqgoh1 Wkh frqvxphuv kdyh xqlw ghpdqg iru

hdfk ri wkh n frpsrqhqwv zlwk hdfk frqvxphu ghqrwhg e| d w|sh yhfwru { 5 Ugn = Hdfk frh!flhqw
ri wkh w|sh yhfwru/ {�> jlyhv wkh frqvxphu*v prqhwdu| ydoxdwlrq iru wkh exqgoh l 5 i4> = = = >Nj =
Wkhvh ydoxdwlrqv duh sulydwh lqirupdwlrq wr wkh frqvxphu1 Zh qrwh wkdw e| prghoolqj frqvxphu

w|shv lq wklv zd| zh pdnh qr dvvxpswlrqv derxw dq| frpsohphqwdulwlhv lq ghpdqg zklfk pljkw

h{lvw ehwzhhq rqh frpsrqhqw jrrg dqg wkh qh{w1 Lq sduwlfxodu/ frqvxphuv fdq vhh vrph exqgohv

ri jrrgv dv frpsohphqwv dqg rwkhuv dv vxevwlwxwhv1

Wkh frqvxphuv duh ulvn qhxwudo dqg duh gudzq iurp d srsxodwlrq zkrvh vl}h zh qrupdolvh wr

4= Wkh srsxodwlrq lv vxssruwhg rq wkh vhw  � Ugn = Zh vxssrvh wkdw 3 5 = Wkdw lv/ zh uhtxluh

wkh srsxodwlrq ri frqvxphuv wr frqwdlq vrph lqglylgxdov zkr gr qrw ydoxh wkh prqrsrolvw*v

surgxfwv dw doo1 Iru whfkqlfdo uhdvrqv zh zloo uhtxluh wkh vhw  wr eh rshq/ erxqghg dqg frqyh{1

Wklv jxdudqwhhv wkdw jlyhq frqvxphuv ri dq| wzr glvwlqfw w|shv wkhq wkhuh zloo h{lvw frqvxphuv

lq wkh srsxodwlrq zkr kdyh dq| lqwhuphgldwh ydoxdwlrqv iru wkh exqgohv ri jrrgv1 Wkh ghqvlw|

ri wkh frqvxphuv lq wkh vhw  lv jlyhq e| wkh ixqfwlrq i +�, = $ +3>4, = Wkh ixqfwlrq i zloo eh

dvvxphg wr kdyh wkh vwdqgdug fkdudfwhulvwlfv ri d suredelolvwlf ghqvlw| ixqfwlrq dqg ixuwkhupruh

lv erxqghg dqg gl�huhqwldeoh zlwk erxqghg ghulydwlyhv1 Ilqdoo| zh dvvxph wkdw wkh �up/ wkrxjk

ljqrudqw ri dq| lqglylgxdo frqvxphu*v w|sh/ nqrzv wkh ghqvlw| ixqfwlrq i +�, =
Wkh prgho lv d rqh vwdjh jdph zlwk wkh srsxodwlrq ri frqvxphuv ghflglqj zkhwkhu ru qrw

wr pdnh d sxufkdvh iurp wkh prqrsrolvw1 Hdfk frqvxphu fdq ghflgh wr qrw pdnh d sxufkdvh

iurp wkh prqrsrolvw dqg zrxog uhfhlyh d xwlolw| ri 3 lq wklv fdvh1 Rwkhuzlvh hdfk frqvxphu zloo

fkrrvh iurp wkh rswlrqv dydlodeoh wkh rqh zklfk pd{lplvhv wkhlu xwlolw|1 Wkhuh duh qr uhshdwhg
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lqwhudfwlrqv lq wklv prgho1 Lq sduwlfxodu/ li d frqvxphu ghflghv wr sxufkdvh d orwwhu| zklfk rqo|

gholyhuv wkh jrrg zlwk d fhuwdlq suredelolw| wkhq vkh zloo qrw eh deoh +gxulqj wkh prghoohg wlph

shulrg, wr uhwxuq wr wkh prqrsrolvw wr pdnh d vhfrqg sxufkdvh vkrxog vkh idlo wr uhfhlyh wkh

jrrg1 Vlploduo|/ li d frqvxphu edujdlqv zlwk d prqrsrolvw dqg wkh qhjrwldwlrqv euhdn grzq/ wkh

frqvxphu fdq*w uhwxuq wr wkh prqrsrolvw gxulqj wkh prghoohg wlph shulrg1

Rq wkh surgxfwlrq vlgh wkh prqrsrolvw lv ulvn qhxwudo/ idfhv d xqlw frvw ri f� iru wkh pdq0

xidfwxuh ri exqgoh l dqg kdv qr fdsdflw| frqvwudlqwv1 Wklv frvw vwuxfwxuh lv yhu| jhqhudo dqg

doorzv wkh �up wr hqmr| dq| hfrqrplhv ri vfrsh lq surgxfwlrq1 Zh dvvxph wkdw wkhuh duh qr

�{hg frvwv1 Wklv lv qrw/ krzhyhu/ dq lpsruwdqw dvvxpswlrq dv wkh suhvhqfh ri d �{hg frvw zrxog

qrw dowhu wkh �up*v rswlpdo sulflqj vwudwhj| frqglwlrqdo rq lw hqwhulqj wkh pdunhw dw doo1

Wkh prqrsrolvw ri wklv prgho kdv wzr jhqhudo vhoolqj vwudwhjlhv zklfk vkh fdq hpsor|=

41 Ghwhuplqlvwlf Vhoolqj Vwudwhjlhv +l1h1 Il{hg Sulfhv,

Lq wklv vlwxdwlrq wkh prqrsrolvw lvvxhv d phqx riN �{hg sulfhv froohfwhg lqwr d sulfh yhfwru

s 5 Ugn zlwk rqh sulfh iru hdfk ri wkh N lqglylgxdo exqgohv dqg s� ghqrwlqj wkh sulfh iru

exqgoh l= Wkh prqrsrolvw fdq wkhuhiruh surylgh surgxfw D iru rqh sulfh/ ru surgxfw E

iru dqrwkhu ru lqghhg surgxfwv D dqg E wrjhwkhu iru d wklug sulfh1 E| fkrrvlqj exqgoh l

iru h{dpsoh/ d frqvxphu zrxog sd| s� lq uhwxuq iru uhfhlylqj exqgoh l zlwk fhuwdlqw|1 D

frqvxphu ri w|sh { zloo wkhuhiruh ghulyh xwlolw| pd{� i3> {� � s�j dqg zloo fkrrvh wkh exqgoh
l zklfk lv wkh dujpd{� i3> {� � s�j =

51 Vwrfkdvwlf Vhoolqj Vwudwhjlhv

+d, Orwwhulhv

Wkh prqrsrolvw r�huv wkh frqvxphuv d vfkhgxoh ri orwwhulhv ryhu wkh N gl�huhqw

srvvleoh exqgohv zlwk dq dvvrfldwhg vfkhgxoh ri sulfhv1 Lq rwkhu zrugv/ wkh frqvxphu

zrxog fkrrvh d orwwhu|/ wkdw lv d yhfwru ri suredelolwlhv/ t> o|lqj lq d jlyhq uhjlrq T �
^3> 4`g = Hdfk frh!flhqw/ t�> ri wkh yhfwru t jlyhv wkh suredelolw| wkdw wkh frqvxphu

zloo uhfhlyh wkh lwk exqgoh1 Fuxfldoo| zh wkhuhiruh uhtxluh=

t� 5 ^3> 4` ;l dqg
g[
�'�

t� � 4 +4,

Wkh frh!flhqwv qhhg qrw vxp wr rqh dv wkhuh frxog eh d srvlwlyh suredelolw| wkdw wkh

frqvxphu zloo dfwxdoo| uhfhlyh qrwklqj1 Wkh vxp ri wkh suredelolwlhv pxvw qrw h{fhhg



; Il{hg Sulfhv yhuvxv Kdjjolqj

rqh krzhyhu1 Wkh sulfh ri wkh fkrvhq orwwhu| zloo eh jlyhq e| d wudqvihu ixqfwlrq

w = T$ Un= Wkh frqvxphu pxvw sd| w
�
t
�
wr sxufkdvh orwwhu| t= Rqfh sxufkdvhg wkh

�up zloo dzdug wkh frqvxphu exqgoh l zlwk suredelolw| t�=

Wkh frqvxphuv zloo fkrrvh wkh orwwhu| zklfk pd{lplvhv wkhlu xwlolw| dqg vr zh fdq

ghulyh wkh doorfdwlrq ixqfwlrqv=

t +{, =
k
Frqvxphu w|sh

l
$
k
Orwwhu| fkrvhq

l
w +{, =

k
Frqvxphu w|sh

l
$
k
Sulfh sdlg

l
Wkh prqrsrolvw*v h{shfwhg sur�w zloo wkhuhiruh eh

H +sur�w, @
]
frqvxphu w|shv

�
w +{,� t +{, � f� i +{, g{ +5,

+e, Kdjjolqj

Wkh prqrsrolvw fdq dqqrxqfh d +suredelolvwlf, vhoolqj vwudwhj|1 Hdfk frqvxphu zloo

kdyh dq rswlpdo uhvsrqvh zklfk zloo ghshqg erwk rq wkhlu w|sh/ {> dv zhoo dv wkh

prqrsrolvw*v vhoolqj vwudwhj|1 Wkhvh vwudwhjlhv zloo ghwhuplqh wkh suredelolw| d frq0

vxphu uhfhlyhv d sduwlfxodu exqgoh zklfk fdq eh vxppdulvhg e| wkh yhfwru t +{, = Wkh

frpsrqhqw t� +{, fdswxuhv wkh suredelolw| d frqvxphu ri w|sh { uhfhlyhv exqgoh l= Wkh

vwudwhjlhv zloo dovr gh�qh wkh h{shfwhg sulfh yhfwru/ hs +{, > frqglwlrqdo rq vdoh1 Khqfh

d frqvxphu ri w|sh { zrxog h{shfw wr sd| hs� +{, frqglwlrqdo rq uhfhlylqj exqgoh l=

Wkh prqrsrolvw*v h{shfwhg sur�w zloo wkhuhiruh eh

H +sur�w, @

]
frqvxphu w|shv

t +{, � �hs +{,� f
�
i +{,g{

@

]
frqvxphu w|shv

�
w +{,� t +{, � f� i +{,g{ +6,

zkhuh zh kdyh vhw w +{, @ t +{, � hs +{, wr eh wkh h{shfwhg sulfh sdlg e| wkh w|sh {

frqvxphu1

Zh wkhuhiruh vhh/ frpsdulqj +5, dqg +6,/ wkdw orwwhulhv surylgh d xql�hg iudphzrun zlwklq

zklfk wr frqvlghu erwk kdjjolqj dqg edujdlqlqj dv zhoo dv orwwhu| r�huv1

Wkh prgho vhhnv wr dgguhvv xqghu zklfk ghpdqg frqglwlrqv/ li dq|/ wkh pxowlsurgxfw prqrs0

rolvw zrxog ehvw eh dgylvhg wr dwwhpsw vwrfkdvwlf vhoolqj vwudwhjlhv1 Rq wkh vxuidfh wklv zrxog
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eh dq lpsrvvleo| kdug sureohp= lw zrxog uhtxluh wkh prqrsrolvw wr ghwhuplqh zkdw khu prvw

sur�wdeoh vwrfkdvwlf vhoolqj vwudwhj| lv +d pxowlglphqvlrqdo vfuhhqlqj sureohp zklfk kdv qrw

|hw ehhq vroyhg, dqg frpsduh wkh sur�wv lw jhqhudwhv djdlqvw wkdw jhqhudwhg wkurxjk wkh prvw

sur�wdeoh ghwhuplqlvwlf sulfhv1 Li zh frxog gr wklv/ zh zrxog wkhq krsh wr vkrz wkdw vwrfkdvwlf

vwudwhjlhv fdq qhyhu lpsuryh wkh prqrsrolvw*v sur�wdelolw|1 Wkhuh lv/ krzhyhu/ d gl�huhqw zd|

wr wdfnoh wkh sureohp1 Zh �uvw qhhg rqh ixuwkhu fuxfldo dvvxpswlrq=

Dvvxpswlrq 41 Jlyhq dq| frpelqdwlrq ri exqgohv sulfhg dw wkhlu rswlpdo �{hg sulfh

ohyhov/ wkhuh lv d qrq0}hur suredelolw| ri d frqvxphu ehlqj lqgl�huhqw ehwzhhq wkhp dqg qrw

sxufkdvlqj dw doo1

Wklv dvvxpswlrq lv dq lpsruwdqw uhjxodulw| frqglwlrq rq wkh glvwulexwlrq ri frqvxphuv1 Lw lv

vdwlv�hg e| dq| glvwulexwlrq zlwk srvlwlyh vxssruw rq
Tg

�'� ^3> e�` iru vrph ie�j iru h{dpsoh1 Sxw
prvw eoxqwo|/ wklv uhvwulfwlrq lv htxlydohqw wr wkhuh ehlqj dw ohdvw rqh frqvxphu lq wkh srsxodwlrq

lqgl�huhqw ehwzhhq doo wkh prqrsrolvw*v gl�huhqw exqgohv dqg qrw sxufkdvlqj1

Jlyhq wklv dvvxpswlrq wkh nh| wr vroylqj iru wkh prqrsrolvw*v rswlpdo vwudwhj| lv wr vkrz wkdw

lq d fhuwdlq vhqvh wkh prqrsrolvw*v sur�w ixqfwlrq lv frqfdyh lq dq dssursuldwh vhoolqj vwudwhj|

vsdfh1 Vxssrvh wkh prqrsrolvw lv r�hulqj khuN exqgohv ri surgxfwv dw wkh rswlpdo ghwhuplqlvwlf

sulfhv1 Wkh vlpsohvw w|sh ri vwrfkdvwlf vhoolqj vwudwhj| rqh frxog lpdjh lv iru wkh prqrsrolvw

wr dxjphqw khu ghwhuplqlvwlf vwudwhj| zlwk rqh vrolwdu| orwwhu| zlwk �{hg suredelolwlhv1 Li wklv

orwwhu| lv sulfhg kljk hqrxjk/ wkdw lv dw lwv fkrnh sulfh/ wkhq d vpdoo vxevhw ri wkh srsxodwlrq zloo

mxvw eh lqgl�huhqw ehwzhhq wklv orwwhu| dqg vrph rwkhu ghwhuplqlvwlf rswlrq1 Wkh dvvxpswlrq

deryh doorzv xv wr slq grzq h{dfwo| zkdw wklv fkrnh sulfh lv iru dq| jlyhq orwwhu|1 D vpdoo

�uvw rughu fkdqjh lq dq| ri wkh sulfhv zloo wkhq uhvxow lq d vpdoo �uvw rughu pryhphqw ri vrph

frqvxphuv wr wkh orwwhu|1 Wkh frqfdylw| w|sh uhvxow krogv dv zh vkrz wkdw li wkh joredoo| rswlpdo

vhoolqj vwudwhj| lv vwrfkdvwlf wkhq wkhuh pxvw h{lvw d vlqjoh orwwhu| zklfk fdq eh sur�wdeo|

dgghg lq wkh deryh zd| wr wkh ghwhuplqlvwlf sulfhv1 Wklv nh| uhvxow uhgxfhv wkh prqrsrolvw*v

sureohp ri joredoo| rswlpdo vhoolqj vwudwhjlhv wr d frqvlghudwlrq ri vpdoo ghyldwlrqv iurp rswlpdo

ghwhuplqlvwlf sulfhv wkurxjk wkhvh vlpsoh vlqjoh orwwhulhv1 Vhfwlrq 6 frqvwuxfwv wklv dujxphqw lq

ghwdlo dqg suryhv wkh uhvxow uljrurxvo| wkurxjk Wkhruhp 51

Kdylqj uhgxfhg wkh prqrsrolvw*v sureohp wr d frqvlghudwlrq ri ghyldwlrqv iurp rswlpdo

ghwhuplqlvwlf sulfhv/ Vhfwlrq 7 wkhq frqvlghuv zkhwkhu dq| vxfk vlpsoh orwwhu| dgglwlrq wr gh0

whuplqlvwlf sulfhv fdq hyhu dfwxdoo| eh sur�w hqkdqflqj1 Wr vroyh wklv txhvwlrq zh pxvw dqdo|vh

wkh  rz ri frqvxphuv wrzdugv wkh orwwhu| rswlrq zkhq sulfhv duh fkdqjhg pdujlqdoo|1 Dv frq0

vxphuv kdyh N glphqvlrqdo w|shv wkh sduwlwlrq ri frqvxphu w|sh vsdfh ehwzhhq wkrvh fkrrvlqj
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rqh jrrg dqg wkh qh{w fdq txlfno| ehfrph yhu| lqyroyhg1 Krzhyhu/ e| d fduhixo xvh ri glphq0

vlrqdolw| dujxphqwv zh duh deoh wr vkrz wkdw rqo| fhuwdlq irupv ri vlpsoh orwwhu| kdyh d krsh

ri ehlqj sur�w hqkdqflqj1 Vrph lqyhvwljdwlrq wkhq vkrzv wkdw wkh orfdo frqglwlrqv iru dq| ri

wkhvh orwwhulhv wr eh sur�w hqkdqflqj duh lghqwlfdo wr wkh �uvw rughu frqglwlrqv iru wkh rswlpdolw|

ri ghwhuplqlvwlf sulfhv1 Dv e| gh�qlwlrq zh ehjdq iurp d ehqfkpdun ri rswlpdo ghwhuplqlvwlf

sulfhv/ wkhvh h{suhvvlrqv ydqlvk1 Wkhuhiruh/ Vhfwlrq 7 vkrzv wkdw qr vlpsoh orwwhu| sulfhg dw

lwv fkrnh sulfh fdq hqkdqfh sur�wv wkurxjk d pdujlqdo sulfh fkdqjh1 Wklv uhvxow lv fdswxuhg lq

Wkhruhp 61

Vhfwlrqv 6 dqg 7 wkhuhiruh frpelqh wr suryh wkh iroorzlqj wkhruhp=

Wkhruhp 4 Vxssrvh d pxowlsurgxfw prqrsrolvw lv vhoolqj khu N jrrgv wr ulvn0qhxwudo frqvxphuv

zlwk xqlw ghpdqgv dqg ydoxdwlrqv { vxssruwhg rq  � Ugn = Vxssrvh dovr wkdw 3 5 >  lv

rshq/ erxqghg dqg frqyh{1 Wkh ghqvlw| ri wkh frqvxphuv lq wkh vhw  lv jlyhq e| wkh ixqfwlrq

i +�, =  $ +3>4, = Wkh ixqfwlrq i kdv wkh vwdqgdug fkdudfwhulvwlfv ri d suredelolvwlf ghqvlw|

ixqfwlrq dqg ixuwkhupruh lv erxqghg dqg gl�huhqwldeoh zlwk erxqghg ghulydwlyhv1 Li Dvvxpswlrq

4 krogv wkhq wkh prqrsrolvw fdq gr qr ehwwhu wkdq wkh rswlpdo ghwhuplqlvwlf sulfhv1

Surri1 Fohdu iurp wkhruhpv 5 dqg 61

Zh vwuhvv wkdw Wkhruhp 4 lv qrw d orfdo uhvxow1 Qr vwrfkdvwlf wdul� vwuxfwxuh vdwlvi|lqj wkh

uhtxluhphqwv ri wkh wkhruhp fdq eh vwulfwo| pruh sur�wdeoh wkdq wkh ehvw ghwhuplqlvwlf frqwudfw

iru dq| srsxodwlrq zklfk vdwlv�hv wkh frqglwlrqv ri wkh wkhruhp1

6 Orfdo Frqglwlrqv Ghwhuplqlqj wkh Joredoo| Rswlpdo Vhoolqj
Vwudwhj|

Wklv vhfwlrq doorzv xv wr hvwdeolvk wkh �uvw plohvwrqh lq surylqj Wkhruhp 41 Wkh nh| lv wr vkrz

wkdw wkh prqrsrolvw*v sur�w lv lq vrph vhqvh frqfdyh lq dq dssursuldwh vhoolqj vwudwhj| vsdfh1 Lq

sduwlfxodu/ zh zloo vkrz wkdw li d prqrsrolvw*v joredoo| rswlpdo vhoolqj vwudwhj| lv wr xvh orwwhulhv

wkhq wkh prqrsrolvw zloo eh deoh wr ghyldwh pdujlqdoo| dzd| iurp rswlpdo ghwhuplqlvwlf sulfhv

e| lqwurgxflqj rqh vlqjoh orwwhu| zklfk fdq eh sur�wdeo| dgghg wr wkh ghwhuplqlvwlf sulfhv1

Krzhyhu/ wr ehjlq wr irupdolvh wklv dujxphqw zh pxvw eh d juhdw ghdo fohduhu derxw zkdw d

cpdujlqdo ghyldwlrq* pljkw phdq iru wkh prqrsrolvw1

Ohw xv uhwxuq wr wkh ehqfkpdun ri wkh prqrsrolvw r�hulqj rswlpdo ghwhuplqlvwlf sulfhv/

s 5 Ugn = Hdfk frqvxphu lv wkhuhiruh idfhg zlwk d phqx ri N �{hg sulfhv dqg lq uhwxuq iru
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wkh exqgoh l ri jrrgv pxvw sd| s�= Lq d wkhruhwlfdo vhqvh wklv prqrsrolvw lv lghqwlfdo wr rqh

zkr lv r�hulqj d phqx ri ghwhuplqlvwlf sulfhv s> exw lv dovr r�hulqj hyhu| frqfhlydeoh orwwhu|

t 5 T � ^3> 4`g dw d sulfh ri s � t= Wkh uhjlrq T lv wkh vsdfh ri doo orwwhulhv vdwlvi|lqj frqglwlrqv

+4,1 Wklv lv wuxh dv s � t @
S

� s�t� lv wkh fkrnh sulfh iru wkh orwwhu| t = lw lv wkh orzhvw sulfh

dw zklfk qr frqvxphu vwulfwo| suhihuv wkh orwwhu| t wr wkh rwkhu dydlodeoh rswlrqv1 Dq| vpdoo

sulfh uhgxfwlrq iru wkh orwwhu| iurp s � t zloo uhvxow lq d  rz ri frqvxphuv wrzdugv wkh orwwhu|1

Olnhzlvh dq| vpdoo sulfh lqfuhdvh lq wkh �{hg sulfhv s zloo kdyh wkh vdph h�hfw1 Lw lv wklv wkdw

zloo frqvwlwxwh d pdujlqdo ghyldwlrq dzd| iurp wkh ghwhuplqlvwlf vhoolqj vwudwhj|1 Wklv lqvljkw lv

fuxfldo wr wkh zrun zklfk lv wr frph dqg lv fdswxuhg lq ohppd 4 ehorz1

Ohppd 4 Vxssrvh d prqrsrolvw lv r�hulqj wkh N exqgohv vkh kdv iru vdoh dffruglqj wr d sulfh

yhfwru s 5 Ugn = Wkh prqrsrolvw frqvlghuv dovr r�hulqj wkh orwwhu| t zlwk �{hg suredelolwlhv iru

vdoh1 Qr jurxs ri frqvxphuv ri srvlwlyh phdvxuh zrxog fkrrvh wkh orwwhu| li lw lv sulfhg dw s � t>
wkrxjk vrph frqvxphuv duh lqgl�huhqw ehwzhhq wkh orwwhu| dqg vrph rwkhu ghwhuplqlvwlf rswlrq1

Surri1 Wkh frqvxphuv hdfk sxufkdvh wkh rswlrq zklfk pd{lplvhv wkhlu xwlolw|1 D ulvn

qhxwudo frqvxphu ri w|sh { 5  � Ugn zloo ghulyh d xwlolw| ri
Sg

�'� t� +{� � s�, iurp wkh orwwhu|

t sulfhg dw s � t= Li d frqvxphu ri wklv w|sh lv wr fkrrvh wkh orwwhu| wkhq vkh pxvw ghulyh zhdno|

pruh xwlolw| iurp lw wkdq iurp wkh rwkhu dydlodeoh rswlrqv dqg iurp wkh rxwvlgh rswlrq1 Vxssrvh

d frqvxphu ri w|sh { vdwlv�hv

{� � s� � {2 � s2 � � � � � {g � sg +7,

Li wklv frqvxphu fkrrvhv wkh orwwhu| rswlrq vkh pxvw ghulyh qrq0qhjdwlyh h{shfwhg xwlolw|

iurp lw vr wkdw vkh suhihuv lw wr wkh rxwvlgh rswlrq1 Wkh lqglylgxdo udwlrqdolw| frqvwudlqw lv[
�

t� +{� � s�, � 3 +8,

Wkh frqvxphu pxvw wkhuhiruh eh zloolqj wr sd| iru dw ohdvw vrph ri wkh exqgohv/ l1h1 {��s� � 31

Rwkhuzlvh/ xvlqj +7, dqg wkh idfw wkdw t� 5 ^3> 4` zlwk qrw doo wkh t� htxdoolqj 3> wkh frqvwudlqw

+8, zrxog eh ylrodwhg1

Lq dgglwlrq/ dv wkh frqvxphu zlwk w|sh { fkrrvhv wkh orwwhu| rswlrq vkh pxvw suhihu lw wr

wkh rwkhu rswlrqv +dw ohdvw zhdno|,1 Wkh frqvxphu pxvw wkhuhiruh vdwlvi| wkh iroorzlqj lqfhqwlyh

frpsdwlelolw| frqglwlrqv= [
�

t� +{� � s�, � {� � s� ;m +9,
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Jlyhq +7, lw lv vx!flhqw wr kdyh [
�

t� +{� � s�, � {� � s� � 3

Krzhyhu/ wkh ohiw kdqg vlgh ri wkh deryh htxdwlrq uhsuhvhqwv d zhljkwhg dyhudjh ri wkh vhw

i{� � s�j zlwk wkh zhljkwv +t�, o|lqj lq wkh vhw ^3> 4` dqg vxpplqj wr ohvv wkdq ru htxdo wr 41

Wklv lqhtxdolw| zloo wkhuhiruh eh ylrodwhg xqohvv+
{� � s� @ {� � s� � 3 iru doo m vxfk wkdw t� 9@ 3 Li

S
� t� @ 4

{� � s� @ {� � s� @ 3 iru doo m vxfk wkdw t� 9@ 3 Li
S

� t� ? 4

Frqvxphuv zkr vdwlvi| wkhvh frqglwlrqv zloo eh lqgl�huhqw ehwzhhq wkh orwwhu| dqg rqh ri

wkh �{hg sulfh rswlrqv1 Zh dovr qrwh wkdw qhlwkhu ri wkhvh wzr frqglwlrqv kdyh dq| yroxph lq

N vsdfh1 Jlyhq dq| orwwhu| t> lq wkh �uvw fdvh zh zloo kdyh wkh lqwhuvhfwlrq ri d qxpehu ri

k|shusodqhv zklfk zloo kdyh glphqvlrq vwulfwo| ohvv wkdq N dqg vr lv ri phdvxuh 31 Lq wkh vhfrqg

fdvh zh kdyh d vlqjoh srlqw lq N zklfk kdv 3 glphqvlrq dqg lv dovr ri phdvxuh 31

Dvvxpswlrq 4 jxdudqwhhv wkdw wkhuh zloo eh vrph frqvxphuv vdwlvi|lqj wkhvh frqglwlrqv1 Lq

sduwlfxodu wkh frqvxphu lqgl�huhqw ehwzhhq doo wkh exqgohv dqg qrw sxufkdvlqj dw doo dw rswlpdo

�{hg sulfhv zloo dovr eh lqgl�huhqw wr dq| orwwhu| t sulfhg dw lwv fkrnh sulfh ri s � t1
Wklv uhvxow klqjhv rq wkh idfw wkdw wkh frqvxphuv duh ulvn qhxwudo1 Wkh wulfn ri orrnlqj dw

ghyldwlrqv ri wkh sulfh ri orwwhu| t iurp s � t kdv sdudoohov zlwk wkh zrun ri PfDihh hw do1 ^:`1

Wkhlu sdshu frqvlghuv wkh exqgolqj ghflvlrq ri d wzr jrrg prqrsrolvw idflqj frqvxphuv zlwk

lqghshqghqw ghpdqg1 Lq sduwlfxodu wkh| frqvlghu wkh prqrsrolvw vhoolqj jrrg [ dw sf dqg jrrg

\ dw st zlwk dq| frqvxphu sxufkdvlqj erwk jrrgv sd|lqj sf . st = Lq wkhlu sdshu PfDihh hw

do1 ^:` vhhn wr ghwhuplqh li wkh exqgohg jrrg vkrxog eh r�huhg dw d gl�huhqw sulfh/ sK= Wkh|

qrwh wkdw wkh vlwxdwlrq lv lghqwlfdo wr rqh lq zklfk wkh prqrsrolvw lv r�hulqj d exqgohg jrrg

+[ dqg \ , dw d sulfh sK @ sf . st dqg vr jr rq wr frqvlghu orfdo fkdqjhv lq sK iurp wklv ohyho1

Vlploduo| zh vhw wkh orwwhu| sulfh dw s � t dqg zloo h{dplqh wkh h�hfw ri erwk orfdo dqg qrq0orfdo

fkdqjhv lq wklv sulfh1

Zh duh qrz lq d srvlwlrq wr jlyh wkh pdlq uhvxow ri wklv vhfwlrq1

Wkhruhp 5 Jlyhq wkh frqvxphu w|sh vsdfh ghvfulehg/ d vwrfkdvwlf vhoolqj vwudwhj| lv joredoo|

rswlpdo iru wkh prqrsrolvw li dqg rqo| li wkhuh h{lvwv vrph vlqjoh orwwhu| t zlwk �{hg suredelolwlhv

zklfk fdq eh sur�wdeo| dgghg wr wkh wdul� frqvlvwlqj ri wkh N rswlpdo ghwhuplqlvwlf sulfhv/

s 5 Ugn > zlwk wkh sulfh ri wkh orwwhu| rswlrq t ehlqj pryhg pdujlqdoo| dzd| iurp s � t=
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Wklv wkhruhp wkhuhiruh lv lpsruwdqw iru d �up dv lw surylghv lqirupdwlrq derxw lwv joredoo|

rswlpdo sulflqj srolf| gudzq iurp wkh uhvxow ri vpdoo orfdo h{shulphqwv1 Wkh wkhruhp suryhv

wkdw li vrph jhqhudo vwrfkdvwlf vhoolqj vwudwhj| lv rswlpdo iru wkh prqrsrolvw/ wkhq wkhuh zloo

dozd|v h{lvw d vlqjoh orwwhu| vwudwhj| zklfk lv pruh sur�wdeoh wkdq rswlpdo ghwhuplqlvwlf sulfhv1

Wkdw lv/ wkhuh zloo dozd|v h{lvw vrph vlqjoh orwwhu| t zklfk vkh fdq sur�wdeo| dgg wr wkh rswlpdo

ghwhuplqlvwlf vhoolqj vwudwhj| dw d sulfh forvh wr lwv fkrnh sulfh ri s �t1 Wklv uhvxow lv wkhuhiruh dq
h{lvwhqfh uhvxow1 Wkh wkhruhp qrwhv wkdw wkh sulfh ri wkh orwwhu| rswlrq lv wr eh pryhg orfdoo|

iurp s � t zlwk ohppd 4 vkrzlqj xv wkdw qr frqvxphuv zloo wdnh wkh orwwhu| dw d sulfh ri s � t=
Wkhuhiruh/ d prqrsrolvw fxuuhqwo| fkdujlqj rswlpdo ghwhuplqlvwlf sulfhv s fdq h{shulphqw e|

r�hulqj wkh orwwhu| t dw d sulfh ri s � t� %= Dq| fkdqjh lq sur�w iurp r�hulqj wkh orwwhu| zloo dw

prvw eh ri rughu % dqg khqfh yhu| vpdoo1 Li sur�w lv qhyhu lqfuhdvhg e| wkhvh h{shulphqwv/ wkhq

Wkhruhp 5 jxdudqwhhv wkdw wkhuh grhv qrw h{lvw d qrq0orfdo fkdqjh lq wdul�v zklfk zloo lpsuryh

sur�wv1 Lq rwkhu zrugv/ wkh prqrsrolvw*v joredoo| rswlpdo vhoolqj vwudwhj| lv wkh ghwhuplqlvwlf

rqh1

614 Surri ri Wkhruhp 5

Wkh cli* gluhfwlrq ri Wkhruhp 5 lv wulyldo1 Li dxjphqwlqj wkh phqx ri �{hg sulfhv zlwk vrph

vlqjoh orwwhu| zlwk �{hg suredelolwlhv ehdwv wkh ehvw ghwhuplqlvwlf vhoolqj vwudwhj| wkhq fohduo|

wkh �up*v rswlpdo srolf| lv vrph irup ri vwrfkdvwlf vhoolqj vwudwhj|1

Zh wkhuhiruh wxuq wr wkh crqo| li* gluhfwlrq1 Zh vxssrvh wkdw d vwrfkdvwlf vhoolqj vwudwhj|

lv vwulfwo| pruh sur�wdeoh iru wkh prqrsrolvw wkdq wkh ehvw ghwhuplqlvwlf vhoolqj vwudwhj|1 Zh

ehjlq e| lqwurgxflqj d olwwoh qrwdwlrq=

Rswlpdo Ghwhuplqlvwlf Sulfhv

Wkh prvw sur�wdeoh phqx ri wdnh0lw0ru0ohdyh0lw sulfhv lv ghqrwhg e| wkh yhfwru ri sulfhv

s 5 Ugn > rqh sulfh iru hdfk ri wkh N exqgohv1 Jlyhq wkhvh sulfhv zh fdq suhglfw krz d w|sh

{ frqvxphu zloo ehkdyh1 D frqvxphu ri w|sh { zloo fkrrvh wkh rswlrq zklfk pd{lplvhv wkhlu

xwlolw|1 Wklv gh�qhv wkh xwlolw| doorfdwlrq ixqfwlrq Y +{, =  � Ugn $ Un fruuhvsrqglqj

wr wkh rswlpdo ghwhuplqlvwlf wdul�1

Y +{, @
Wkh xwlolw| d w|sh { frqvxphu uhfhlyhv iurp

wkh phqx ri ghwhplqlvwlf sulfhv s=

Joredoo| Rswlpdo Vwrfkdvwlf Vwudwhj|
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Wkh prqrsrolvw*v prvw sur�wdeoh vwudwhj| lv dvvxphg wr eh wr r�hu wkh frqvxphuv vrph

vfkhgxoh ri orwwhulhv/ t o|lqj lq wkh vhw T � ^3> 4`g > ryhu wkh N exqgohv zlwk dq dvvrfldwhg

sulfh iru dq| orwwhu| fkrvhq1 Wkh frqvxphu frxog wkhuhiruh slfn d orwwhu| t 5 T> zrxog

sd| vrph wudqvihu w
�
t
�
dqg zrxog wkhq uhfhlyh exqgoh l zlwk suredelolw| t�= Jlyhq wkhvh

rswlrqv zh fdq djdlq suhglfw krz d frqvxphu ri w|sh { zloo ehkdyh1 Wklv zloo gh�qh d

xwlolw| doorfdwlrq ixqfwlrq/ X +{, =  � Ugn $ Un= Lq rwkhu zrugv

X +{, @

Wkh xwlolw| d w|sh { frqvxphu uhfhlyhv iurp

wkh prqrsrolvw*v joredoo| rswlpdo vwrfkdvwlf

vwudwhj|1

Wkhvh xwlolw| doorfdwlrq ixqfwlrqv vxfk dv X +{, dqg Y +{, duh vx!flhqw wr ghwhuplqh zkdw

orwwhulhv d frqvxphu ri w|sh { uhfhlyhv1 Wr vhh wklv zh qrwh wkdw wkh xwlolw| doorfdwlrq ixqfwlrq

X +{, iru d frqvxphu ri w|sh { lv gh�qhg e|

X +{, @ pd{
^M'

�
t � {� w

�
t
��

+:,

D frqvxphu ri w|sh { zloo rsw iru wkh orwwhu| t zklfk pd{lplvhv wkh uljkw kdqg vlgh ri wkh deryh

h{suhvvlrq1 Wklv zloo wkhuhiruh gh�qh dq doorfdwlrq ixqfwlrq t +{, =  � Ugn $ T= Dq dssolfdwlrq

ri wkh hqyhorsh wkhruhp vkrzv wkdw zkhuh gh�qhg

uX +{, @ t +{, +;,

Lq zkdw iroorzv lw lv lpsruwdqw iru xv wr nqrz zklfk xwlolw| doorfdwlrq ixqfwlrqv duh doorzdeoh

rqhv1 Lq rwkhu zrugv/ zklfk xwlolw| doorfdwlrq ixqfwlrqv fdq eh lpsohphqwhg zlwk d vfkhgxoh ri

orwwhulhv t 5 T zlwk vrph dvvrfldwhg sulfhv1 Urfkhw ^46` dqvzhuhg wklv txhvwlrq dqg zh uhshdw

klv lpsruwdqw uhvxow lq wkh ohppd ehorz=

Ohppd 5 +Urfkhw ^46`, Ohw X +{, =  � Ugn $ Un eh d xwlolw| doorfdwlrq ixqfwlrq dqg

t +{, =  � Ugn $ T d orwwhu| doorfdwlrq ixqfwlrq1 Wkhuh h{lvwv d wdul� vwuxfwxuh w
�
t
�
= T$ Un

vxfk wkdw X +{, vdwlv�hv +:, iru d1h1 { +wkh pd{lpxp ehlqj rewdlqhg e| t +{,, li dqg rqo| li

41 t +{, @ uX +{, iru d1h1 { 5 >

51 X +�, lv frqyh{ frqwlqxrxv rq =
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Zh qrz vhh wkdw dq lpsohphqwdeoh xwlolw| doorfdwlrq ixqfwlrq/ vxfk dv X +{, dqg Y +{, > lv

vx!flhqw iru xv wr ghwhuplqh wkh hqwluh prqrsrolvw*v sulflqj vwudwhj|1 Lq sduwlfxodu/ vxssrvh

wkdw wkh xwlolw| doorfdwlrq ixqfwlrq X +{, dssolhv1 E| d gluhfw uhvxow ri wkh hqyhorsh wkhruhp +ru

e| uhihuhqfh wr ohppd 5, zh kdyh wkh doorfdwlrq yhfwru t +{, @ uX +{,1 Wklv ixqfwlrq whoov xv

zklfk orwwhu| d w|sh { frqvxphu uhfhlyhv1 Lq frpelqdwlrq zlwk +:, zh fdq wkhuhiruh �qg wkh

wudqvihu doorfdwlrq ixqfwlrq/ w +{, = $ Un

w +{, @ { � uX +{,� X +{, +<,

Wklv ixqfwlrq ghwhuplqhv wkh wudqvihu pdgh e| d frqvxphu ri w|sh { wr wkh prqrsrolvw1 Zh

wkhuhiruh nqrz krz pxfk hdfk frqvxphu sd|v +w +{,, dqg zkdw orwwhu| vkh ghflghv wr sxufkdvh�
t +{,

�
= Zh wkhuhiruh kdyh wkh ixoo wdul� vwuxfwxuh

�
w
�
t
�
= T$ Un

�
dv d ixqfwlrq ri wkh orwwhu|

fkrvhq
�
t
�
1

Zh qrz frqvlghu wkh frqyh{ frpelqdwlrq ehwzhhq wkh xwlolw| doorfdwlrq ixqfwlrq zlwk wkh

rswlpdo vwrfkdvwlf vwudwhj| +X +{,, dqg wkh xwlolw| doorfdwlrq ixqfwlrq zlwk wkh rswlpdo ghwhu0

plqlvwlf vwudwhj|/ +Y +{,,1 Zh odeho wkh frqyh{ frpelqdwlrq Xb +{, =  � Ugn $ Un zlwk wkh

lqgh{ � uxqqlqj iurp 3 wr 41

Xb +{, =@ �X +{, . +4� �,Y +{, � 5 ^3> 4`

Dv � ydulhv iurp 3 wr 4/ Xb +{, ghirupv wkh xwlolw| doorfdwlrq ixqfwlrq frqwlqxrxvo| iurp Y +{,

lqwr X +{, =5

Wkh ixqfwlrq Xb +{, vdwlv�hv wkh frqglwlrqv uhtxluhg ri lw lq ohppd 5 dqg lv wkhuhiruh lpsoh0

phqwdeoh1 Lq sduwlfxodu=

� Dv X +�, dqg Y +�, duh gl�huhqwldeoh wkhq vr lv Xb +�, =

� Wkh d!qh vxp ri frqyh{ ixqfwlrqv lv frqyh{ dqg vr Xb +�, lv frqyh{1

� Lqglylgxdo udwlrqdolw| frqvwudlqwv uhtxluh hdfk frqvxphu wr uhfhlyh dw ohdvw d xwlolw| ri 31

Wkhuhiruh X +{, dqg Y +{, duh juhdwhu wkdq ru htxdo wr 3 iru doo w|shv { 5 = Zh zloo

wkhuhiruh kdyh Xb +{, � 3 iru doo { 5 > dqg vr Xb +{, vdwlv�hv lqglylgxdo udwlrqdolw|16

5Qrwh wkdw Lf E%� ' T E%� dqg L� E%� ' L E%� �
6Zh qrwh wkdw wkh frqvxphuv dw wkh ruljlq dozd|v wdnh wkh rxwvlgh rswlrq1 Wklv lv ehfdxvh zh kdyh T Ef� '

L Ef� ' f1 Wkhuhiruh Lb Ef� ' f �b M dfc �o �
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� Wkh suredelolw| doorfdwlrqvuXb +{, +ru orwwhulhv, lpsolhg e| wkh xwlolw| doorfdwlrq Xb +{, lq
frpelqdwlrq zlwk ohppd 5 duh zhoo gh�qhg1 Lq sduwlfxodu zh uhtxluh wkdw wkh frruglqdwhv

ri uXb +{, olh lq ^3> 4` dqg vxp wr ohvv wkdq ru htxdo wr 4= Lq vkruw zh uhtxluh uXb +{,
wr olh lq wkh N glphqvlrqdo vlpsoh{ zklfk zh odehoohg T=7 Exw T lv frqyh{ dqg uX +{, >

uY +{, olh lq T jlylqj wkh uhvxow1

Jlyhq wkh xwlolw| doorfdwlrq yhfwru Xb +{, =  � Ugn $ Un o|lqj ehwzhhq X +{, dqg Y +{, >

h{suhvvlrqv +;, dqg +<, jlyh wkh wudqvihuv dqg wkh doorfdwlrq hqmr|hg e| wkh prqrsrolvw1 Wklv

doorzv xv wr frqvwuxfw wkh �up*v sur�w ixqfwlrq dv d ixqfwlrq ri wkh xwlolw| doorfdwlrq=

�+Xb +�,, @
]
l
iuXb +{, � +{� f,� Xb +{,j i +{,g{ +43,

Zh kdyh dvvxphg wkdw wkh prqrsrolvw*v prvw sur�wdeoh sulflqj srolf| lv vwrfkdvwlf dqg vr

zh pxvw kdyh �+X +�,, � �+Y +�,, = Frpsdulqj wkh sur�w jhqhudwhg e| wkh xwlolw| doorfdwlrq

Xb +{, wr wkdw ri wkh rswlpdo ghwhuplqlvwlf wdul� dqg lwv dvvrfldwhg xwlolw| doorfdwlrq ixqfwlrq

Y +{, zh kdyh=

�+Xb +�,,��+Y +�,, @ � ^� +X +�,,��+Y +�,,` +44,

A 3 iru doo � 5 +3> 4`

Wkhuhiruh dq| vpdoo ghirupdwlrq Xb +{, zloo hqkdqfh wkh prqrsrolvw*v sur�wv1 Lw lv wklv revhu0

ydwlrq zklfk zloo doorz xv wr pryh iurp wkh joredo h{lvwhqfh ri X +�, wr wkh orfdo uhvxow fdswxuhg
lq Wkhruhp 51 Wklv uhvxow dovr vkrzv xv wkdw sur�w lv d frqfdyh ixqfwlrq ri wkh xwlolw| doorfdwlrq

ixqfwlrq18

Zh kdyh wkhuhiruh frqvwuxfwhg dq lpsohphqwdeoh xwlolw| doorfdwlrq ixqfwlrq/ Xb +{, > zklfk

surylghv wkh prqrsrolvw zlwk pruh sur�w wkdq wkh ehvw phqx ri ghwhuplqlvwlf sulfhv fdswxuhg

e| wkh xwlolw| doorfdwlrq ixqfwlrq Y +{, @ Xf +{, = Lq dgglwlrq zh vhh wkdw Xb +{, fdq eh pdgh

7Wkh g glphqvlrqdo vlpsoh{ lv wkh vxevhw ri srlqwv lq Ugn zklfk kdyh frruglqdwhv zklfk vxp wr ohvv wkdq ru

htxdo 41
8Wkh prqrsrolvw*v sur�w ixqfwlrq/ �EL Eu�� c dv d ixqfwlrq ri wkh xwlolw| doorfdwlrq L Eu� lv frqfdyh lq L Eu� � Wr

vhh wklv uhfdoo wkdw wkh gh�qlwlrq ri d jhqhudo frqfdyh ixqfwlrq } E%� lv wkdw

} Eb%n E�3 b� +� D b} E%� n E�3 b� } E+�

C } Eb%n E�3 b� +�3 } E+� D b d} E%�3 } E+�o

Zh kdyh vkrzq h{dfwo| wklv frqglwlrq lq +44,1
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duelwudulo| cforvh* wr Y +{, lq d yhu| frqfuhwh vhqvh e| orzhulqj wkh lqgh{ � wrzdugv }hur1 Zh

dvfhuwdlqhg lq +;, dqg +<, wkdw wkh xwlolw| doorfdwlrq ixqfwlrq/ Xb +{, > lv vx!flhqw wr ghwhuplqh

zkdw orwwhu| d w|sh { frqvxphu uhfhlyhv dqg krz pxvk vkh sd|v iru lw1 Khqfh/ dvvrfldwhg zlwk

wkh xwlolw| doorfdwlrq ixqfwlrq zh kdyh d zkroh wdul� vfkhgxoh=

wb =
k
Wkh vsdfh ri doo orwwhulhv

l
$
k
d sulfh

l
wb = T � ^3> 4`g $ Un

Qrwh wkdw wkh cvsdfh ri doo orwwhulhv* lv qrw frpsrvhg ri d glvfuhwh vhw ri lqglylgxdo orwwhulhv exw

lv udwkhu d uhjlrq1 Khqfh wb
�
t
�
lv wkh sulfh ri orwwhu| t sxufkdvhg zkhq xwlolwlhv duh doorfdwhg

wr frqvxphuv dffruglqj wr Xb +�, =9
Fohduo| wkh wdul� vfkhgxoh wb = T $ Un doorzv xv wr ghwhuplqh hdfk xwlolw| pd{lplvlqj

frqvxphu*v ehkdylrxu/ frqglwlrqdo rq wkhlu w|sh1 Zh fdq wkhuhiruh fdofxodwh wkh prqrsrolvw*v

h{shfwhg sur�w dqg vr h{suhvvlrq +44, fdq eh uhshdwhg dv

�+wb +�,,��+wf +�,, @ � ^� +w� +�,,��+wf +�,,` +45,

A 3 iru doo � 5 +3> 4`

Wkh wdul� wf +�, lv wkdw jhqhudwhg e| wkh vxusoxv doorfdwlrq Y +{, zklfk fruuhvsrqgv wr wkh

prqrsrolvw r�hulqj rswlpdo ghwhuplqlvwlf sulfhv1 Zh uhfdoo iurp ohppd 4 wkdw vxfk d prqrsrolvw

zdv lghqwlfdo wr d prqrsrolvw zkr/ dv zhoo dv r�hulqj exqgoh l iru d �{hg sulfh s�> dovr r�huhg

wkh frqvxphuv wkh fkrlfh ri hyhu| vlqjoh srvvleoh orwwhu| iru vdoh1 Hdfk orwwhu|/ t vd|/ lv krzhyhu

sulfhg dw lwv fkrnh sulfh ri s � t= Wkh prqrsrolvw*v wdul� vfkhgxoh li vkh lv iroorzlqj wkh rswlpdo

ghwhuplqlvwlf sulflqj srolf| fdq wkhuhiruh eh lqwhusuhwhg h{solflwo| dv=:

wf
�
t
�
@

+
s� li t @ h� wkh vwdqgdug xqlw edvlv yhfwru

s � t rwkhuzlvh
+46,

Zh duh qrz lq d srvlwlrq wr wdnh vwrfn ri rxu surjuhvv1 Wr judsklfdoo| looxvwudwh rxu uhvxowv

vr idu zh uhvwulfw rxuvhoyhv wr wkh fdvh ri wkh vlqjoh surgxfw prqrsrolvw1 Wkh prqrsrolvw*v ehvw

9Khqfh |� Eu� lv wkh wdul� vfkhgxoh htxlydohqw wr wkh vxusoxv doorfdwlrq L E%� � Vlploduo|/ |f Eu� lv wkh ghwhuplqlvwlf

wdul� jhqhudwhg e| wkh vxusoxv doorfdwlrq T E%� �
:Qrwh wkdw wkh ghwhuplqlvwlf orwwhulhv duh jlyhq e| wkh vwdqgdug edvlv yhfwruv

e� ' Efc � � � c fc �c fc � � � c f�

dqg vr fdswxuh wkdw d sduwlfxodu exqgoh zloo eh jlyhq wr wkh sd|lqj frqvxphu zlwk d suredelolw| ri 41
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Iljxuh 4= D judsk vkrzlqj wkh srvvleoh wdul� vfkhgxohv ri wkh vlqjoh jrrg prqrsrolvw1 Wkh duurzv

vkrz wkh ghirupdwlrq ri wkh rswlpdo ghwhuplqlvwlf wdul� lqwr wkh joredoo| rswlpdo vwrfkdvwlf wdul�1

ghwhuplqlvwlf sulfh/ s vd|/ fuhdwhv wkh xwlolw| doorfdwlrq ixqfwlrq Y +{, = Ohppd 4 vkrzhg xv wkdw

wklv prqrsrolvw lv lghqwlfdo wr rqh zkr lv r�hulqj dq| orwwhu| +suredelolw| ri gholyhu|, t 5 ^3> 4`

dw lwv fkrnh sulfh ri st= Zh fdq wkhuhiruh sorw wkh orwwhu| suredelolw|/ t> djdlqvw lwv sulfh dqg

kdyh d vwudljkw olqh +vhh Iljxuh 4,1 Krzhyhu/ zh dvvxphg wkdw wkh prqrsrolvw fdq pd{lplvh

khu sur�wv e| iroorzlqj vrph vwrfkdvwlf vwudwhj| fruuhvsrqglqj wr wkh xwlolw| doorfdwlrq ixqfwlrq

X +{, = H{suhvvlrqv +;, dqg +<, vkrzhg xv krz pxfk d frqvxphu sd|v dqg zkdw orwwhu| vkh

uhfhlyhv1 Zh fdq wkhuhiruh sorw wkh wdul� vwuxfwxuh fruuhvsrqglqj wr wkh joredoo| rswlpdo sulflqj

vwudwhj|1 Wklv lv dovr grqh lq Iljxuh 41

Qrz qrwh wkdw Xb +{, fuhdwhv pruh sur�w iru wkh prqrsrolvw wkdq wkh ehvw ghwhuplqlvwlf

sulfhv +vhh +44,, dqg zh fdq ghwhuplqh wkh wdul� vwuxfwxuh dvvrfldwhg zlwk Xb +{, = Wklv lv dovr

gudzq lq Iljxuh 41 Exw iru vpdoo �*v wklv wdul� vwuxfwxuh zloo qrw eh pxfk gl�huhqw iurp wkh

vwudljkw olqh st= Wkdw lv d vpdoo fkdqjh lq wkh sulfh ri wkh orwwhulhv rq r�hu +wkhuh lv d zkroh

uhjlrq ri wkhp/ qrw mxvw d �qlwh qxpehu, iurp st fdq eh sur�w lqfuhdvlqj1 Wkhruhp 5 dvvhuwv

wkdw zh fdq vwduw wkh surfhvv e| slfnlqj rqh orwwhu|/ vrph �{hg t> zkrvh sulfh zh fdq fkdqjh

iurp st dqg zklfk zloo eh sur�w lqfuhdvlqj iru wkh prqrsrolvw1 Lw lv wklv zh qrz qhhg wr vkrz1
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Zh wkhuhiruh qrz vxssrvh wkdw lqvwhdg ri r�hulqj frqvxphuv orwwhulhv lq wkh hqwluh uhjlrq T>

dv glfwdwhg e| wkh wdul� vfkhgxoh wb +�, > wkh prqrsrolvw rqo| r�huv d phqx ri Q glvwlqfw orwwhulhv=�
t�> t2> = = = > t�

�
= Wkhvh Q orwwhulhv duh fkrvhq hyhqo| vsdfhg dfurvv wkh vsdfh ri orwwhulhv T �

^3> 4`g = Wkh qxpehu Q zloo eh pdgh wr whqg wr lq�qlw|1 Zh uhtxluh wkdw wkh orwwhulhv rq r�hu

lqfoxgh wkh rxwvlgh rswlrq ri 3 dqg doo ri wkh ghwhuplqlvwlf orwwhulhv +vhh irrwqrwh :,1 Wkh ydoxhv

ri wkh wdul� vfkhgxoh wb +�, iru wkhvh jlyhq orwwhulhv zloo eh wkhlu sulfhv dqg vr ghwhuplqh dq Q

glphqvlrqdo sulfh yhfwru ghqrwhg e| s�
b
5 U�n =

s�
b

@
�
wb
�
t�
�
> wb

�
t2
�
= = = > wb

�
t�
��

Wkh lghd lv wkhuhiruh yhu| vlpsoh= zh nqrz wkdw zlwk wkh wdul� vfkhgxoh wb +�, wkh prqrsrolvw
pdnhv pruh wkdq vkh fdq gr zlwk ghwhuplqlvwlf sulfhv dorqh1 Zh wkhuhiruh zdqw wr dssur{lpdwh

wkh frpsolfdwhg vfkhgxoh/ wb +�, zlwk d phqx ri rqo| Q orwwhulhv dqg vkrz wkdw hyhq zlwk wkhvh Q

orwwhulhv/ li Q lv vx!flhqwo| odujh/ wkh prqrsrolvw vwloo grhv ehwwhu wkdq wkh ehvw �{hg sulfhv fdq

gr1 Iurp wkhuh lw lv d vkruw mxps wr suryh wkhruhp 5 dqg vkrz wkdw hyhq zlwk rqh mxglflrxvo|

fkrvhq orwwhu| dgghg wr �{hg sulfhv wkh prqrsrolvw*v sur�wv duh hqkdqfhg1

Wklv srlqw lv looxvwudwhg ixuwkhu lq Iljxuh 5 zklfk ghvfulehv wkh fdvh iru wkh vlqjoh jrrg

prqrsrolvw1 Wkh ohiw kdqg judsk lv d frs| ri Iljxuh 4 dqg vkrzv wkh ghwhuplqlvwlf wdul� vwuxfwxuh

wf
�
t
�
/ wkh rswlpdo vwrfkdvwlf wdul� vwuxfwxuh w�

�
t
�
dqg �qdoo| wkh wdul� vwuxfwxuh dulvlqj iurp

wkh frqyh{ frpelqdwlrq wb
�
t
�
=Zh uhfdoo wkdw wkh prqrsrolvw vhwwlqj rqo| �{hg sulfhv lv lghqwlfdo

wr rqh dovr vhoolqj hyhu| orwwhu|/ t> dw lwv fkrnh sulfh ri s �t dqg vr wf
�
t
�
kdv d frqvwdqw judglhqw1

Zh kdyh vkrzq wkdw wkh wdul� vfkhgxoh wb
�
t
�
lv pruh sur�wdeoh wkdq �{hg sulfhv1 Zh qrz wxuq

wr wkh uljkw kdqg judsk lq zklfk wkh prqrsrolvw fkrrvhv Q suredelolwlhv wr r�hu/ t�> dw d sulfh

ri wb
�
t�
�
= Wkhvh srlqwv duh vkrzq lq Iljxuh 5 odehoohg dv s�b1 Dv wkh qxpehu ri srlqwv ehfrphv

odujhu dqg odujhu rqh zrxog h{shfw wkh sur�w jdlqhg e| wkh prqrsrolvw iurp wkh frpsolfdwhg wb

dqg iurp wkh Q lqglylgxdo orwwhulhv wr ehfrph yhu| vlplodu1 Khqfh zh zloo vkrz wkdw hyhqwxdoo|

wklv phqx ri Q orwwhulhv pxvw dovr eh sur�w hqkdqflqj iru wkh prqrsrolvw1

Ehiruh surfhhglqj zh wkhuhiruh qhhg wr suryh wkh iroorzlqj whfkqlfdo ohppd=

Ohppd 6 olp�<"�
�
s�
b

�
@ �+wb +�,, =

Wklv ohppd frq�upv wkh lqwxlwlrq deryh wkdw dv wkh phqx ri Q orwwhulhv zh slfn ehfrphv

odujhu/ zh ghulyh d forvhu dqg forvhu dssur{lpdwlrq wr wkh wdul� vfkhgxoh wb +�, dqg vr wkh sur�wv

pdgh ehfrph lghqwlfdo1 Wklv pljkw vhhp reylrxv exw wkh uhvxow lqyroyhv dq lpsruwdqw ohds iurp
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Iljxuh 5= Judskv vkrzlqj wkh gl�huhqw wdul� vwuxfwxuhv xvhg wr suryh Wkhruhp 51

glvfuhwh wr frqwlqxrxv frqvlghudwlrqv1 Wkh ixoo surri lv jlyhq lq wkh dsshqgl{ dqg zh jlyh d

vnhwfk surri khuh1

Vnhwfk Surri1 Wkh sulfh yhfwru ri wkh phqx ri Q orwwhulhv/ s�
b
sduwlwlrqv wkh frqvxphuv

lqwr uhjlrqv/ hdfk uhjlrq uhfhlylqj wkh vdph orwwhu|1 Wklv fuhdwhv d pds iurp wkh frqvxphu

w|sh vsdfh wr wkh vsdfh ri orwwhulhv1 Wklv pds lv dfwxdoo| d vwhs ixqfwlrq1 Wklv lv ehfdxvh hdfk

frqvxphu lv olqnhg zlwk rqh ri rqo| Q gl�huhqw dydlodeoh orwwhulhv1 Dv zh lqfuhdvh Q> wkhvh vwhs

ixqfwlrqv dssurdfk wkh orwwhu| doorfdwlrq ixqfwlrq fuhdwhg e| Xb +{, = Wr vkrz wkdw wkh uhvxow

krogv zh wkhuhiruh qhhg=

41 wr eh deoh wr h{suhvv wkh prqrsrolvw*v sur�w ixqfwlrq lq whupv ri wkhvh orwwhu| doorfdwlrq

ixqfwlrqv1 Wr gr wklv zh qhhg wr vshfli| wkdw wkh frqvxphuv dw wkh ruljlq +zkr gr qrw

ydoxh dq| ri wkh prqrsrolvw*v surgxfwv, uhfhlyh }hur xwlolw|1 Zh fdq wkhq uhodwh krz pxfk

xwlolw| d frqvxphu uhfhlyhv wr wkrvh frqvxphuv dw wkh ruljlq1 Zh frxog rqo| gr wklv dv wkh

frqvxphuv olh lq d frqyh{ vhw1

51 Zh wkhq xvh d uhvxow iurp Ohehvjxh Lqwhjudwlrq Wkhru| nqrzq dv wkh Grplqdwhg Frqyhu0
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jhqfh Wkhruhp wr suryh wkh uhvxow1;

Zh fdq qrz uhwxuq wr wkh sulfh yhfwru s�
b
ri wkh phqx ri Q orwwhulhv1 Zh gh�qh wkh sulfh

yhfwru ryhu wkh vdph Q orwwhulhv fruuhvsrqglqj wr wkh prqrsrolvw xvlqj d �{hg sulfh vwudwhj| dv

s�
f
= Zh duh djdlq xvlqj ohppd 4 dqg vr kdyh wkdw wkh prqrsrolvw lv vhoolqj doo orwwhulhv dw wkhlu

fkrnh sulfh= Wkh sulfh yhfwru/ s�
f
> fdq wkhuhiruh eh zulwwhq h{solflwo| dv

s�
f

@
�
s � t�> s � t2> = = = > s � t��

Zh gh�qh wkh gl�huhqfh ehwzhhq wkhvh sulfh yhfwruv e|=

s�
b

@ s�
f
. k� +�,

zkhuh k� +3, @ 3 e| frqvwuxfwlrq1

Zh qrz qrwh wkdw

olp
�<"

k
�
�
s�
b

�
��

�
s
f

�l
@ �+wb,��+wf, e| Ohppd 6

@ � ^� +w�,��+wf,` e| h{suhvvlrq +45,

dqg vr

olp
�<"

k
�
�
s�
b

�
��

�
s
f

�l
�

@ ^�+w�,��+wf,`� ~} �
frqvw

A 3 ;� 5 +3> 4`

Khqfh

olp
b�f

olp
�<"

k
�
�
s�
b

�
��

�
s
f

�l
�

A 3 +47,

Uhwxuqlqj edfn wr wkh prqrsrolvw*v sur�w ixqfwlrq/ zh irupdoo| qrwh wkdw li wkh prqrsrolvw

rqo| r�huv wkh sulfhv s�
b
wkhq lw kdv d sur�w ri=

�
�
s�
b

�
@

�[
�'�

+k�
s�
b

�
�
� f � t�

l ]
i%�W|sh % suhihuv ^�j

i +{, g{

,
;Wkh Grplqdwhg Frqyhujhqfh Wkhruhp lv jlyhq rq s43< ri Zhlu ^4<`1
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Wkh xqghuo|lqj frqvxphu ghqvlw| ixqfwlrq +i +�,, lv gl�huhqwldeoh1 Wkh �qdo lqwhjudo lq wkh

deryh vxp zloo wkhuhiruh eh gl�huhqwldeoh lq wkh sulfh yhfwru li wkh erxqgdulhv ri wkh vhwv�
{mW|sh { suhihuv t�

�
ydu| frqwlqxrxvo| lq wkh sulfh yhfwru1 Wkhvh vhwv

��
{mW|sh { suhihuv t�

��
duh iruphg e| wkh sduwlwlrq ri  e| k|shusodqhv iruphg e| wkh lqfhqwlyh frpsdwlelolw| frq0

vwudlqwv1 Wkh k|shusodqhv duh olqhdu lq sulfhv dqg vr ydu| frqwlqxrxvo|1 Wklv zloo eh vx!flhqw

li  lv rshq +rwkhuzlvh d glvfrqwlqxlw| fdq uhvxow zkhq wkh k|shusodqhv lqwhuvhfw wkh erxqgdu|

ri ,1 Zh duh dvvxplqj wkdw  lv rshq1 Zh fdq wkhuhiruh frqfoxgh wkdw wkh zkroh ri wkh deryh

sur�w ixqfwlrq lv gl�huhqwldeoh lq wkh sulfh yhfwru1 Xvlqj d Wd|oru h{sdqvlrq zlwk wkh qrwdwlrq

wkdw uk� +3, lpsolhv wkh frpsrqhqw ghulydwlyh/ zh kdyh=

�
�
s�
b

�
@ �

�
s�
f
. k� +�,

�
@ �

3Cs�
f
. k� +3,� ~} �

'f

.�uk� +3, .R
�
�2
�4D

$ �
�
s�
f
. �uk� +3,

�
dv �$ 3 +48,

Zh wkhuhiruh kdyh wkdw

olp
b�f

k
�
�
s�
b

�
��

�
s�
f

�l
�

@ u�
�
s�
f

�
� �uk� +3,

�
Zh kdyh vkrzq wkdw lqwhufkdqjlqj wkh olplwv lq +47, lv ydolg dv wkh olplwv h{lvw1 Vxevwlwxwlqj

wkh deryh uhvxow lqwr +47, jlyhv wkdw

3 ? olp
�<"

olp
b�f

k
�
�
s
f
. �uk� +3,

�
��

�
s
f

�l
�

@ olp
�<"

u�
�
s�
f

�
� �uk� +3,

�
Wklv wkhuhiruh lpsolhv wkdw iru vx!flhqwo| odujh Q> u�

�
s�
f

�
kdv vrph qrq0}hur frpsrqhqwv1

Zh nqrz wkdw wkh ghwhuplqlvwlf sulfhv s zhuh rswlpdo e| frqvwuxfwlrq/ wkhuhiruh wkhuh pxvw eh

vrph orwwhu| t sulfhg dw o vxfk wkdw
�
Y�
Y,

�
,'Ru^

9@ 3= Wklv suryhv wkh crqo| li* gluhfwlrq ri Wkhruhp

51

Wr vhh wklv �qdo vwhs fohduo|/ ohw xv uhwxuq wr wkh vlqjoh surgxfw prqrsrolvw zh kdyh ehhq

xvlqj wr looxvwudwh wkh uhvxowv1 Zh kdyh ghslfwhg wkh vlwxdwlrq iru Q @ 7 lq Iljxuh 61
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Iljxuh 6= D judsk ri wkh rqh jrrg prqrsrolvw*v wdul� vfkhgxoh1 Wkh furvvhv vkrz wkh Q @ 7

orwwhulhv zklfk wrjhwkhu doorz wkh prqrsrolvw wr lqfuhdvh khu sur�wv deryh wkh ehvw �{hg sulffhv1

Wkh prqrsrolvw iroorzlqj wkh ehvw �{hg sulfh vwudwhj| vhoov wkh 6 orwwhulhv t�> t2> t� dw wkhlu

fkrnh sulfhv1 Iurp wkh zrunlqj deryh zh kdyh wkdw

3 9@ u�
�
s�
f

�
@

#�
C�

Co�

�
,�'R^�

>

�
C�

Co2

�
,2'R^2

>

�
C�

Co�

�
,�'R^�

>
C�

Cs

$
Li wkh �uvw wkuhh frpsrqhqwv duh doo }hur/ wkhq wkhvh orwwhulhv gr qrw khos wkh prqrsrolvw wkrxjk

fkdqjlqj wkh �{hg sulfh grhv1 Wklv lv d frqwudglfwlrq wr wkh sulfh s ehlqj wkh ehvw �{hg sulfh

dqg vr zh fdq uxoh wklv fdvh rxw1 Rqh ri wkh �uvw wkuhh frpsrqhqwv pxvw wkhuhiruh eh qrq0}hur

dqg vr zh kdyh suryhg Wkhruhp 51

615 Glvfxvvlrq

Wkh surri ri Wkhruhp 5 kdv doorzhg xv wr pdnh vxevwdqwldo lqurdgv lqwr wkh uhodwlrqvkls ehwzhhq

wkh prqrsrolvw*v vhoolqj vwudwhj| dqg khu sur�w ixqfwlrq1 Wkhvh lqvljkwv pryh xv d juhdw ghdo

forvhu wr rxu jrdo ri wkhruhp 41 Wr dvvhvv zkdw zh kdyh dfklhyhg ohw xv gh�qh cvlqjoh orwwhu|

vwudwhjlhv*1 Wkhvh zloo frqvlvw ri wkh vlwxdwlrq lq zklfk wkh prqrsrolvw r�huv frqvxphuv wkh
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phqx ri N �{hg sulfhv iru khu N gl�huhqw exqgohv ri jrrgv/ exw dovr r�huv rqh vlqjoh orwwhu|

t> zlwk �{hg suredelolwlhv/ xqghu zklfk wkh frqvxphu zrxog uhfhlyh surgxfw l zlwk suredelolw|

t�= Ohppd 4 vkrzhg xv wkdw li wklv orwwhu| t zhuh r�huhg wr frqvxphuv dw lwv fkrnh sulfh ri

s � t wkhq d vxevhw ri frqvxphuv ri phdvxuh 3 zrxog eh lqgl�huhqw ehwzhhq lw dqg rqh ri wkh

ghwhuplqlvwlf rswlrqv1 Kdylqj hvwdeolvkhg wklv/ lw wkhq ehfdph fohdu wkdw li wkh vlqjoh orwwhu|

vwudwhj| lv iroorzhg dqg wkh sulfh ri jrrg l zhuh wr eh udlvhg voljkwo|/ wkhq vrph vpdoo vhw ri

frqvxphuv zrxog ehjlq wr ex| wkh orwwhu|1 Lw lv wklv surfhvv zklfk zh gh�qhg wr frqvwlwxwh d

pdujlqdo ghyldwlrq dzd| iurp wkh ghwhuplqlvwlf vhoolqj vwudwhj|1

Kdylqj gh�qhg zkdw frqvwlwxwhv d pdujlqdo ghyldwlrq dzd| iurp ghwhuplqlvwlf sulfhv wkh

dfklhyhphqw ri Wkhruhp 5 lv wr hvwdeolvk d svhxgr0frqfdylw| uhvxow iru wkh sur�w ixqfwlrq lq

wkh frqwh{w ri vxfk pdujlqdo ghyldwlrqv lq vhoolqj vwudwhjlhv1 Lq sduwlfxodu/ li wkh �up*v sur�w lv

pd{lplvhg e| d vwrfkdvwlf vhoolqj vwudwhj|/ wkhq wkh vlqjoh orwwhu| vwudwhj| zklfk ghirupv wkh

ghwhuplqlvwlf sulfh vwudwhj| lq wkh gluhfwlrq ri wkh rswlpdo vwrfkdvwlf vwudwhj| lv sur�w lqfuhdvlqj1

Lq sudfwlfh wkh surri ri wkhruhp 5 vkrzv wkdw wkh dssursuldwh vlqjoh orwwhu| vwudwhj| lv irxqg

e| frqwlqxrxvo| ghiruplqj rqh xwlolw| doorfdwlrq ixqfwlrq lqwr dqrwkhu1 Wkhruhp 5 lv krzhyhu

ehvw xqghuvwrrg dv dq h{lvwhqfh uhvxow= wkh wkhruhp frq�upv wkdw li vwrfkdvwlf vwudwhjlhv duh

joredoo| rswlpdo wkhq wkh rswlpdo ghwhuplqlvwlf vwudwhj| fdq dozd|v eh sur�wdeo| shuwxuehg e|

dgglqj rqh vlqjoh orwwhu| wr wkh dydlodeoh frqvxphu rswlrqv dqg shuwxuelqj lwv sulfh dzd| iurp

wkh fkrnh sulfh jlyhq lq Ohppd 41 Wkh qh{w vhfwlrq doorzv xv wr wdnh xs wkh vwru| iurp wklv

srlqw1

7 Wkh rswlpdolw| ri ghwhuplqlvwlf vhoolqj vwudwhjlhv iru d pxowl0
surgxfw prqrsrolvw1

Wkh dlp ri wklv sdshu lv wr suryh Wkhruhp 4 zklfk vd|v wkdw wkh pxowlsurgxfw prqrsrolvw zkr lv

vhoolqj khu jrrgv wr d srsxodwlrq ri frqvxphuv zlwk w|shv { 5  vdwlvi|lqj wkh uhjxodulw| frqgl0

wlrqv ri wkh prgho fdq gr qr ehwwhu wkdq wkh rswlpdo ghwhuplqlvwlf wdul�1 Wkdw lv/ dssursuldwho|

vhw �{hg sulfhv duh ehvw iru wkh prqrsrolvw1 Wkhruhp 5 deryh suryhg wkdw li wkh prqrsrolvw

zhuh deoh wr lpsuryh lwv sur�w xvlqj vrph vwrfkdvwlf vhoolqj vwudwhj| wkhq lw pxvw dovr eh deoh

wr lpsuryh lwv sur�w e| orfdoo| h{shulphqwlqj e| qrw mxvw r�hulqj wkh frqvxphuv �{hg sulfh

sxufkdvhv exw dovr vrph vlqjoh orwwhu|/ t vd|/ zlwk �{hg suredelolwlhv dqg zkrvh sulfh lv vhw wr

mxvw ehorz lwv fkrnh sulfh
�
s � t�1 Wr frpsohwh wkh surri ri Wkhruhp 4 zh wkhuhiruh qhhg wr vkrz

wkdw wkhuh grhvq*w h{lvw dq| vlqjoh orwwhu| zklfk fdq eh sur�wdeo| r�huhg lq frqmxqfwlrq zlwk
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wkh prqrsrolvw*v ehvw �{hg sulfhv zkhq wkh sulfh ri wkh orwwhu| lv mxvw orzhuhg iurp lwv fkrnh

sulfh1 Wklv/ wrjhwkhu zlwk Wkhruhp 5/ zloo hvwdeolvk d frqwudglfwlrq wr rxu dvvxpswlrq wkdw wkh

joredoo| rswlpdo sulflqj srolf| zdv vwrfkdvwlf dqg vr suryh wkh pdlq uhvxow ri Wkhruhp 41

Ehiruh zh surfhhg dorqj wkhvh olqhv iru wkh jhqhudo pxowlsurgxfw prqrsrolvw zh fdq hvwdeolvk

d sdudooho uhvxow yhu| hdvlo| iru wkh vlqjoh jrrg prqrsrolvw dqg vr jdlq d ydoxdeoh lqvljkw lqwr

krz wr wdfnoh wkh jhqhudo sureohp1

H{dpsoh 7 +Wkh fdvh ri wkh vlqjoh jrrg prqrsrolvw, Ohw xv vxssrvh wkdw frqvxphuv kdyh

ydoxdwlrq { iru wkh jrrg zlwk { gudzq iurp wkh glvwulexwlrq I +�, vxssruwhg rq
�
3>[

�
= Li wkh pr0

qrsrolvw zhuh wr vhw d �{hg sulfh ri w khu sur�wv zrxog eh=

�+w, @

] f

%'|
+w� f, i +{,g{

Wklv h{suhvvlrq fdq eh gl�huhqwldwhg zlwk uhvshfw wr w dqg vhw wr }hur wr jlyh wkh �uvw rughu

frqglwlrq iru sulfh rswlpdolw|1 Zh odeho wkh rswlpdo �{hg sulfh s zklfk zloo vdwlvi|

^4� I +s,`� +s� f, i +s, @ 3 +49,

Zh qrz uhfdoo wkdw Ohppd 4 vkrzhg xv wkdw wklv prqrsrolvw lv lghqwlfdo wr rqh zkr lv

r�hulqj dq| orwwhu| iru wkh jrrg +suredelolw| ri gholyhu|, t 5 ^3> 4` dw lwv fkrnh sulfh ri st= Wkh

txhvwlrq srvhg e| wkh zrun ri Wkhruhp 5 lv/ fdq wkh prqrsrolvw lqwurgxfh vrph orwwhu| zlwk �{hg

suredelolw|/ t dqg orzhu lwv sulfh wr st � % dqg pdnh pruh sur�w wkdq r�hulqj rqh �{hg sulfhB

Lqvwhdg ri dqvzhulqj wklv sureohp/ zh zloo dgguhvv d sdudooho sureohp dqg glvfxvv krz wkh wzr

duh uhodwhg lq wkh vhfwlrq ehorz1 Zh zrqghu zkhwkhu wkh prqrsrolvw fdq lqwurgxfh vrph orwwhu|

zlwk �{hg suredelolwlhv/ t/ nhhs lwv sulfh dw st zklovw udlvlqj wkh �{hg sulfh wr s . % dqg pdnh

pruh sur�w wkdq vroho| r�hulqj d �{hg sulfhBZh fdq dqvzhu wklv sureohp gluhfwo|1 Vxssrvh wkdw

wkh frqvxphuv duh idfhg zlwk wkh rswlrqv ri wkh jrrg zlwk fhuwdlqw| dw d �{hg sulfh ri s. % ru

wkh jrrg zlwk suredelolw| ri gholyhu| t dw d sulfh ri st =

Frqvxphuv zkr fkrrvh wkh orwwhu| pxvw suhihu lw wr wkh rwkhu rswlrqv dqg vr zloo kdyh w|shv

vdwlvi|lqj

t{� st � 3

t{� st � {� s� %

,
, s � { � s.

%

4� t
+4:,
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Frqvxphuv zkr fkrrvh wkh �{hg sulfh pxvw suhihu lw wr wkh rwkhu rswlrqv dqg vr zloo kdyh w|shv

vdwlvi|lqj

{� s� % � t{� st

{� s� % � 3

,
, { � s.

%

4� t

Wkh prqrsrolvw*v sur�w zloo wkhuhiruh eh

�+%> s, @

] Rn 0
�3^

%'R
+st � tf, i +{, g{.

] f

%'Rn 0
�3^

+s. %� f, i +{,g{

Zh gl�huhqwldwh wklv zlwk uhvshfw wr % dqg wkhq vhw % @ 3 wr vhh wkh h�hfw wkdw lqwurgxflqj wkh

orwwhu| t dqg shuwxuelqj wkh sulfhv voljkwo| kdv�
C�

C%

�
0'f

@
t

4� t
+s� f, i +s,� 4

4� t
+s� f, i +s, .

] f

%'R
i +{, g{

@ � +s� f, i +s, . ^4� I +s,` +4;,

@ 3 li s lv wkh rswlpdo �{hg sulfh

dqg vr zh kdyh wkh uhvxow wkdw=

41 Li wkh �{hg sulfh lv ruljlqdoo| rswlpdo wkhq +4;, ydqlvkhv +xvlqj +49,, dqg vr wkh lqwurgxf0

wlrq ri wkh orwwhu| grhvq*w hqkdqfh wkh prqrsrolvw*v sur�wdelolw|1

exw

51 Li wkh prqrsrolvw*v ruljlqdo �{hg sulfh lv qrw rswlpdo wkhq orwwhulhv fdq hqkdqfh sur�wdelolw|/

wkrxjk qrw dv pxfk dv fkdqjlqj wkh �{hg sulfh wr wkh rswlpdo ohyho1

Wkh vhfrqg srlqw lv lqwxlwlyho| fohdu/ wkrxjk lw fdq vhhp vxusulvlqj= zh zloo vkrz wkdw wkh

prqrsrolvw*v prvw sur�wdeoh srvvleoh vwudwhj| lv wr fkdujh wkh ehvw �{hg sulfhv1 Li krzhyhu wkh

prqrsrolvw lv qrw fkdujlqj wkh ehvw �{hg sulfhv wkhq pdq| vruwv ri ghyldwlrq lq wkh prqrsrolvw*v

vhoolqj vwudwhj| duh sur�w hqkdqflqj1 Lq sduwlfxodu/ orwwhulhv ru edujdlqlqj fdq eh sur�w hqkdqflqj

iru wkh prqrsrolvw qrw fkdujlqj rswlpdo �{hg sulfhv1

Wklv vhfwlrq zloo suryh h{dfwo| wkh uhvxow wkdw wkhuh grhvq*w h{lvw dq| vlqjoh orwwhu| zklfk

fdq eh sur�wdeo| r�huhg lq frqmxqfwlrq zlwk wkh pxowlsurgxfw prqrsrolvw*v ehvw �{hg sulfhv

zkhq wkh sulfh ri orwwhu| lv mxvw orzhuhg iurp lwv fkrnh sulfh1 Irupdoo|/ zh fdswxuh wkh uhvxow lq

wkh iroorzlqj wkhruhp=
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Wkhruhp 6 Vxssrvh wkh pxowlsurgxfw prqrsrolvw ri Vhfwlrq 5 lv vhoolqj khu jrrgv wr d srsx0

odwlrq ri frqvxphuv zlwk xqlw ghpdqg iru hdfk ri wkh frpsrqhqw jrrgv dqg vhsdudwh ydoxdwlrqv

iru wkh jrrgv lqglylgxdoo| ru lq dq| exqgoh1 Wkh prqrsrolvw fdq gr qr ehwwhu wkdq wkh rswlpdo

ghwhuplqlvwlf sulfhv/ s> e| dovr r�hulqj frqvxphuv wkh fkrlfh ri d vlqjoh orwwhu| zlwk d �{hg

suredelolw| yhfwru t dqg sulfh forvh wr wkh fkrnh sulfh ri s � t=

Wkhruhp 6 dqg Wkhruhp 5 zloo wkhq olqn xs dqg wrjhwkhu suryh Wkhruhp 41

714 Surri ri Wkhruhp 6

Zh dvvxph wkdw wkh prqrsrolvw*v rswlpdo ghwhuplqlvwlf sulfh yhfwru lv jlyhq e| s @ +s�> s2> = = = > sg,

zkhuh s� lv wkh sulfh ri jrrg m= Wkh sur�w ixqfwlrq zkhq wkh vlqjoh orwwhu| t zlwk �{hg sured0

elolwlhv lv r�huhg dw d sulfh ri o lv ghqrwhg e| �orw @ �orw
�
s> o
�
dqg wkh sur�w zkhq qr orwwhu| lv

r�huhg lv ghqrwhg e| �qr orw= Ohppd 4 jxdudqwhhv wkdw �qr orw
�
s
�
@ �orw

�
s> s � t� dv s � t lv wkh

fkrnh sulfh iru wkh orwwhu| t1 Zlwkrxw dq| orvv ri jhqhudolw| zh fdq dvvxph wkdw t� 9@ 3 vr wkdw

wkhuh h{lvwv d srvlwlyh suredelolw| ri wkh frqvxphu uhfhlylqj wkh �uvw exqgoh1 Wkh �uvw rughu

frqglwlrqv iru sulfh rswlpdolw| zkhq qr orwwhu| lv r�huhg wkhuhiruh jlyh

C�qr orw

Cs�
@ 3 @

�
C�orw

Cs�
. t�

C�orw

Co

�
,'Ru^

Zh kdyh dvvxphg wkdw t� � 3 dqg vr zh kdyh�
C�orw

Co

�
,'Ru^

@t�}? �
�
C�orw

Cs�

�
,'Ru^

+4<,

Zh wkhuhiruh vhh wkdw wkh fkdqjh lq wkh prqrsrolvw*v sur�w lv lghqwlfdo zkhwkhu wkh sulfh ri

wkh orwwhu| lv orzhuhg ru wkh sulfh ri jrrg 4 lv udlvhg1 Wklv rqo| dssolhv li zh ehjlq iurp wkh

ehqfkpdun ri wkh ehvw �{hg sulfhv1

Lw zloo suryh dqdo|wlfdoo| vlpsohu iru xv wr frqvlghu zkdw kdsshqv zkhq wkh sulfh ri jrrg

4 lv udlvhg pdujlqdoo| udwkhu wkdq zkhq wkh sulfh ri wkh orwwhu| lv gursshg pdujlqdoo|1 Wkdw

lv/ xvlqj h{suhvvlrq +4<, lw lv vx!flhqw iru xv wr frqvlghu
k
Y�orw

YR�

l
,'Ru^

= Wklv phwkrg ri irfxvlqj

rq wkh sulfh ri rqh jrrg udwkhu wkdq rq wkh sulfh ri wkh orwwhu| lv vlplodu wr d wulfn xvhg lq

PfDihh/ PfPloodq dqg Zklqvwrq ^:`1 Wkh| frqvlghu wkh exqgolqj ghflvlrq idfhg e| d wzr jrrg

prqrsrolvw vhuylqj frqvxphuv zlwk lqghshqghqw ghpdqg iru wkh frpsrqhqw jrrgv1 Lqvwhdg ri

frqvlghulqj ghyldwlrqv lq wkh exqgohg jrrg sulfh/ wkh| orrn dw ghyldwlrqv lq wkh sulfh ri rqh ri

wkh frpsrqhqw jrrgv zklovw nhhslqj wkh exqgohg jrrg sulfh frqvwdqw1
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Wkh ghulydwlyh ri wkh sur�w ixqfwlrq zlwk uhvshfw wr wkh jrrg 4 sulfh lv irxqg e| xvlqj wkh

idfw wkdw

C�orw

Cs�

�
s> s � t� @ �

C

C%
�orw

�
s� . %> s

3�
> s � t

��
0'f

+53,

Lq rwkhu zrugv/ zh ghwhuplqh wkh sur�w ri wkh prqrsrolvw zkhq lw r�huv wkh wdul�= s� . % iru

jrrg 4> s� iru jrrg m zlwk m A 4 dqg o @ s � t iru wkh vlqjoh orwwhu| zlwk suredelolwlhv t1 Zh wkhq

frqvlghu wkh udwh ri fkdqjh ri wklv sur�w dv %$ 3=

Fohduo| wkh prqrsrolvw zrxog krsh wkdw vkh fdq h{wudfw h{wud vxusoxv iurp wkh jrrg 4

frqvxphuv zklovw vrph ri wkh jrrg 4 frqvxphuv zkr fhdvh wr ex| jrrg 4 pljkw eh whpswhg e|

wkh orwwhu|1 Wkh txhvwlrq lv zkhwkhu wkhvh sur�w hqkdqflqj h�hfwv frxqwhuedodqfh wkh orvv pdgh

e| orvlqj wkh fxvwrp ri dq| ri wkh frqvxphuv1 Zh zloo vkrz wkdw wkhuh lv qr orfdo jdlq iurp

wkh dgglqj ri orwwhulhv= wkh udwh ri fkdqjh ri wkh sur�w ixqfwlrq zlwk uhvshfw wr % lv }hur1 Wklv

zrxog suryh Wkhruhp 6 dqg khqfh dovr Wkhruhp 41

Wkhruhp 6 wkhuhiruh klqjhv rq dq dqdo|vlv ri wkh vl}h ri wkh fxvwrphu  rzv ehwzhhq gl�huhqw

jrrgv zhljkwhg e| wkh sur�w pdgh rq hdfk ri wkh jrrgv1 Wr wklv hqg zh gh�qh wkh ghpdqg iru

surgxfw l jlyhq wkh ulvh lq jrrg 4 sulfh ri % dv G� +%, = Wkh ghpdqg iru wkh orwwhu| lv vlploduo|

ghqrwhg G, +%, = E| gh�qlwlrq wkh  rz ri frqvxphuv dv wkh sulfh shuwxuedwlrq % lv lqfuhdvhg

lv jlyhq e| wkh udwh ri fkdqjh ri wkh ghpdqg ixqfwlrqv zlwk uhvshfw wr % zklfk lv h{dfwo| wkh

ghulydwlyh ri wkh ghpdqg ixqfwlrqv zlwk uhvshfw wr %=

Zh irfxv �uvw rq wkh  rz ri frqvxphuv wr wkh orwwhu| rswlrq dv % lv lqfuhdvhg iurp }hur1

Irupdoo| wklv lv jlyhq e|
k
Y(,

Y0

l
0'f

= Li wklv zhuh wr eh }hur iru d sduwlfxodu orwwhu| t wkhq wkh

lqwurgxfwlrq ri wkh orwwhu| lv kdylqj qr �uvw rughu h�hfw= wkh sulfh ulvh lq wkh jrrg 4 sulfh

grplqdwhv1 Wkh �uvw rughu h�hfw ri sur�w lv wkhuhiruh wkh vdph dv zrxog kdyh ehhq surgxfhg li

jrrg 4*v sulfh zhuh udlvhg e| % zlwk qr orwwhu| lqwurgxfhg1 Lq rwkhu zrugv%
CG,

�
s> s � t�
C%

&
0'f

@ 3, C�orw

Cs�
@

C�qr orw

Cs�
@ 3

Wkh �qdo htxdolw| iroorzv dv/ e| dvvxpswlrq/ wkh prqrsrolvw zdv shuwxuelqj wkh jrrg 4 sulfh

dzd| iurp wkh rswlpdo ghwhuplqlvwlf sulfhv dqg vr wkh udwh ri fkdqjh ri sur�w lv 31 Wklv zrunlqj

frq�upv wkh xqvxusulvlqj idfw wkdw li wkh orwwhu| fkrvhq lv luuhohydqw wr �uvw rughu dqg wkh

prqrsrolvw lv fkdujlqj wkh ehvw �{hg sulfhv/ wkhq wkh prqrsrolvw fdqqrw lqfuhdvh lwv sur�w

wkurxjk d vpdoo shuwxuedwlrq lq wkh �{hg sulfhv1 Wklv revhuydwlrq lv krzhyhu fuxfldo wr wkh

iroorzlqj ohppd zklfk doorzv xv wr vlpsoli| wkh surri ri wkhruhp 6 lqwr d vpdoo qxpehu ri

wudfwdeoh fdvhv1
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Ohppd 8 Vxssrvh wkh prqrsrolvw fkrrvhv wkh orwwhu| t zlwk t� A 3= Ohw tf ghqrwh wkh suredelolw|

ri uhfhlylqj qrwklqj vr wkdw tf .
Sg

�'� t� @ 4= Wkhq li t� dqg wzr ru pruh ri wkh suredelolwlhv

itf> t2> t�> = = = > tgj duh qrq }hur zh pxvw kdyh�
C ^Ghpdqg iru wkh orwwhu|`

C%

�
0'f

@

�
CG,

C%

�
0'f

@ 3

Wkdw lv/ wkh orwwhu| lv luuhohydqw wr wkh prqrsrolvw*v sur�w wr �uvw rughu1

Wklv ohppd doorzv xv wr dvvhuw wkdw wkh rqo| w|shv ri orwwhu| zklfk frxog kdyh d ehqh�fldo

h�hfw wr wkh prqrsrolvw*v sur�w xqghu vpdoo shuwxuedwlrqv wr wkh jrrg 4 sulfh duh hlwkhu +d, wkh

rqh jrrg orwwhu| zkhuh 4 @ tf . t� zlwk t2 @ 3 @ t� @ � � � @ tg / ru +e, wkh wzr jrrg orwwhu|

zlwk 4 @ t�. t2 zlwk tf @ 3 @ t� @ � � � @ tg = Wkhvh fdvhv zloo kdyh wr eh dqdo|vhg lqglylgxdoo|1

Lq d uhdo vhqvh krzhyhu/ Ohppd 8 lv wkh edfnerqh ri wkh sureohp dqg vr zh zloo wu| dqg pdnh

wkh lqwxlwlrq ehklqg lw fohdu wkurxjk d vnhwfk surri zklfk iroorzv1 Wkh irupdo surri lv ghihuuhg

wr wkh dsshqgl{1

Vnhwfk Surri1 Wkh dlp ri wkh surri lv wr vkrz wkdw li wkh frqglwlrqv ri wkh ohppd duh

vdwlv�hg wkhq wkh yroxph ri frqvxphuv/ lq wkh frqvxphu w|sh vsdfh/ zkr zrxog fkrrvh wkh

orwwhu| rswlrq lv ri rughu R
�
%2
�
= Lq rwkhu zrugv/ rqo| wkh w|shv lq d yroxph ri rughu R

�
%2
�

vdwlvi| doo wkh lqfhqwlyh frpsdwlelolw| frqglwlrqv zklfk jxdudqwhh wkdw wkhvh frqvxphuv suhihu

wkh orwwhu| wr hyhu| rwkhu dydlodeoh rswlrq1 Wkh ghpdqg iru wkh orwwhu|/ G, +%, > zloo wkhq eh

jlyhq e|

G, +%, @

]
� � �
]

yroxph �E02�
i +{,g{

Zkhq wkh ghpdqg lv wkhq gl�huhqwldwhg zlwk uhvshfw wr % dqg hydoxdwhg dw % @ 3 wklv frqwulexwlrq

zloo ydqlvk dqg vr suryh wkh ohppd1

Wkh txhvwlrq wkhuhiruh uhgxfhv wr rqh ri zk| wkh frqglwlrqv lq wkh ohppd jxdudqwhh wkdw

vr ihz shrsoh zloo eh whpswhg e| wkh orwwhu|1 Wkh fuxfldo lqvljkw khuh lv wkdw hyhu| qrq0}hur

frpsrqhqw ri wkh orwwhu| t sxwv dq h{wud uhvwulfwlrq rq wkh w|shv ri frqvxphu zkr fdq suhihu

lw= li wkhuh lv d srvlwlyh suredelolw| ri uhfhlylqj exqgoh m 9@ 4 wkhq wkh frqvxphu fdqqrw kdyh

d ydoxdwlrq iru wkh exqgoh m wkdw lv wrr orz hovh vkh zrxog qrw wdnh wkh orwwhu|1 Lq sduwlfxodu/

wkh xwlolw| jdlqhg wkurxjk exqgoh m fdqqrw eh pxfk orzhu wkdq wkdw jdlqhg wkurxjk exqgoh 4

iru wkh frqvxphu wr suhihu wkh orwwhu| wr wkh �uvw exqgoh1 Wklv lv ehfdxvh wkh frqvxphu frxog

zhoo uhfhlyh exqgoh m wkurxjk wkh orwwhu|1 Rq wkh rwkhu kdqg/ wkh xwlolw| jdlqhg iurp wkurxjk
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wkh exqgoh m fdqqrw eh pxfk odujhu wkdq wkdw uhfhlyhg iurp jhwwlqj exqgoh 4 hovh wkh frqvxphu

zrxog suhihu exqgoh m gholyhuhg zlwk fhuwdlqw| wr wkh orwwhu| dv wkh orwwhu| frxog zhoo dzdug wkh

frqvxphu exqgoh 4= Wkhvh frqvlghudwlrqv phdq wkdw diwhu vfdolqj iru sulfh wkh {� frpsrqhqw ri

wkh frqvxphu*v w|sh pxvw eh zlwklq dq % edqg ri wkh {� frpsrqhqw ri wkh frqvxphuv w|sh1

Zh qhhg �qdoo| frqvlghu wkh h�hfw ri kdylqj d srvlwlyh suredelolw| wkdw wkh frqvxphu zloo

uhfhlyh qrwklqj dw doo1 Wklv lv h{dfwo| wkh fdvh lq wkh rqh jrrg prqrsrolvw iudphzrun1 Wkh w|shv

ri frqvxphu zkr zrxog fkrrvh wkh orwwhu| lq wklv frqwh{w zhuh irxqg lq +4:,1 Lqwxlwlyho|/ wkh

frqvxphu ri wkh orwwhu| fdqqrw ydoxh exqgoh 4 wrr kljko| hovh vkh zloo qrw eh suhsduhg wr orvh lw

wkurxjk wkh orwwhu|1 Wklv wkhuhiruh uhvwulfwv wkh frqvxphu*v ydoxdwlrq iru exqgoh 4 wr zlwklq dq

% edqg ri s� 0 wkh �{hg sulfh ri jrrg 4=

Sxwwlqj wkhvh lqvljkwv wrjhwkhu zh kdyh=

41 Vxssrvh wkdw wkh orwwhu| t rq r�hu surylghv wkh frqvxphu zlwk srvlwlyh suredelolwlhv ri

qrw mxvw uhfhlylqj wkh �uvw exqgoh exw wzr rwkhuv/ vd| 5 dqg 6> dv zhoo1 Lq wklv fdvh wkh

w|shv {2 dqg {� ri dq| frqvxphuv zkr duh whpswhg e| wkh orwwhu| duh erwk zlwklq % edqgv

ri {� dqg vr wkh yroxph ri w|shv zkr suhihu wkh orwwhu| lv lqghhg ri rughu R
�
%2
�
=

51 Vlploduo|/ vxssrvh wkdw wkh orwwhu| t rq r�hu surylghv wkh frqvxphu zlwk d srvlwlyh sure0

delolw| ri qrw uhfhlylqj dq| jrrg dw doo1 Lq wklv fdvh wkh frqvxphu zkr suhihuv wkh orwwhu|

zloo kdyh d w|sh {� frpsrqhqw lq dq % edqg1 Lq dgglwlrq/ li wkh orwwhu| surylghv wkh frq0

vxphu zlwk d srvlwlyh suredelolw| ri uhfhlylqj exqgoh 5 wkhq dq| frqvxphu zkr fkrrvhv lw

zloo kdyh d ydoxdwlrq iru wkh vhfrqg exqgoh/ {2 zlwklq dq % edqg ri {�= Frpelqlqj wkhvh

wzr h�hfwv irufhv wkh yroxph ri w|shv zkr suhihu wkh orwwhu| wr eh ri rughu R
�
%2
�
=

Khqfh/ dv glvfxvvhg deryh/ zkhq wkh ghpdqg iru wkh orwwhu| lv wkhq gl�huhqwldwhg zlwk uhvshfw

wr % dqg hydoxdwhg dw % @ 3 lw zloo ydqlvk dqg vr suryh wkh ohppd1

Wkh ohppd deryh kdv wkhuhiruh vkrzq xv wkdw wkh pxowlsurgxfw prqrsrolvw krslqj wr ehqh�w

iurp lqwurgxflqj wkh orwwhu| pxvw irfxv rq wzr jhqhulf w|shv ri orwwhu|= +D, tf A 3> t� A 3 dqg

t2 @ 3 @ � � � @ tg > ru +E, t� A 3> t2 A 3 dqg tf @ 3 @ t2 @ � � � @ tg = Zh zloo vkrz wkdw li wkh

prqrsrolvw lv ehjlqqlqj iurp wkh ehqfkpdun ri wkh ehvw �{hg sulfhv wkhq qhlwkhu ri wkhvh wzr

fdvhv fdq hqkdqfh prqrsro| sur�wv1 Ri frxuvh/ li wkh prqrsrolvw lv qrw fkdujlqj wkh ehvw �{hg

sulfhv wkhq wkhvh vwudwhjlhv pljkw eh sur�w hqkdqflqj1 Krzhyhu/ lq wklv fdvh wkh prqrsrolvw

zrxog eh ehvw dgylvhg wr dowhu khu phqx ri �{hg sulfhv wr wkh rswlpdo ohyhov1 Ehiruh frqwlqxlqj

lw lv xvhixo iru xv wr frqvlghu srvvleoh lqwhusuhwdwlrqv ri wkh w|shv ri orwwhulhv fdvhv D dqg E

uhsuhvhqw=
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D1 Fdvh D lv vlplodu wr wkh rqh0glphqvlrqdo fdvh frqvlghuhg lq H{dpsoh 71 Erwk lq wkdw

h{dpsoh dqg khuh wkh frqvxphu fdq hohfw wr sxufkdvh d orwwhu| lq zklfk frqvxphuv uhfhlyh

rqh exqgoh zlwk srvlwlyh suredelolw| ru qrwklqj1 Wklv vlwxdwlrq fdq eh lqwhusuhwhg dv d

yhu| vlpsoh edujdlqlqj surfhvv ryhu exqgoh 41 Wkh edujdlqlqj surfhvv lv dq| rqh vxfk wkdw

frqvxphuv zrxog kdyh d suredelolw| ri d ghdo ehlqj vwuxfn ri t� zlwk wkh h{shfwhg sulfh

frqglwlrqdo rq wkh vdoh ri exqgoh 4 ri s�= Dowhuqdwlyho| wkh frqvxphuv frxog uhfhlyh wkh

�uvw exqgoh zlwk fhuwdlqw| iru d sulfh ri s� . %> ru frxog uhfhlyh dq| ri wkh rwkhu exqgohv

zlwk fhuwdlqw| dw wkhlu �{hg sulfhv1

E1 Fdvh E lv ehvw wkrxjkw ri dv d orwwhu| ru vshfldo r�hu1 Lq wklv vlwxdwlrq wkh frqvxphu zrxog

ex| d wlfnhw lq d orwwhu| lq zklfk vkh lv jxdudqwhhg wr zlq vrphwklqj1 Wkh frqvxphu zloo

uhfhlyh exqgoh 4 zlwk d suredelolw| ri t� dqg exqgoh 5 zlwk d suredelolw| ri t2> doo iru d

sulfh ri t�s�.t2s2= Dowhuqdwlyho|/ wkh frqvxphu frxog hohfw wr uhfhlyh wkh �uvw exqgoh zlwk

fhuwdlqw|/ wkrxjk wklv zloo frvw s� . %= Iru h{dpsoh/ exqgoh 4 frxog eh d wrs ri wkh udqjh

WY zlwk exqgoh 5 d phglrfuh WY1 Wkh orwwhu| frqvxphu zrxog qrw eh zloolqj wr sxufkdvh

wkh wrs ri wkh udqjh WY rxwuljkw dw d sulfh ri s� . %> exw zrxog eh suhsduhg wr sd| ohvv

iru wkh fkdqfh ri uhfhlylqj lw1 Hlwkhu zd| wkh orwwhu| frqvxphu zloo dozd|v jhw d WY iurp

wklv orwwhu|1

Wr uhfds/ Wkhruhp 6 dlpv wr vkrz wkdw li wkh prqrsrolvw lv ehjlqqlqj iurp wkh ehqfkpdun

ri wkh ehvw �{hg sulfhv wkhq qhlwkhu ri wkhvh wzr fdvhv fdq hqkdqfh prqrsro| sur�wv1 Zh qhhg

wr fdofxodwh wkh  rz ri frqvxphuv wrzdugv wkh orwwhu| rswlrq iru vpdoo sulfh shuwxuedwlrqv % lq

wkhvh wzr fdvhv1 Zh lqwurgxfh wkh fkdqjh ri yduldeohv [ @ { � s zklfk doorzv wkh lqglylgxdo

udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw| frqglwlrqv wr eh h{suhvvhg pruh vxfflqfwo|1

Fdvh D= tf . t� @ 4> t2 @ 3 @ � � � @ tg 1 Wkh orwwhu| sxufkdvhu pxvw vdwlvi| lqglylgxdo udwlr0

qdolw| dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv1 Wkhvh duh jlyhq e|

t�[� � 3

, [� � 3
> t�[� � [� ;m � 5

t�[� � [� � %, [� � %

tf
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Wkhuhiruh wkh ghpdqg iru wkh orwwhu| rswlrq lv jlyhq e|<
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Fdvh E= t� . t2 @ 4> tf @ 3 @ t� @ � � � @ tg 1 Rqfh djdlq/ wkh orwwhu| sxufkdvhu pxvw vdwlvi|

lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv1 Wkhvh duh qrz jlyhq e|

t�[� . t2[2 � 3 t�[� . t2[2 � [2 t�[� . t2[2 � [� ;m A 5

t�[� . t2[2 � [� � %

Wkhuh duh wkhuhiruh wzr fdvhv wr frqvlghu/ 3 � [� ? % dqg [� A %= Wkh fdvh 3 � [� ? %

zloo qrw frqwulexwh wr wkh �uvw rughu  rz ri frqvxphuv wrzdugv wkh orwwhu| iru vpdoo sulfh

shuwxuedwlrqv1 Wr vhh wklv qrwh wkdw iurp wkh surri ri Ohppd 8/ [2 pxvw eh zlwklq dq

% edqg ri [�= Li [� 5 ^3> %, wkhq wkh yroxph ri frqvxphuv sxufkdvlqj wkh orwwhu| iurp

dprqjvw wkhvh w|shv lv ri rughu R
�
%2
�
= Wklv frqwulexwlrq wr wkh  rz udwh ri frqvxphuv

wrzdugv wkh orwwhu| zloo wkhuhiruh ydqlvk dv glvfxvvhg lq wkh surri ri Ohppd 81 Zh fdq

wkhuhiruh frq�qh rxu dwwhqwlrq wr [� A % =

t�[� . t2[2 � [2 , t�[� � t�[2 , [� � [2

t�[� . t2[2 � [� � %, [2 � [� � %
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<Qrwh wkdw wkh ghpdqg iru wkh orwwhu| lv qrw }hur gxh wr Ohppd 4 zklfk xvhg Dvvxpswlrq 41
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Wr frpsohwh wkh surri ri Wkhruhp 6 zh pxvw ghwhuplqh wkh �uvw rughu h�hfw rq sur�w ri

wkh vpdoo sulfh shuwxuedwlrq % wr wkh jrrg 4 sulfh1 Wkdw lv/ zh vhhn wr ghwhuplqh wkh irup

ri Y�or w

Y0

�
s� . %> s

3�
> s � t

�
= Wkh surri lv frpsohwhg e| vkrzlqj wkdw wklv ghulydwlyh lv h{dfwo|

lghqwlfdo wr Y�qr orw

YR�
> wkh �uvw rughu h{suhvvlrq iru sur�w pd{lplvlqj ghwhuplqlvwlf sulfhv1 E|

dvvxpswlrq wkh prqrsrolvw zdv lqlwldoo| fkdujlqj wkh rswlpdo ghwhuplqlvwlf sulfhv vr wkdw Y�qr orw

YR�

lv }hur1 Wkhq +53, dqg +4<, jxdudqwhh wkdw orwwhulhv kdyh qr orfdo ehqh�fldo h�hfw rq sur�w zklfk

suryhv Wkhruhp 61 Zh irupdolvh wklv dujxphqw lq wkh irup ri wzr ixuwkhu ohppdv/ wkh surriv

ri zklfk duh uhohjdwhg wr dq dsshqgl{1

Ohppd 9 Lq erwk Fdvh D dqg Fdvh E wkh udwh ri fkdqjh ri sur�w zlwk uhvshfw wr wkh shuwxuedwlrq

% lv jlyhq e|�
C�orw

C%

�
0'f

@ G� +3, +56,

� +s� � f�,

;?=
U f
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zkhuh f+�, vljql�hv clv rplwwhg*1

Surri1 Vhh dsshqgl{1

Wkh surri ri ohppd 9 lv hvvhqwldoo| dq dojheudlf h{huflvh1 Iru dq| ri wkh N �{hg sulfh

rswlrqv dydlodeoh zh fdq ghwhuplqh zklfk frqvxphuv suhihu lw wr doo wkh rwkhu rswlrqv dqg wr wkh

orwwhu|1 Wklv lv grqh e| zulwlqj grzq doo ri wkh lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw|

frqglwlrqv vdwlv�hg e| frqvxphuv zkr fkrrvh wkh sduwlfxodu exqgoh frqvlghuhg1 Zh fdq wkhq

h{solflwo| fdofxodwh wkh ghpdqg1 Wklv zloo lq sduw ghshqg rq %> wkdw lv rq wkh h{whqw wr zklfk

wkh �uvw exqgoh*v sulfh lv lqfuhdvhg1 Zh fdq wkhq zulwh grzq wkh prqrsrolvw*v sur�w doo dv d

ixqfwlrq ri %= Gl�huhqwldwlqj zlwk uhvshfw wr % dqg vhwwlqj % wr }hur wkhq jlyhv wkh uhvxow1 Wkh

h{suhvvlrq +56, vkrxog eh frpsduhg wr h{suhvvlrq +4;, ri H{dpsoh 71 Wklv olqn lv irupdolvhg lq

wkh ohppd ehorz1
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Ohppd : Wkh �uvw rughu frqglwlrqv iru sur�w pd{lplvlqj ghwhuplqlvwlf sulfhv duh jlyhq e|

vhwwlqj h{suhvvlrq +56, wr }hur1 Lq rwkhu zrugv

C�qr orw

Cs�
@

�
C�orw

C%

�
0'f

Surri1 Vhh dsshqgl{1
Wkhvh wzr ohppdv wkhuhiruh frpsohwh wkh surri ri Wkhruhp 61

8 Wkh Lpsolfdwlrqv ri Wkhruhp 4 dqg lwv H{whqvlrqv

Wkhruhp 6 kdv vkrzq xv wkdw li d prqrsrolvw lv r�hulqj khu surgxfwv dw wkh rswlpdo ghwhuplqlvwlf

sulfhv wkhq vkh fdq qhyhu jdlq e| h{shulphqwlqj zlwk dxjphqwlqj khu �{hg sulfhv zlwk d vlqjoh

orwwhu| r�huhg dw d sulfh qhdu lwv fkrnh sulfh1 Lq wxuq/ Wkhruhp 5 kdv vkrzq xv wkdw li d

prqrsrolvw*v joredoo| rswlpdo vhoolqj vwudwhj| lv vwrfkdvwlf wkhq vkh pxvw eh deoh wr jdlq e|

h{shulphqwlqj zlwk d vlqjoh orwwhu| ghyldwlrq iurp rswlpdo ghwhuplqlvwlf sulfhv1 Ehwzhhq wkhp/

wkhruhpv 5 dqg 6 wkhuhiruh suryh Wkhruhp 4 zklfk vd|v wkdw wkh prqrsrolvw*v joredoo| rswlpdo

vhoolqj vwudwhj| lv wkh ghwhuplqlvwlf rqh1 Wklv surylghv d frpsohwh jhqhudolvdwlrq ri wkh Uloh| dqg

]hfnkdxvhu ^45` uhvxow iru wkh rqh jrrg prqrsrolvw1 Wkh uhvxow ri wklv dqdo|vlv kdv idu uhdfklqj

lpsolfdwlrqv1 Prvw lpsruwdqwo| lw surylghv dq h{sodqdwlrq ri zk| ihz �upv dfwxdoo| dgrsw

vwrfkdvwlf vhoolqj vwudwhjlhv1 Dw d voljkwo| ghhshu ohyho wkh uhvxow suryhv d qr kdjjolqj uhvxow=

dq| kdjjolqj jdph ehwzhhq wkh prqrsrolvw dqg d frqvxphu zloo h{ dqwh dvvljq wr frqvxphuv

suredelolwlhv ri uhfhlylqj fhuwdlq jrrgv iru fhuwdlq sulfhv1 Wklv lv htxlydohqw wr d vfkhgxoh ri

orwwhulhv dqg zh kdyh vkrzq wkdw wkh prqrsrolvw*v rswlpdo vwudwhj| lv wr r�hu rqo| 3 dqg 4

suredelolwlhv ru htxlydohqwo| wdnh0lw0ru0ohdyh0lw r�huv1

Wklv uhvxow zdv ghwhuplqhg iru frqvxphuv zkrvh w|shv vdwlv�hg wkh frqglwlrqv jlyhq lq Vhf0

wlrq 51 Dv pljkw eh h{shfwhg/ d uhvxow frqfhuqlqj krz frqvxphuv uhvsrqg wr wkh r�hu ri sured0

elolwlhv ri uhfhlylqj d jrrg zloo eh khdylo| ghshqghqw rq krz frqvxphu fkrlfhv duh prghoohg1 Lq

wklv yhlq/ wkhuh duh shukdsv wzr ri wkh frqglwlrqv ri Vhfwlrq 5 zklfk duh zruwk kljkoljkwlqj=

Frqvxphu Ulvn Qhxwudolw|

Wkhruhp 4 lv qrw urexvw wr d uhod{dwlrq ri wkh prqrsrolvw*v vfuhhqlqj sureohp e| doorzlqj

frqvxphuv wr eh ulvn dyhuvh1 Wklv vlwxdwlrq lv h{dfwo| htxlydohqw wr doorzlqj wkh frqvxphuv wr

kdyh ghfuhdvlqj pdujlqdo xwlolwlhv dqg uhwxuqv xv wr wkh ixoo vfuhhqlqj sureohp1 Wklv sureohp
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lq rqh glphqvlrq kdv zrunlqj lghqwlfdo lq vslulw wr wkdw ri Pxvvd dqg Urvhq ^<` dqg kdv ehhq

h{solflwo| ghulyhg lq Wluroh ^49` rq sdjh 4891 Wluroh ^49` �qgv wkdw wkh rswlpdo vfuhhqlqj phfkd0

qlvp uhtxluhv wkh prqrsrolvw wr htxdwh hdfk frqvxphuv* yluwxdo w|sh zlwk dq h{suhvvlrq lqyroylqj

wkh udwh ri fkdqjh ri frqvxphuv* pdujlqdo xwlolw| zlwk uhvshfw wr wkh vfuhhqlqj lqvwuxphqw1 Wkh

yluwxdo w|sh lv irxqg e| dgmxvwlqj wkh frqvxphuv w|sh wr hqvxuh wuxwkixo gluhfw uhyhodwlrq1 Lq

idfw/ Uloh| dqg ]hfnkdxvhu ^45` srlqw rxw wkdw zkhq ex|huv duh ulvn dyhuvh wkh prqrsrolvw fdq

lpsuryh khu sur�wv e| dvnlqj wkh frqvxphuv wr pdnh d elg iru wkh remhfwv1 Wkh frqvxphuv

duh dzduh wkdw wkh suredelolw| wkdw wkh prqrsrolvw zloo dffhsw d sduwlfxodu elg lqfuhdvhv dv wkh

elg lqfuhdvhv1 Wkh vwurqjo| ulvn dyhuvh ex|hu zloo wkhuhiruh elg mxvw d olwwoh ehorz khu ydoxdwlrq

doorzlqj wkh prqrsrolvw wr h{wudfw doprvw doo ri wkh frqvxphu vxusoxv143

Uhvwulfwlrqv rq wkh Frqvxphu Ghqvlw|

Wkhruhp 4 zdv suryhg e| dvvxplqj wkdw frqvxphuv w|shv zhuh vxssruwhg rq d vhw ==

d, Wkh vhw  frqwdlqhg wkh ruljlq1 Wklv lpsolhv wkdw wkhuh duh vrph frqvxphuv lq wkh srs0

xodwlrq zkr gr qrw ydoxh dq| ri wkh prqrsrolvw*v surgxfwv dqg vr zloo qrw sduwlflsdwh lq

dq| r�hu wkh prqrsrolvw pdnhv dqg zloo wkhuhiruh dozd|v kdyh }hur vxusoxv1

e, Wkh vhw  zdv rshq/ frqyh{ dqg zlwk wkh ghqvlw| ixqfwlrq kdylqj vwulfwo| srvlwlyh ydoxh

dw doo srlqwv ri = Wkhvh frqglwlrqv lpso| wkdw jlyhq dq| wzr frqvxphuv wkhuh h{lvw rwkhu

frqvxphuv zlwk wdvwhv zklfk duh dq| zhljkwhg dyhudjh ri wkh ruljlqdo sdlu1

f, Jlyhq dq| vhohfwlrq ri wkh prqrsrolvw*v exqgohv sulfhg dw wkhlu rswlpdo �{hg sulfhv wkhq

wkhuh lv d qrq0}hur suredelolw| ri d frqvxphu ehlqj lqgl�huhqw ehwzhhq wkhp dqg wkh

rxwvlgh rswlrq +Dvvxpswlrq 4,1 Wklv frqglwlrq doorzv xv wr ghwhuplqh wkh fkrnh sulfh ri

dq| vlqjoh orwwhu| wkdw wkh pxowlsurgxfw prqrsrolvw pljkw vhhn wr lqwurgxfh1

Wkhvh frqglwlrqv lpso| wkdw wkh xwlolw| doorfdwlrq ixqfwlrq ghwhuplqhv hyhu|wklqj wkdw zh

qhhg wr nqrz derxw wkh prqrsrolvw*v vfkhgxoh ri orwwhulhv dqg zkdw sulfhv hdfk lv fkdujhg dw1 Li

zh euhdn wkhvh uhvwulfwlrqv wkhq wkh xwlolw| doorfdwlrq ixqfwlrq lv qr orqjhu vx!flhqw lqirupdwlrq

dqg wkh uhvxowv euhdn grzq dqg vr Wkhruhp 4 qhhg qrw krog1

H{dpsoh ; jlyhv d pdunhw lq zklfk frqglwlrqv +d,/ +e, dqg +f, deryh duh ylrodwhg dqg lq

zklfk d vwrfkdvwlf vhoolqj vwudwhj| lv rswlpdo iru d wzr jrrg prqrsrolvw1
43Vhh Uloh| dqg ]hfnkdxvhu ^45` iru ixuwkhu ghwdlov1 Lq sduwlfxodu/ Pdvnlq dqg Uloh| ^8` kdyh dqdo|vhg wkh

rswlpdo dxfwlrqlqj phfkdqlvp zlwk zklfk wr vhoo rqh surgxfw wr ? elgghuv zkhq doo ri wkh elgghuv duh ulvn dyhuvh1
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Iljxuh 7= D glvfuhwh pdunhw zklfk grhv qrw vdwlvi| wkh frqglwlrqv ri Wkhruhp 41 Lq wklv fdvh

wkh prvw sur�wdeoh wdul� lv vwrfkdvwlf1

H{dpsoh ; Frqvlghu d glvfuhwh pdunhw zlwk 5 frqvxphuv zkr kdyh dgglwlyh ydoxdwlrqv iru wkh

wzr jrrgv/ { dqg |= Vxssrvh wkdw wkh �up kdv qr xqlw frvwv lq surgxfwlrq/ wkdw rqh ri wkh

frqvxphuv lv dw +4> 6, dqg wkh rwkhu dw +5> 4, = Wklv pdunhw lv gudzq lq Iljxuh 71 Wkh rswlpdo

ghwhuplqlvwlf wdul� lq wklv fdvh kdv frqvxphu +5> 4, uhfhlylqj jrrg 4 zlwk suredelolw| 4 dw d sulfh

ri 5/ dqg frqvxphu +4> 6, uhfhlylqj erwk jrrgv zlwk suredelolw| 4 dw d sulfh ri 7= Wklv ohdyhv

hdfk frqvxphu zlwk }hur vxusoxv1 Wkh rswlpdo wdul� lv krzhyhu vwrfkdvwlf zlwk wkh w|sh +4> 6,

frqvxphu*v exqgoh xqfkdqjhg dqg wkh +5> 4, frqvxphu uhfhlylqj hlwkhu jrrg 4 rqo| ru erwk jrrgv

zlwk htxdo suredelolw| iru d sulfh ri 5�2 = Wklv wdul� djdlq ohdyhv erwk frqvxphuv zlwk 3 vxusoxv1

Wklv h{dpsoh idlov doo wkuhh ri wkh frqglwlrqv +d,/ +e, dqg +f, zklfk zhuh jlyhq deryh=

41 Wkh frqvxphu ydoxdwlrq vsdfh/  @ i+4> 6,j ^ i+5> 4,j lv forvhg dqg qrw rshq idlolqj +e,1

Wklv fdxvhv wkh sur�w ixqfwlrq wr qrw eh gl�huhqwldeoh lq wkh sulfh yhfwru1 Lq idfw/ wkh

sur�w ixqfwlrq lv qrw hyhq frqwlqxrxv zlwk uhvshfw wr wkh orwwhu| rswlrq dw wkh sulfh o @ 5�2 =

51 Wkh frqvxphu ydoxdwlrq vsdfh  lv qrw sdwkfrqqhfwhg + lvq*w frqyh{, idlolqj +e, iru d

vhfrqg uhdvrq1 Wkh vxusoxv doorfdwlrq ixqfwlrq X +{, grhv qrw wkhuhiruh ghwhuplqh wkh
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doorfdwlrq ri suredelolwlhv1 Lq sduwlfxodu/ erwk wkh ghwhuplqlvwlf dqg wkh vwrfkdvwlf wdul�

ohdyh wkh frqvxphuv zlwk }hur vxusoxv dqg |hw fruuhvsrqg wr frpsohwho| gl�huhqw suredelo0

lw| doorfdwlrqv1 Wkh frqglwlrq wkdw t +{, @ uX +{, ri ohppd 5 grhvq*w krog dqg vr qhlwkhu

grhv h{suhvvlrq +57, lq wkh surri ri Ohppd 61

61 Ilqdoo| wkh ruljlq grhv qrw olh lq wkh frqvxphu ydoxdwlrq vsdfh idlolqj +d,1 Wkhuhiruh wkh

frqvwuxfwlrq ri +57, euhdnv grzq iru d vhfrqg uhdvrq1

71 Wkh orwwhu|/
�
Su +jrrg 4 rqo|, @ �

2 >Su +erwk jrrgv, @ �
2

�
> lqwurgxfhg lq wkh rswlpdo wdul�

kdv d fkrnh sulfh ri

Fkrnh sulfh @
4

5
sjrrg 4 .

4

5
serwk @

4

5
� 5 .

4

5
� 7 @ 6

dffruglqj wr Ohppd 41 Krzhyhu/ qhlwkhu ri wkh frqvxphuv lq Iljxuh 7 lv suhsduhg wr sd|

6 iru wkh orwwhu|1 Lq rwkhu zrugv/ wklv lv wkh zurqj fkrnh sulfh1 Wkh uhdvrq lv wkdw wkhuh lv

qr frqvxphu lqgl�huhqw ehwzhhq hlwkhu jrrg 4 dorqh ru erwk jrrgv wrjhwkhu dw wkhlu �{hg

sulfhv1 Wklv wkhuhiruh idlov Dvvxpswlrq 4 dqg +f, deryh1

Zh duh qrz lq d srvlwlrq wr dvvhvv krz wkh uhvxow h{whqgv dv wkh xqghuo|lqj fkdudfwhulvwlfv

ri wkh prgho duh dowhuhg=

Gursslqj Dvvxpswlrq 4

Dw vrph ghhs ohyho/ Dvvxpswlrq 4 hqvxuhg wkdw wkhuh zhuh hqrxjk ckljk ydoxdwlrq* w|sh

frqvxphuv zkr frxog vzlwfk iurp ex|lqj zlwk fhuwdlq gholyhu| wr ex|lqj orwwhulhv wr pdnh

wkh srwhqwldo orvvhv iurp vfuhhqlqj zlwk suredelolwlhv h{fhhg wkh srwhqwldo ehqh�wv1 Irupdoo|

Wkhruhp 5 suryhg wkdw li d vwrfkdvwlf vhoolqj vwudwhj| lv joredoo| rswlpdo iru wkh pxowlsurgxfw

prqrsrolvw wkhq wkhuh pxvw h{lvw vrph orwwhu| t zklfk fdq eh lqwurgxfhg dorqjvlgh wkh phqx ri

�{hg sulfhv zklfk lv sur�w hqkdqflqj zkhq wkh orwwhu|*v sulfh lv orzhuhg ehorz lwv fkrnh sulfh1

Dvvxpswlrq 4 doorzhg xv wr fdofxodwh wklv fkrnh sulfh1

Li zh gurs Dvvxpswlrq 4 wkhq wkhuh zloo eh vrph exqgohv/ 4 dqg 5 vd|/ ehwzhhq zklfk zh

duh fhuwdlq qr frqvxphu zloo eh lqgl�huhqw1 Wkh fkrnh sulfh ri dq| orwwhu| ehwzhhq exqgohv 4

dqg 5 zloo wkhuhiruh eh ohvv wkdq s � t= Wkh surri ri Wkhruhp 6 qrz euhdnv grzq1 Zkhwkhu wklv

orwwhu| frxog eh sur�w lqfuhdvlqj klqjhv rq krz pdq| frqvxphuv duh lqgl�huhqw wr lw dw lwv qhz

fkrnh sulfh1 Wklv lq wxuq klqjhv rq wkh suhflvh vkdsh ri > wkh vxssruw ri wkh frqvxphu ghqvlw|

ixqfwlrq i +�, = Wkh txhvwlrq ri zkhq/ li hyhu/ wkhvh orwwhulhv lq wkh devhqfh ri Dvvxpswlrq 4
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duh sur�w hqkdqflqj iru wkh pxowlsurgxfw prqrsrolvw lv dw suhvhqw rshq dqg lv ohiw wr ixwxuh

uhvhdufk1

Frpshwlwlrq dqg Vwudwhjlf Frqvlghudwlrqv

Shukdsv wkh prvw lpsruwdqw uhvwulfwlrq ri wkh prgho lv wkh idfw wkdw zh kdyh frqvlghuhg d

prqrsrolvw1 Zh kdyh wkhuhiruh devwudfwhg dzd| iurp dq| vwudwhjlf frqvlghudwlrqv ihow e| �upv1

Wkh prqrsro| fdvh lv dq lpsruwdqw ehqfkpdun exw fdq rqo| eh d �uvw vwhs wrzdugv xqghuvwdqglqj

wkh vfuhhqlqj phfkdqlvp lq wkh pdunhw1 Jhqhudolvlqj rxu uhvxowv wr wkh ixoo frpshwlwlyh fdvh

vhhpv fkdoohqjlqj lqghhg1 Rqh pljkw frqmhfwxuh wkdw orwwhulhv frxog eh xvhg dv d zd| ri hqwlflqj

fhuwdlq w|shv ri frqvxphuv dzd| iurp ulydov ru dv dq dowhuqdwlyh phdqv ri frpshwlqj/ vhsdudwh

iurp vwudljkw sulfh frpshwlwlrq1

Ixuwkhupruh/ rqh zrxog olnh wr dqdo|vh krz frpshwlwlrq pljkw hyroyh wkurxjk uhshdwhg

lqwhudfwlrq/ h{whqglqj wkh rqh0vkrw iudphzrun zh kdyh dgrswhg1 Yduldq ^4:` dqdo|vhg wkh sulflqj

srolf| ri �upv vhoolqj rqh jrrg uhshdwhgo| lq d frpshwlwlyh pdunhw wr frqvxphuv zlwk xqlw

ghpdqg1 Kh dvvxphg wkdw hdfk �up r�huhg d wdnh0lw0ru0ohdyh0lw sulfh lq hyhu| wlph shulrg/

wkrxjk wkh ohyho ri wklv sulfh zdv doorzhg wr ydu| wkurxjk wlph1 Lq d ghsduwxuh iurp wkh

vslulw ri rxu prgho/ kh dvvxphg wkdw wkh srsxodwlrq frqvlvwhg ri erwk lqiruphg dqg xqlqiruphg

frqvxphuv1 Wkh xqlqiruphg frqvxphuv zhuh xqdzduh ri wkh sulfhv dydlodeoh lq wkh pdunhw dqg

ixuwkhupruh doo frqvxphuv kdg wkh vdph ydoxdwlrq iru wkh jrrg1 Wkh rqo| srvvleoh vfuhhqlqj zdv

wkhuhiruh ehwzhhq wkh lqiruphg dqg xqlqiruphg frqvxphuv1 Yduldq ^4:` vkrzhg wkdw ryhu wlph

�upv zrxog udqgrplvh wkhlu sulfh ohyhov/ lqwurgxflqj vdohv/ zklovw r�hulqj rqo| �{hg sulfhv lq dq|

sduwlfxodu wlph shulrg1 Wkh prwlydwlrq iru wklv zdv vwudwhjlf= li d �up vhwv d orz sulfh lw krshv

wr vhw wkh orzhvw sulfh dqg vr fdswxuh doo wkh lqiruphg pdunhw1 Rq wkh rwkhu kdqg/ li wkh �up

grhvq*w fdswxuh wkh lqiruphg frqvxphuv wkhq lw zlvkhv wr vhw d kljk sulfh dqg h{wudfw dv pxfk

uhqw dv srvvleoh iurp wkh xqlqiruphg frqvxphuv1 Ilupv udqgrplvh frqwlqxrxvo| ehwzhhq wkhvh

wzr jrdov fuhdwlqj htxloleulxp sulfh glvshuvlrq dqg surylglqj d udwlrqdoh ehklqg vdohv1 Yduldq*v

^4:` prgho qhdwo| wkhuhiruh kljkoljkwv wkh lpsruwdqw h�hfwv wkdw vwudwhjlf frqvlghudwlrqv fdq

kdyh rq wkh �up*v rswlpdo sulflqj srolf|1

Fdsdflw| Frqvwudlqwv dqg Dxfwlrqv

Lq wkh prgho deryh zh dvvxphg wkdw wkh prqrsrolvw kdg qr fdsdflw| frqvwudlqwv dqg vr zdv

deoh wr phhw ghpdqg1 Lq wklv fdvh zh kdyh vkrzq wkdw �{hg sulfhv duh ehwwhu wkdq dxfwlrqv1

Wklv lv ehfdxvh dq| dxfwlrqlqj phfkdqlvp zloo dvvrfldwh hdfk frqvxphu zlwk d suredelolw| ri
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uhfhlylqj d jrrg dqg zlwk dq h{shfwhg sd|phqw/ doo ghshqghqw rq wkhlu w|sh1 Lq d whfkqlfdo

vhqvh wkhuhiruh dxfwlrqv duh htxlydohqw wr dvvljqlqj orwwhulhv dprqjvw wkh frqvxphuv1 Wkhruhp

4 wkhuhiruh lpphgldwho| jlyhv xv wkdw rswlpdoo| vhw �{hg sulfhv duh ehvw1

Krzhyhu/ Kduulv dqg Udyly ^7` vxssrvh wkdw wkh prqrsrolvw kdv fdsdflw| frqvwudlqwv dqg lv

qrw deoh wr vdwlvi| doo ghpdqg uhdolvdwlrqv1 Wkh| frqvlghu d prgho lq zklfk wkh prqrsrolvw kdv

rqo| rqh w|sh ri jrrg wr vhoo wr d �qlwh srsxodwlrq ri frqvxphuv zlwk hdfk frqvxphu kdylqj xqlw

ghpdqgv iru wkh jrrg1 Kduulv dqg Udyly ^7` pdnh gluhfw xvh ri wkh uhyhodwlrq sulqflsdo1 Wkh|

qrwh wkdw dq| vhoolqj vfkhph lv htxlydohqw wr d gluhfw wuxwkixo uhyhodwlrq phfkdqlvp1 Wkh| wkhq

rughu wkhlu frqvxphuv dqg vkrz wkdw lq wklv fdvh wkh prqrsrolvw rqo| qhhg hqvxuh wkdw lqfhqwlyh

frpsdwlelolw| frqglwlrqv duh vdwlv�hg e| frqvxphuv ri dgmdfhqw w|shv1 Xvlqj wkhvh lqvljkwv wr

vlpsoli| wkh sureohp wkh| vkrz wkdw wkh prqrsrolvw zkr lv fdsdflw| frqvwudlqhg zrxog fkrrvh

wr vhoo khu jrrgv wkurxjk vrph irup ri dxfwlrq144

Exgjhw Frqvwudlqhg Frqvxphuv

Lq wkh prgho deryh zh kdyh dvvxphg wkdw hyhu| frqvxphu lv deoh wr sd| khu ydoxdwlrq iru d

jrrg1 Wkh sureohp idfhg e| wkh prqrsrolvw lv frpsohwho| fkdqjhg li ex|huv duh qrw dozd|v deoh

wr sd| wkhlu ydoxdwlrqv1 Rqh pljkw lpdjlqh wkdw zh frxog gh�qh hdfk frqvxphu*v zloolqjqhvv wr

sd| dv wkh plqlpxp ri wkh frqvxphu*v ydoxdwlrq dqg wkhlu exgjhw frqvwudlqw dqg wkhq surfhhg

zlwk wkh prgho dv ehiruh1 Wklv lv qrw krzhyhu fruuhfw dv fdq eh vkrzq wkurxjk wkh iroorzlqj

h{dpsoh=

H{dpsoh < Vxssrvh d rqh jrrg prqrsrolvw lv vhoolqj khu surgxfw wr wzr lghqwlfdo frqvxphuv1

Hdfk frqvxphu kdv d ydoxdwlrq ri �
2 iru wkh surgxfw dqg d exgjhw ri 5= Wkh jrrg lv surgxfhg dw d

frvw ri 4= Lq wklv fdvh wkh exgjhw frqvwudlqw zrxog qhyhu elqg dqg wkh prqrsrolvw zrxog qrw �qg

lw sur�wdeoh wr vhoo wkh jrrg 0 wkhuh lv qr pdunhw1

Qrz vxssrvh wkdw hdfk frqvxphu kdv d ydoxdwlrq iru wkh surgxfw ri 5 exw d exgjhw ri �
2 1

Wkh frqvxphuv* zloolqjqhvv wr sd| lv xqfkdqjhg1 Wkh prqrsrolvw zrxog qrz sur�w e| vhoolqj

hdfk frqvxphu d orwwhu| zklfk dzdugv wkhp wkh surgxfw zlwk d suredelolw| ri �
e iru d sulfh ri �

2 =

Wkh frqvxphuv duh lqgl�huhqw ehwzhhq wkhvh orwwhulhv dqg qrw sduwlflsdwlqj/ dqg wkh prqrsrolvw

h{shfwv wr pdnh d sur�w ri �
2 = Orwwhulhv duh wkhuhiruh rswlpdo iru wkh prqrsrolvw idflqj �qdqfldoo|

frqvwudlqhg frqvxphuv1
44Sdoiuh| ^43` h{whqgv wklv zrun e| frqvlghulqj krz d pxowlsurgxfw prqrsrolvw zlwk fdsdflw| frqvwudlqwv fdq

ehvw dxfwlrq khu surgxfwv1 Sdoiuh| ^43` frqvlghuv zkhwkhu wkh prqrsrolvw zrxog udwkhu dxfwlrq wkh surgxfwv dv

rqh exqgoh ru lqglylgxdoo| lq d qxpehu ri vhsdudwh dxfwlrqv1
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Wklv vlpsoh h{dpsoh h{klelwv wkh lqwxlwlrq wkdw d prqrsrolvw fdq ehqh�w iurp orwwhulhv li

�{hg sulfhv zrxog eh wrr h{shqvlyh iru d vx!flhqwo| odujh sduw ri wkh pdunhw1 E| lqwurgxflqj

delolw| wr sd| dv d frqvxphu w|sh yduldeoh zh kdyh hqodujhg wkh srzhu ri orwwhulhv dv d vfuhhqlqj

lqvwuxphqw1 Dsduw iurp rqo| vfuhhqlqj iru orz ydoxdwlrq frqvxphuv dv lq wkh deryh prgho/

orwwhulhv fdq qrz dovr eh xvhg wr vfuhhq rxw wkrvh frqvxphuv zkr kdyh d kljk ydoxdwlrq iru d

surgxfw exw d orz delolw| wr sd| dqg h{wudfw vxusoxv iurp wkhvh w|shv dovr1 Wkh deryh h{dpsoh

vkrzv wkdw wklv h�hfw fdq pdnh orwwhulhv sur�w hqkdqflqj iru wkh prqrsrolvw1

D juhdw ghdo ri zrun kdv ehhq grqh rq krz exgjhw frqvwudlqwv fdq d�hfw d vhoohu*v rswlpdo

dxfwlrqlqj irupdw1 Fkh dqg Jdoh ^5` frqvlghu krz �qdqfldo frqvwudlqwv d�hfw wkh sur�wdelolw|

ri gl�huhqw dxfwlrqv iru d vhoohu ri rqh jrrg zkr rqo| kdv rqh xqlw wr vhoo145 Fkh dqg Jdoh ^5`

dqdo|vh wkh h�hfw wkdw exgjhw frqvwudlqwv kdyh rq elgglqj vwudwhjlhv dqg duh wkhuhiruh deoh wr

rughu �uvw dqg vhfrqg sulfh dxfwlrqv dffruglqj wr h{shfwhg vhoohu uhyhqxh dqg dovr rq zhoiduh

jurxqgv1

Lqwhuwhpsrudo Vfuhhqlqj

Wkh lvvxh ri krz wkh prqrsrolvw*v rswlpdo sulflqj srolf| ydulhv wkurxjk wlph kdv qrw ehhq

dgguhvvhg e| wkh deryh prgho1 Lq wkh fdvh ri uhshdwhg vdohv phqwlrqhg deryh/ Yduldq ^4:` jlyhv d

vwudwhjlf uhdvrq iru zk| �upv lq frpshwlwlrq pljkw qrw uhpdlq r�hulqj rqh �{hg sulfh exw dowhu

wkhlu sulfhv gxulqj hyhu| wlph shulrg iru hdfk qhz vdoh1 Lpsruwdqwo| krzhyhu/ zh kdyh |hw wr

dgguhvv krz wkh prqrsrolvw pljkw dwwhpsw wr vfuhhq frqvxphuv wkurxjk wlph gxulqj wkh frxuvh

ri rqh vdoh shulrg1 Wkdw lv/ zh kdyh |hw wr glvfxvv wkh ehqh�wv ri lqwhuwhpsrudo vfuhhqlqj1

d, Lqwhuwhpsrudo Vfuhhqlqj dqg Lqirupdwlrq

Rqh dyhqxh lv h{soruhg e| Frxuw| dqg Kdr ^6` zkr frqvlghu wkh vlwxdwlrq lq zklfk frq0

vxphuv ohduq wkhlu ydoxdwlrqv ryhu wlph146 Lq wkhlu prgho frqvxphuv frph lqwr frqwdfw

zlwk wkh prqrsrolvw nqrzlqj krz olnho| wkh| duh wr kdyh d fhuwdlq ydoxh iru wkh surgxfwv

exw qrw |hw ehlqj fhuwdlq zkdw wkhlu ydoxdwlrq zloo dfwxdoo| eh1 Wkh sureohp qrz ehfrphv

lqwulfdwho| olqnhg wr krz pxfk lqirupdwlrq wkh frqvxphuv dfwxdoo| kdyh zkhq wkh| djuhh

rq d frqwudfw zlwk wkh prqrsrolvw1 Frxuw| dqg Kdr ^6` vkrz wkdw li wkh frqvxphuv* ohduqw

45Dxfwlrqv duh wkhuhiruh lpsruwdqw dv fdsdflw| frqvwudlqwv duh fohduo| dq lvvxh1
46Frxuw| dqg Kdr ^6` jlyh d qxpehu ri h{dpsohv zklfk duh zhoo prghoohg e| wklv dssurdfk1 Wkhvh lqfoxgh

fdu uhqwdov +wkh frqvxphu*v suhihuhqfh ryhu plohdjh pljkw qrw eh nqrzq,/ whohskrqh sulflqj +wkh frqvxphu*v

uhtxluhphqwv iru fdoov dqg ri zkdw ohqjwk lv ohduqw odwhu, dqg gd| sdvvhv iru sxeolf wudqvsruw +wkh frqvxphu pljkw

qrw eh vxuh krz pxfk wudqvsruw vkh zloo uhtxluh,1
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ydoxdwlrqv duh uhvwulfwhg lq d qxpehu ri zd|v wr gl�hu lq rqo| rqh glphqvlrq wkhq lqghhg

wkh rswlpdo vfuhhqlqj phfkdqlvp lv ghwhuplqlvwlf1 Wklv sdudoohov wkh uhvxowv ri Uloh| dqg

]hfnkdxvhu ^45`1 Frxuw| dqg Kdr ^6` jr rq wr srlqw rxw wkdw wkh dqdo|vlv ri wkh ixoo pxo0

wlglphqvlrqdo sureohp +wkh vxemhfw ri wklv sdshu, lv yhu| gl!fxow dqg uduho| wudfwdeoh1

Wkh| kdyh frqvlghuhg d glvfuhwh h{dpsoh ri wkuhh vhsdudwh frqvxphuv1 Lq H{dpsoh ; zh

frqvlghuhg vxfk glvfuhwh srsxodwlrqv dqg vkrzhg wkdw rqh fdq �qg vxfk srsxodwlrqv zklfk

gr qrw vdwlvi| wkh vlpsoh uhjxodulw| dvvxpswlrqv xvhg lq wkh olwhudwxuh dqg iru zkrp wkh

uhvxowv ri wkh prgho gr qrw krog1 Lq wkh vdph zd| Frxuw| dqg Kdr ^6` vkrz wkdw lq wkhlu

glvfuhwh h{dpsoh udqgrplvdwlrq lv xvhg e| wkh prqrsrolvw1 Lw vhhpv d surplvlqj olqh ri uh0

vhdufk wr lqyhvwljdwh wkh h{whqw wr zklfk wkh uhvxowv ri wklv sdshu vkhg oljkw rq wkh Frxuw|

dqg Kdr ^6` sdshu dqg vr ghwhuplqh zkhwkhu wkhlu wkuhh frqvxphu h{dpsoh lv jhqhulf ru

qrw1

e, Lqwhuwhpsrudo Vfuhhqlqj dqg Frpplwphqw

Zh kdyh vkrzq wkdw li d pxowlsurgxfw prqrsrolvw lqwhudfwv zlwk frqvxphuv rqo| rqfh/

wkhq wdnh0lw0ru0ohdyh0lw sulfhv duh rswlpdo1 Krzhyhu/ wklv revhuydwlrq uhtxluhv wkh prqrs0

rolvw wr eh deoh wr frpplw wr qrw edujdlqlqj vkrxog d sduwlfxodu frqvxphu vd| qr wr d

wdnh0lw0ru0ohdyh0lw r�hu1 Wkh Frdvh Frqmhfwxuh kljkoljkwv krz lpsruwdqw wklv frpplwphqw

dvvxpswlrq lv1 Lq sduwlfxodu/ li wkh prqrsrolvw fdqqrw frpplw dqg r�huv frqvxphuv qhz

sulfhv zkhq dq r�hu lv uhmhfwhg wkhq Frdvh frqmhfwxuhg wkdw wkh prqrsrolvw zrxog txlfno|

�qg khuvhoi r�hulqj wkh jrrgv wr doo frqvxphuv dw wkhlu pdujlqdo frvw dqg vr pdnh }hur

sur�w1 Wluroh ^49` jlyhv d khxulvwlf surri ri wkh Frdvh Frqmhfwxuh iru wkh vlqjoh jrrg pr0

qrsrolvw147 Krzhyhu/ wkurxjk zrun lq d edujdlqlqj frqwh{w/ Zdqj ^4;` kdv vkrzq wkdw

wkh pxowlsurgxfw prqrsrolvw*v soljkw pljkw qrw eh vr gluh1 Zdqj ^4;` frqvlghuhg d ulvn

dyhuvh xqlqiruphg sulqflsdo edujdlqlqj zlwk dq lqiruphg djhqw/ zkr zdv rqh ri wzr w|shv/

ryhu wzr glphqvlrqv= wkh zdjh dqg wkh txdolw| ri zrun vxssolhg1 Qrz wkdw edujdlqlqj lv

wdnlqj sodfh ryhu pxowlsoh glphqvlrqv Zdqj ^4;` vkrzhg wkdw wkh sulqflsdo glg qrw orvh

doo ri khu edujdlqlqj srzhu dv vxjjhvwhg e| wkh Frdvh frqmhfwxuh1 Wkh lqwxlwlrq iru wklv

uhvxow lv wkdw wkh sulqflsdo fdq r�hu wzr gl�huhqw frqwudfwv lq d phqx= rqh ri zklfk jlyhv

wkh orz w|sh ri zrunhu d vpdoo zdjh lq uhwxuq iru olwwoh zrun txdolw| zklfk mxvw ohdyhv khu

lqgl�huhqw dqg wkh vhfrqg surylghv wkh kljk w|sh zrunhu zlwk vx!flhqw uhqwv wr mxvw pdnh

wkh frqwudfw lqfhqwlyh frpsdwleoh1 Dv wkh orz w|sh zrunhu dffhswv wkh frqwudfw lqwhqghg

47Vhh Wluroh ^49` sdjh <41
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iru khu vr zloo wkh kljk w|sh zrunhu1 Idloxuh wr gr vr zrxog vhsdudwh wkh zrunhu w|shv dqg

wkh kljk w|sh zrunhu zrxog wkhq h{shfw }hur vxusoxv iurp wkh frqwudfw r�huhg lq wkh qh{w

urxqg1 Wkh prqrsrolvw/ hyhq zlwkrxw suhfrpplwphqw/ zloo dozd|v r�hu wkh vdph vhw ri

frqwudfwv dv lv rswlpdo lq wkh rqh0vkrw jdph1 Wklv vwudwhj| lv fuhgleoh dv erwk w|shv ri

zrunhu dffhsw wkhlu frqwudfw lq wkh �uvw urxqg1

Zdqj ^4;` devwudfwv iurp d glvfxvvlrq ri zkhwkhu d sulqflsdo zrxog r�hu udqgrp frqwudfwv

e| dvvxplqj wkdw wkh sulqflsdo lv ulvn dyhuvh1 Krzhyhu/ Zdqj ^4;`*v uhvhdufk vxjjhvwv dq

hvfdsh iurp wkh Frdvh wuds iru wkh pxowlsurgxfw prqrsrolvw= e| r�hulqj d vx!flhqwo| odujh

phqx ri gl�huhqw rswlrqv wr wkh frqvxphuv dw �{hg sulfhv zklfk lqgxfhv sduwlflsdwlrq e|

doo frqvxphuv zkr ydoxh dw ohdvw rqh ri wkh exqgohv ri jrrgv deryh lwv pdujlqdo frvw1 Vxfk

d phqx zrxog uhpryh wkh qhhg iru fuhglelolw| iurp wkh prqrsrolvw dv wkhuh zrxog eh qr

jdlqv iurp wudgh ohiw wr h{sorlw dprqjvw wkh qrq0sduwlflsdwlqj frqvxphuv1 Krzhyhu/ wklv

phqx ri fkrlfhv fdqqrw eh wkh rswlpdo �{hg sulfhv iurp wkh rqh0vkrw jdph1 Wklv lv ehfdxvh

lw lv rswlpdo iru wkh prqrsrolvw wr qrw vhuyh doo ri wkh frqvxphuv lq wkh rqh vkrw jdph/

hyhq li vrph ri wkhp ydoxh wkh jrrg deryh frvw1 Zlwkrxw suhfrpplwphqw wkh prqrsrolvw

frxog qrw jxdudqwhh qrw wr orzhu khu sulfh wr vhuyh wkhvh frqvxphuv lq wkh ixwxuh1 Wklv lv

qrw uhohydqw zkhq vfuhhqlqj zlwk txdolw| +dv lq Zdqj ^4;` zlwk edujdlqlqj ru Pxvvd dqg

Urvhq ^<` zlwk d prqrsrolvw, dv qrz djhqwv2frqvxphuv* xwlolw| grhv qrw ydu| olqhduo| lq

wkh txdolw| ohyho dqg vr doo wkh djhqwv2frqvxphuv duh vhuyhg1

Wkhuhiruh/ li wkh prqrsrolvw vrxjkw wr r�hu qr orwwhulhv lq d fuhgleoh phqx wkhq vkh zrxog

qhhg wr r�hu d phqx ri vxe0rswlpdo �{hg sulfhv wr hqvxuh wkdw doo frqvxphuv zkr ydoxh d

jrrg deryh frvw sduwlflsdwh1 Lq wklv fdvh h{dpsoh 7 vxjjhvwv wkdw udqgrplvlqj pd| zhoo eh

rswlpdo1 Wklv lv ehfdxvh zh qrwhg wkdw orwwhulhv +ru edujdlqlqj, fdq eh sur�w hqkdqflqj li

wkh prqrsrolvw lv qrw fkdujlqj rswlpdo wdnh0lw0ru0ohdyh0lw sulfhv1 Wklv lqwxlwlrq lv vxssruwhg

e| wkh iroorzlqj glvfuhwh h{dpsoh iru d vlqjoh jrrg prqrsrolvw=

H{dpsoh 43 Vxssrvh d vlqjoh jrrg prqrsrolvw vhuyhv wzr frqvxphuv zkrvh ydoxdwlrqv iru wkh

surgxfw duh 4 dqg 5= Wkh prqrsrolvw grhvq*w nqrz zklfk frqvxphu lv zklfk dqg kdv d xqlw

frvw ri surgxfwlrq ri f ? 4= Zlwk suhfrpplwphqw wkh prqrsrolvw*v rswlpdo vhoolqj vwudwhj| lv wr

vhw d �{hg wdnh0lw0ru0ohdyh0lw sulfh ri s @ 5 dqg vr qrw vhuyh wkh orz w|sh frqvxphu1 Zlwkrxw

suhfrpplwphqw wklv lv qrw fuhgleoh1 Wkh lqwxlwlrq iurp Zdqj ^4;` kljkoljkwv wkdw wkh prqrsrolvw

pxvw r�hu d phqx ri fkrlfhv iurp zklfk erwk frqvxphuv sduwlflsdwh1 Wkh prvw sur�wdeoh vxfk

phqx lv iru wkh prqrsrolvw wr r�hu wkh jrrg zlwk suredelolw| % dw d sulfh ri % A 3 +lqwhqghg iru
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wkh orz w|sh frqvxphu, dqg dovr r�hu wkh jrrg zlwk fhuwdlqw| dw d sulfh ri 5 � % +lqwhqghg iru

wkh kljk w|sh frqvxphu,1 Xvlqj � wr ghqrwh sur�w zh kdyh

�+Zlwk suhfrpplwphqw, @ 5� f

�+Zlwkrxw suhfrpplwphqw, @ 5� f� %f

Zdqj ^4;`*v sulqflsdo orvw qrwklqj wkurxjk kdylqj qr fuhglelolw| zkhq xvlqj txdolw| dv wkh

vfuhhqlqj lqvwuxphqw1 Khuh zh vhh wkdw wkh prqrsrolvw zlwk qr fuhglelolw| zkr fdq rqo| vfuhhq

zlwk wkh suredelolw| ri gholyhu| lv zlwklq % ri khu kljkhvw sur�w ohyho zkhq vkh grhv kdyh fuhglelolw|1

Wr dfklhyh wklv krzhyhu wkh prqrsrolvw kdg wr r�hu wkh frqvxphuv d orwwhu| rswlrq dv zhoo dv d

�{hg wdnh lw ru ohdyh lw sulfh1

Lw lv wkhuhiruh lpsruwdqw iru xv wr lqyhvwljdwh jhqhudoo| wkh h{whqw wr zklfk orwwhulhv duh qhfhvvdu|

iru d prqrsrolvw wr fuhgleo| pdlqwdlq khu sulfhv1

9 Frqfoxvlrq

Lq wklv sdshu zh kdyh ehhq deoh wr suryh wkh wkhruhp wkdw d pxowlsurgxfw prqrsrolvw*v rswlpdo

vhoolqj vwudwhj| lv ghwhuplqlvwlf1 Wklv kdv ehhq grqh e| euhdnlqj wkh sureohp grzq lqwr wzr

ixuwkhu wkhruhpv1 Zh �uvwo| vkrzhg wkdw li wkh prqrsrolvw*v joredoo| rswlpdo sulflqj srolf| lv wr

r�hu d vfkhgxoh ri orwwhulhv/ wkhq wkh prqrsrolvw fdq dozd|v lpsuryh khu sur�wv iurp wkh rswlpdo

ghwhuplqlvwlf sulfhv e| lqwurgxflqj vrph vlqjoh orwwhu| zlwk �{hg suredelolwlhv zkrvh sulfh fdq

eh shuwxuehg e| vrph vpdoo dprxqw iurp wkh ohyho dw zklfk frqvxphuv duh mxvw lqgl�huhqw

wr lw +lwv fkrnh sulfh,1 Wkh vhfrqg wkhruhp zdv wkhq deoh wr jr d vwhs ixuwkhu1 Zh vkrzhg

wkdw d pxowlsurgxfw prqrsrolvw zrxog qrw dfwxdoo| ehqh�w iurp h{shulphqwlqj zlwk dgglqj d

vlqjoh orwwhu| rswlrq wr wkh rswlpdo ghwhuplqlvwlf sulfhv1 Wkhvh wzr uhvxowv wkhuhiruh frqvsluh

wr suryh Wkhruhp 41 Wkdw lv/ zh kdyh vkrzq wkdw d pxowlsurgxfw prqrsrolvw fdq gr qr ehwwhu

wkdq vhwwlqj rswlpdo �{hg sulfhv= vhoolqj orwwhulhv ru edujdlqlqj zlwk frqvxphuv lv qrw d pruh

sur�wdeoh vwudwhj|1

Wklv sdshu kdv wkhuhiruh vroyhg d yhuvlrq ri wkh jhqhudo pxowlglphqvlrqdo vfuhhqlqj sure0

ohp dqg h{whqghg wkh uhvxowv iru wkh rqh jrrg prqrsrolvw ri Uloh| dqg ]hfnkdxvhu ^45`1 Lw lv

wkhuhiruh lqwhuhvwlqj wr frqvlghu zkdw surjuhvv zh kdyh pdgh wrzdugv wkh jhqhudo pxowlglphq0

vlrqdo vfuhhqlqj sureohp1 Wkh sureohp zh kdyh dqdo|vhg kdv ehfrph wudfwdeoh ehfdxvh ri dq

lpsruwdqw irupdo olplwdwlrq= wkh �up*v frvw ixqfwlrq dqg frqvxphuv* ghulyhg xwlolw| erwk ydu|
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h{dfwo| sursruwlrqdwho| wr wkh vfuhhqlqj lqvwuxphqwv 0 wkh suredelolw| yhfwru t khuh 0 dv erwk

sduwlhv duh ulvn qhxwudo1 Wkh jhqhudo vfuhhqlqj sureohp zrxog doorz frqvxphuv wr kdyh ghfuhdv0

lqj pdujlqdo xwlolw| ri frqvxpswlrq dqg wkh prqrsrolvw wr kdyh qrq0frqvwdqw xqlw frvwv1 Lw lv

iru wklv ixqgdphqwdo uhdvrq wkdw hyhq lq wkh vlqjoh jrrg fdvh wkh rswlpdo vfuhhqlqj phfkdqlvp

xvlqj txdqwlw| ri Pxvvd dqg Urvhq ^<` lv vr gl�huhqw wr wkh rswlpdo vfuhhqlqj phfkdqlvp xvlqj

suredelolwlhv glvfxvvhg deryh dqg lq Uloh| dqg ]hfnkdxvhu ^45`1 Wkh jhqhudo pxowlglphqvlrqdo

vfuhhqlqj sureohp lv qrwrulrxvo| frpsolfdwhg1 Urfkhw dqg Fkrqì ^47` kdyh pdgh d yhu| vxevwdq0

wldo frqwulexwlrq wr wklv duhd1 Wkh| kdyh vkrzq wkdw lq prvw vxfk sureohpv wkh prqrsrolvw zloo

fkrrvh wr exqfk vrph frqvxphuv1 Wkdw lv wr r�hu d jurxs ri frqvxphuv zlwk gl�huhqw ydoxdwlrqv

wkh vdph txdolw| ri surgxfwv1 Zh wkhuhiruh qrwh wkdw lq wkh frqwh{w ri wkh Urfkhw dqg Fkrqì

^47` zrun rxu uhvxowv khuh vhhp lqwxlwlyh= zh kdyh vkrzq wkdw lq wkh erxqgdu| fdvh ri frqvwdqw

uhwxuqv wr vfdoh ghulyhg wkurxjk wkh vdoh ri orwwhulhv wkhq wkh prqrsrolvw*v rswlpdo vwudwhj| lv wr

rqo| lqgxojh lq exqfklqj1 Lq wklv fdvh wkh prqrsrolvw vkrxog r�hu d phqx ri �{hg sulfhv zklfk

sduwlwlrq doo wkh frqvxphuv zlwk hdfk jurxs uhfhlylqj rqh sduwlfxodu exqgoh ri jrrgv dw d �{hg

sulfh zlwk suredelolw| 4 ri gholyhu|1

D Surriv ri whfkqlfdo uhvxowv

Surri ri Ohppd 61 Zkhq frqvxphuv duh r�huhg wkh Q orwwhulhv dw sulfhv jlyhq e| wkh yhfwru

s�
b
/ wkh| slfn wkh orwwhu| zklfk jlyhv wkhp prvw xwlolw|1 Zh vxssrvh wkdw frqvxphuv ri w|sh

{ 5 M� �  @ vxss i slfn orwwhu| t� +l 5 i4> = = =Qj, = Xwlolw| pd{lplvdwlrq lpsolhv wkdw wkh vhwv

M� duh frqyh{ dqg khqfh frqqhfwhg1 Zh kdyh wkdw 3 lv rqh ri wkh orwwhulhv r�huhg/ doo frqvxphuv

zloo sduwlflsdwh zlwk dw ohdvw wkh frqvxphuv dw wkh ruljlq rswlqj iru wkh rxwvlgh rswlrq1 Wkhuhiruh

^��'�M� @ vxss i

Zh fdq wkhuhiruh dvvrfldwh d vwhs ixqfwlrq t�b =  � Ugn $ T jlyhq e|

t�b +{, @
�[
�'�

t�"a� +{,

zlwk " +{, ehlqj wkh vwdqgdug fkdudfwhulvwlf ixqfwlrq1

Zh hduolhu dvvxphg wkdw d frqvxphu ri w|sh 3 h{lvwv +vr 3 5 , dqg wkdw  zdv frqyh{1

Wkh vhw  � Ugn lv wkhuhiruh frqqhfwhg dqg vr jlyhq dq| frqvxphu ri w|sh { wkhuh h{lvwv

d gl�huhqwldeoh sdwk � = ^3> 4` $  vxfk wkdw � +3, @ 3 dqg � +4, @ {= Wkh doorfdwlrq vwhs
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ixqfwlrq t�b +{, jhqhudwhv d qhz vxusoxv doorfdwlrq ixqfwlrq/ X�
b +{, zkhuh uX�

b +{, @ t�b +{, =

Zh wkhuhiruh kdyh wkdw

X�
b +{, @

]
W4 �

t�b � � g� . X�
b +� +3,, +57,

@

]
W4 �

t�b � � g� . X�
b +3,� ~} �
'f

dqg vr xvlqj +43, wkh sur�w ri wkh �up lv jlyhq e|

�
�
X�
b +�,� @ ]

%Ml

�
t�b +{, � +{� f,�

]
W4 �

t�b � � g�
�
i +{, g{

Wkh vwhs ixqfwlrq t�b +{,$ tb dv Q whqgv wr lq�qlw| e| frqvwuxfwlrq1 Wkh sur�w ixqfwlrq � lv

krzhyhu frpsrvhg ri lqwhjudov ri wkh doorfdwlrq ixqfwlrq t pxowlsolhg e| d gl�huhqwldeoh i ryhu

d erxqghg/ frqyh{ uhjlrq/ vxss i= Wkhuhiruh vwdqgdug uhvxowv ri Ohehvjxh Lqwhjudwlrq48 jlyh xv

wkh vwdwhg uhvxow1 +vhh Zhlu ^4<`,1

Surri ri Ohppd 81 Wkh pdvv ri frqvxphuv zkr sxufkdvh wkh orwwhu| lv jlyhq e| G, +%, =

Wklv h{suhvvlrq lv wkh lqwhjudo ri wkh frqvxphu ghqvlw| ixqfwlrq i +�, ryhu d sro|wrsh lq frqvxphu
w|sh vsdfh1 Wkh surri ri wkh ohppd surfhhgv e| �qglqj erxqgv wr wkh glphqvlrqv ri wklv

sro|wrsh1 Lq sduwlfxodu/ li wkh sro|wrsh kdv ohqjwk ri rughu % lq wzr glphqvlrqv/ wkhq wkh

ghpdqg iru wkh orwwhu|/ G, +%, > zloo eh jlyhq e|

G, +%, @

]
� � �
]

yroxph �E02�
i +{,g{

Zkhq wkh ghpdqg lv wkhq gl�huhqwldwhg zlwk uhvshfw wr % dqg hydoxdwhg dw % @ 3 wklv frqwulexwlrq

zloo ydqlvk dqg vr suryh wkh ohppd1

Wr irupdolvh wklv dujxphqw/ vxssrvh wkdw wkh prqrsrolvw lqwurgxfhv wkh orwwhu| t zlwk t� A 3

dqg udlvhv wkh sulfh ri jrrg 4 e| %= Wkh frqvxphuv zkr fkrrvh wr sxufkdvh wkh orwwhu| pxvw

vdwlvi| lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv1 Wkh frqvwudlqwv duh prvw

hdvlo| zulwwhq grzq e| xvlqj wkh fkdqjh ri yduldeohv [ @ {� s dqg duh jlyhq e|

t �[ � 3 +58,

t �[ � [� � % +59,

t �[ � [� ;m A 4 +5:,

48 Lq sduwlfxodu wkh uhvxow lv dq dssolfdwlrq ri wkh Grplqdwhg Frqyhujhqfh Wkhruhp jlyhq rq s43< ri Zhlu ^4<`1
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Wkh lqhtxdolwlhv +5:, irup d frqh zlwk wkh frruglqdwhv ri wkh yhuwh{ +{, vdwlvi|lqj

[2 @ t �[ @ [� @ � � � @ [g @ {

Vxevwlwxwlqj wklv lqwr d phpehu ri +5:, jlyhv

t�[� .

#
g[
�'2

t�

$
{ @ {

, { @

�
t�

t� . tf

�
[� +5;,

Zh qrz wxuq rxu dwwhqwlrq wr lqhtxdolwlhv +58, dqg +59,1 Zh vhh wkdw li [� � % wkhq +59,

lpsolhv +58,1 Lq dgglwlrq zh vhh wkdw +59, ehfrphv hdvlhu wr vdwlvi| +rwkhu wklqjv htxdo, dv [�

ghfuhdvhv1 Rq wkh rwkhu kdqg wkh frqh gh�qhg e| +5:, ehfrphv hdvlhu wr vdwlvi| dv [� lqfuhdvhv1

Wkhuhiruh/ iru wkh frqh ri +5:, wr kdyh dq lqwhulru dw doo zh pxvw kdyh wkh yhuwh{/ {> vdwlvi|lqj

lqhtxdolw| +59,1 Wklv lpsolhv

t �[ � [� � %/ t�[� . +4� tf � t�, { � [� � %

Vxevwlwxwlqj lq wkh h{suhvvlrq iru wkh yhuwh{/ {> jlyhv

[� � %

�
4 .

t�
tf

�
Uhwxuqlqj wr +5:, zh vhh wkdw wkh uljkw kdqg vlgh lv wkh jhrphwulf dyhudjh ri doo wkh fr0

ruglqdwhv i[�j = Lq dgglwlrq lw lv fohdu wkdw t � [ � pd{ i[�j zlwk htxdolw| lpso|lqj wkdw

pd{ i[�j @ [�= Zh pxvw wkhuhiruh kdyh [� � [� iru doo m A 4= Qrz vxssrvh wkdw [� ? % vr

wkdw +58, lpsolhv +59,1 Lq wklv fdvh/ dv [� � [� dqg t �[ � 3 zh pxvw kdyh [� � 3= Wkhuhiruh

wkh frqvxphuv zkr sxufkdvh wkh orwwhu| vdwlvi|

3 � [� � %

�
4 .

t�
tf

�
+5<,

Kdylqj ghwhuplqhg d erxqg iru wkh orwwhu| frqvxphuv lq whupv ri wkhlu [� yduldeoh zh pryh

rq wr wkh yduldeoh [2= Fohduo| wkh frqh iruphg e| wkh lqhtxdolwlhv +5:, jlyhv wkh yhuwh{ dv rqh

erxqg dw [2 @
�

^�
^�n^f

�
[�= Wkh vhfrqg erxqg lv ghwhuplqhg e| �qglqj wkh [2 frruglqdwh ri

wkh yhuwh{ ri wkh frqh jlyhq e|

�
t �[ � [� ;m A 5

�
dqg

+
t �[ � 3 3 � [� ? %

t �[ � [� � % [� � %
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Djdlq ghqrwlqj wkh yhuwh{ e| { zh kdyh [� @ { @ � � � @ [g = Zklfk vxevwlwxwlqj lq jlyhv

t�[� . t2[2 . +4� tf � t� � t2, { @ {

, t�[� . t2[2 @ +tf . t� . t2, {

Li [� � % wkhq dw wkh yhuwh{ { zh kdyh

t �[ � [� � %

, +t�[� . t2[2,

�
4 .

4� tf � t� � t2
tf . t� . t2

�
� [� � %

, t2[2 � +tf . t2,[� � +tf . t� . t2, %

zklfk jlyhv �
4 .

tf
t2

�
[� �

�
4 .

tf . t�
t2

�
% � [2 �

�
4� tf

t� . tf

�
[� +63,

Li 3 � [� ? % wkhq dw wkh yhuwh{ { zh kdyh

t �[ � 3

, +t�[� . t2[2,

�
4 .

4� tf � t� � t2
tf . t� . t2

�
� 3

, [2 � �t�
t2
[�

zklfk jlyhv

�t�
t2
[� � [2 �

�
4� tf

t� . tf

�
[� +64,

41 Vxssrvh wkdw t� A 3> tf A 3 dqg t2 A 31 Lq wklv fdvh htxdwlrq +5<, jlyhv xv wkdw wkh

sro|wrsh ri frqvxphuv zkr sxufkdvh wkh orwwhu| kdv [� glphqvlrq ri rughu %= Jlyhq wklv/

+63, dqg +64, jxdudqwhh wkdw [2 lv dovr uhvwulfwhg wr d uhjlrq ri rughu %= Wkhuhiruh wkh

yroxph ri wkh frqvxphu sro|wrsh ri wkrvh sxufkdvlqj wkh orwwhu| lv R
�
%2
�
= Dv wkh ghqvlw|

ixqfwlrq ri frqvxphuv lv erxqghg zlwk erxqghg ghulydwlyhv zh pxvw kdyh wkdw Y(,

Y0
@ R +%,

zklfk lpsolhv wkdw
k
Y(,

Y0

l
0'f

@ 3=

51 Qrz vxssrvh wkdw tf @ 3 exw wkdw t�> t2> t� A 3= Lq wklv fdvh +5<, jlyhv wkdw [� 5 ^3>4, =

Krzhyhu/ iru [� A % zh kdyh +iurp +63,,

[� �
�
4 .

t�
t2

�
% � [2 � [�
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zklfk lpsolhv wkdw [2 lv uhvwulfwhg wr d uhjlrq ri rughu %149 Vlploduo|/ dv t� A 3 zh kdyh

wkdw

[� �
�
4 .

t�
t�

�
% � [� � [�

Wkhuhiruh wkh yroxph ri wkh frqvxphu sro|wrsh ri wkrvh sxufkdvlqj wkh orwwhu| lv R
�
%2
�
=

Dujxlqj h{dfwo| dv deryh jlyhv xv wkdw Y(,

Y0
@ R +%, zklfk lpsolhv wkdw

k
Y(,

Y0

l
0'f

@ 3=

Surri ri Ohppd 91 Zh vsolw wkh surri ri wklv ohppd lqwr lwv wzr vxefdvhv

Fdvh D= tf . t� @ 4> t2 @ 3 @ � � � @ tg =

Zh frqvlghu �uvw Fdvh D xqghu zklfk 4 @ tf . t� zlwk doo rwkhu orwwhu| suredelolwlhv 31

Frqvxphuv zkr ghpdqg jrrg 4 zloo vdwlvi| lqglylgxdo udwlrqdolw| frqvwudlqwv dqg lqfhqwlyh

frpsdwlelolw| frqvwudlqwv jlyhq e|

[� � % � 3, [� � % > [� � % � [� ;m A 4

[� � % � t�[� , [� � %

tf
A %

Wkh ghpdqg iru jrrg 4 lv wkhuhiruh jlyhq e|

G� +%, @

] "

f�'
0
^f

] f�30

f2'3R2

� � � � �
] f�30

fg'3Rg

i
�
[ . s

�
g[

Wdnlqj wkh ghulydwlyh zlwk uhvshfw wr % wkhq jlyhv xv wkh  rz ri frqvxphuv wrzdugv jrrg 4 dv�
CG�

C%

�
0'f

@ � 4

tf

] f

f2'3R2

� � � � �
] f

fg'3Rg

i
�
[ . s

���
f�'f

g[

�
g[
�'2

] "

f�'f

] f�

f2'3R2

� � � � �
_] f�

f�'3R�

� � � � �
] f�

fg'3Rg

i
�
[ . s

���
f�'f�

g[+65,

zkhuh f+�, vljql�hv clv rplwwhg* dv lv vwdqgdug1
49Fohduo| li f� M dfc 0� wkhq +64, jxdudqwhhv wkdw dv f2 lv uhvwulfwhg wr d uhjlrq ri rughu 0� Wklv lv vx!flhqw wr

jxdudqwhh wkdw wklv frqwulexwlrq wr
k
Y(o

Y0

l
0'f

ydqlvkhv1
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Wkh frqvxphuv zkr ghpdqg jrrg m zlwk m A 4 zloo kdyh w|shv vdwlvi|lqj wkh lqglylgxdo

udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv=

[� � 3 > [� � [� ;l 9@ 4> m

[� � [� � %

[� � t�[�

,
, [� � [� � % lv vx!flhqw iru vpdoo %

Wkh ghpdqg iru jrrg m lv wkhuhiruh jlyhq e|

G� +%, @

] "

f�'f

] f�n0

f�'3R�

] f�

f2'3R2

� � � � �
_] f�

f�'3R�

� � � � �
] f�

fg'3Rg
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�
[ . s

�
g[

Wkh  rz ri frqvxphuv wrzdugv jrrg m lv wkhuhiruh jlyhq e|�
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C%

�
0'f

@

] "

f�'f

] f�

f2'3R2

� � � � �
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g[ +66,

zkhuh wkh �qdo htxdolw| frphv iurp d fkdqjh ri yduldeoh1

Wkh sur�w ixqfwlrq ri wkh �up lv jlyhq e|

�,J| @ +s� � f� . %,G� +%, .
g[
�'2

+s� � f�,G
� +%, . t� +s� � f�,G

, +%,

Wdnlqj wkh ghulydwlyh zlwk uhvshfw wr % dqg vhwwlqj % wr 3 jlyhv�
C�,J|

C%

�
0'f

@ G� +3, . +s� � f�,

�
CG�

C%
. t�

CG,

C%

�
.

g[
�'2

+s� � f�,
CG�

C%

Qrz vxevwlwxwlqj wkh ghpdqg ixqfwlrqv lqwr wklv h{suhvvlrq jlyhv�
C�orw

C%

�
0'f

@ G� +3,

� +s� � f�,

;AAA?AAA=
�

4
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� t�
tf

�
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U f
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fg'3Rg
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zklfk lv suhflvho| wkh h{suhvvlrq jlyhq lq wkh vwdwhphqw ri ohppd 91

Fdvh E= t� . t2 @ 4> tf @ 3 @ t� @ � � � @ tg 1

Zh qrz wxuq wr Fdvh E xqghu zklfk t�.t2 @ 4 zlwk doo rwkhu orwwhu| suredelolwlhv +lqfoxglqj

tf wkh suredelolw| ri uhfhlylqj qrwklqj, htxdo wr 31 Frqvxphuv zkr ghpdqg jrrg 4 zloo vdwlvi|

lqglylgxdo udwlrqdolw| frqvwudlqwv dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv jlyhq e|

[� � % � 3, [� � % > [� � % � [� ;m A 4

[� � % � t�[� . t2[2 , [2 � [� � %

t2

Khqfh/ qrwlqj wkdw 0
^2
A % zh kdyh wkh ghpdqg iru jrrg 4 jlyhq e|

G� +%, @

] "

f�'0

] f�3
0
^2

f2'3R2

] f�30

f�3R�

� � � � �
] f�30

fg'3Rg

i
�
[ . s

�
g[

Wdnlqj wkh ghulydwlyh zlwk uhvshfw wr % jlyhv wkh  rz ri frqvxphuv wrzdugv jrrg 4 dv�
CG�

C%

�
0'f

@ �
] f

f2'3R2

� � � � �
] f

fg'3Rg
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g[

� 4
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f�'f
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Wkh frqvxphuv zkr ghpdqg jrrg 5 zloo kdyh w|shv zklfk vdwlvi| wkh frqglwlrqv

[2 � 3 > [2 � [� ;m A 5

[2 � [� � %

[2 � t�[� . t2[2 , [2 � [�

,
, [2 � [�

Wkhvh lqhtxdolwlhv duh fohduo| lqghshqghqw ri % dqg vr
k
Y(2

Y0

l
� 3=

Wkh frqvxphuv zkr ghpdqg jrrg m zlwk m A 5 zloo kdyh w|shv zklfk vdwlvi| wkh lqglylgxdo

udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv=

[� � 3 > [� � [2 > [� � [� ;l 9@ 4> m

[� � [� � %

[� � t�[� . t2[2
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Zh djdlq qrwh wkdw iru vx!flhqwo| vpdoo % wkh �qdo lqhtxdolw| lv vdwlv�hg1 Wkh ghpdqg iru jrrg

m lv wkhuhiruh jlyhq e|

G� +%, @

] "

f�'f

] f�n0
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� � � � �
] f�

fg'3Rg

i
�
[ . s

�
g[

Wkh  rz ri frqvxphuv wrzdugv jrrg m lv wkhuhiruh jlyhq e|
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zkhuh wkh �qdo htxdolw| frphv iurp d fkdqjh ri yduldeoh1

Wkh sur�w ixqfwlrq ri wkh �up lv jlyhq e|

�,J| @ +s� � f� . %,G� +%, . +s2 � f2,G
2 +%, .

g[
�'2

+s� � f�,G
� +%,

. ^t� +s� � f�, . t2 +s2 � f2,`G
, +%,

Wdnlqj wkh ghulydwlyh zlwk uhvshfw wr % dqg vhwwlqj % wr 3 jlyhv

�
C�,J|
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�
0'f
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�
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�
.
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Qrz vxevwlwxwlqj wkh ghpdqg ixqfwlrqv lqwr wklv h{suhvvlrq jlyhv
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] f�

fg'3Rg
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zklfk lv djdlq suhflvho| wkh h{suhvvlrq jlyhq lq wkh vwdwhphqw ri ohppd 91

Surri ri Ohppd :1 Zh frqvlghu d prqrsrolvw zlwk N srvvleoh gl�huhqw rswlrqv wr vhoo

dw sulfhv s� iru jrrg m= Zh vxssrvh wkdw wkh ghpdqg iru jrrg m dw sulfhv s lv jlyhq e| G�
�
s
�
=

Wkh �upv sur�w ixqfwlrq lv wkhq jlyhq e|

�qr orw
�
s
�
@

g[
�'�

+s� � f�,G
�
�
s
�

Zh vxssrvh wkdw wkh sur�w ixqfwlrq � kdv d xqltxh rswlpdo sulfh yhfwru zklfk vdwlv�hv wkh

vwdqgdug �uvw rughu frqglwlrqv1 Wkh �uvw rughu frqglwlrq iru wklv sureohp wkhq ehfrphv

C�qr orw

Cs�
@ G�

�
s
�
.

g[
�'�

+s� � f�,
CG�

Cs�

�
s
�

+67,

@ 3 dw rswlpxp

D jrrg 4 frqvxphu zlwk w|sh {pxvw vdwlvi| lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw|

frqvwudlqwv jlyhq e|

{� � s� � pd{ i3> {2 � s2> = = = > {g � sgj
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Xvlqj wkh wudqvirupdwlrq[ @ {�s zh vhh wkdw lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw|
frqvwudlqwv fdq eh uhzulwwhq dv=4:

[� � 3 > [� � [� ;m A 4

Wkh ghpdqg iru jrrg 4 lv wkhuhiruh jlyhq e|
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Ehiruh zh fdq gl�huhqwldwh wklv dv uhtxluhg e| +67, zh uhwxuq wr wkh yduldeohv { @ [ . s= Wklv

wkhq jlyhv xv wkh ghpdqg iru jrrg 4 dv
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�
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%�'R�

] %�3R�nR2

%2'f
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] %�3R�nRg

%g'f
i +{, g{

Dv wkh ghqvlw| ixqfwlrq i +�, lv erxqghg zlwk erxqghg ghulydwlyhv zh fdq wdnh wkh ghulydwlyh

wkurxjk wkh lqwhjudo ri i +�, =Zh fdq wkhuhiruh gl�huhqwldwh wkh ghpdqg iru jrrg 4 dqg ghwhuplqh

wkdw
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Fkdqjlqj yduldeohv vr wkdw [ @ {� s zh fdq uhzulwh wkhvh h{suhvvlrqv dv
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4:Wkh wudqvirupdwlrq f ' %3 R zdv xvhg wkurxjkrxw wkh surri ri Wkhruhp 6 deryh1
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dqg vlploduo|
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zkhuh wkh h{suhvvlrq iru Y(�

YR�
frphv iurp wkdw iru Y(�

YR�
e| v|pphwu|1 Wkh �uvw olqh wkhq lqfrusr0

udwhv wkh fkdqjh ri yduldeohv [ @ {� s1 Wkh vhfrqg olqh iroorzv e| uhodehoolqj [� dv [� zklfk

kdv qr h�hfw rq wkh lqwhjudo*v ydoxh1

Ilqdoo|/ zh vxevwlwxwh +68, dqg +69, lqwr wkh sur�w h{suhvvlrq/ +67,1 Wklv jlyhv xv wkh �uvw

rughu frqglwlrq dv
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@ 3 dw wkh rswlpxp

Wklv lv h{dfwo| h{suhvvlrq +4;, zklfk frpsohwhv wkh surri1

Uhihuhqfhv

^4` DUPVWURQJ/ P1 +4<<9,/ �Pxowlsurgxfw Qrqolqhdu Sulflqj�/ Hfrqrphwulfd/ 97/ 840:81

^5` FKH/ \0N dqg L1 JDOH +4<<;,/ �Vwdqgdug Dxfwlrqv zlwk Ilqdqfldoo| Frqvwudlqhg Elgghuv�/

Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 98/ 40541

^6` FRXUW\/ S1 dqg O1 KDR +4<<;,/ �Vhtxhqwldo Vfuhhqlqj�/ plphr Orqgrq Exvlqhvv Vfkrro1

^7` KDUULV/ P1 dqg D1 UDYLY +4<;4,/ �D Wkhru| ri Prqrsro| Sulflqj Vfkhphv zlwk Xqfhu0

wdlq Ghpdqg�/ Dphulfdq Hfrqrplf Uhylhz/ :4/ 67:06981

^8` PDVNLQ/ H1 dqg M1 ULOH\ +4<;7,/ �Rswlpdo Dxfwlrqv zlwk Ulvn Dyhuvh Ex|huv�/ Hfrqr0

phwulfd/ 85/ 47:60484;1



Mrkq Wkdqdvvrxolv 88

^9` PfDIHH/ U1 dqg M1 PfPLOODQ +4<;;,/ �Pxowlglphqvlrqdo Lqfhqwlyh Frpsdwlelolw| dqg

Phfkdqlvp Ghvljq�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 79/ 66806871

^:` PfDIHH/ U1/ M1 PfPLOODQ dqg P1 ZKLQVWRQ +4<;<,/ �Pxowlsurgxfw Prqrsro|/ Frp0

prglw| Exqgolqj/ dqg Fruuhodwlrq ri Ydoxhv�/ Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 436/

6:406;61

^;` PLUUOHHV/ M1 +4<:4,/ �Dq H{sorudwlrq lq wkh Wkhru| ri Rswlpdo Lqfrph Wd{dwlrq�/ Uh0

ylhz ri Hfrqrplf Vwxglhv/ 6;/ 4:8053;1

^<` PXVVD/ P1 dqg V1 URVHQ +4<:;,/ �Prqrsro| dqg Surgxfw Txdolw|�/ Wkh Mrxuqdo ri

Hfrqrplf Wkhru|/ 4;/ 634064:1

^43` SDOIUH\/ W1 +4<;6,/ �Exqgolqj Ghflvlrqv e| d Pxowlsurgxfw Prqrsrolvw zlwk Lqfrpsohwh

Lqirupdwlrq�/ Hfrqrphwulfd/ 84/ 79607;71

^44` UDVXO L1 dqg V1 VRQGHUHJJHU +5333,/ �Frxqwhuydlolqj Frqwudfwv�/ plphr Orqgrq

Vfkrro ri Hfrqrplfv1

^45` ULOH\/ M1 dqg U1 ]HFNKDXVHU +4<;6,/ �Rswlpdo Vhoolqj Vwudwhjlhv= Zkhq wr Kdjjoh/

Zkhq wr Krog Ilup�/ Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <;/ 59:05;<1

^46` URFKHW/ M0F +4<;:,/ �D Qhfhvvdu| dqg Vx!flhqw Frqglwlrq iru Udwlrqdol}delolw| lq d

Txdvl Frqwh{w�/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 49/ 4<405331

^47` URFKHW/ M0F dqg S1 FKRQÌ +4<<;,/ �Lurqlqj/ Vzhhslqj dqg Pxowlglphqvlrqdo Vfuhhq0

lqj�/ Hfrqrphwulfd/ 99/ :;60;591

^48` WKDQDVVRXOLV M1 +5333,/ �Rswlpdo Prqrsro| Exqgolqj Vwudwhjlhv zlwk Frpsohphqwdu0

lwlhv lq Ghpdqg�/ plphr R{irug Xqlyhuvlw|1

^49` WLUROH/ M1 +4<;;,/ Wkh Wkhru| ri Lqgxvwuldo Rujdqlvdwlrq +Fdpeulgjh Pdvvdfkxvhwwv= Wkh

PLW Suhvv,1

^4:` YDULDQ/ K1 +4<;3,/ �D Prgho ri Vdohv�/ Dphulfdq Hfrqrplf Uhylhz/ :3/ 984098<1

^4;` ZDQJ/ J1 +4<<;,/ �Edujdlqlqj ryhu d Phqx ri Zdjh Frqwudfwv�/ Wkh Uhylhz ri Hfrqrplf

Vwxglhv/ 98/ 5<806381
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^4<` ZHLU/ D1 +4<:6,/ Ohehvjxh Lqwhjudwlrq dqg Phdvxuh +Fdpeulgjh Hqjodqg= Fdpeulgjh

Xqlyhuvlw| Suhvv,1


