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Journal of the Royal Statistical Society
SERIES B (METHODOLOGICAL)
Vol. XX, No. 2, 1958

THE REGRESSION ANALYSIS OF BINARY SEQUENCES

By D. R. Cox
Birkbeck College, University of London

[Read before the RESEARCH SECTION of the ROYAL STATISTICAL SOCIETY, March 5th,
1958, Professor G. A. BARNARD in the Chair]
SUMMARY

A SEQUENCE of O's and l's is observed and it is suspected that the chance

that a particular trial is a 1 depends on the value of one or more independent
variables. Tests and estimates for such situations are considered, dealing
first with problems in which the independent variable is preassigned and

then with independent variables that are functions of the sequence. There
is a considerable amount of earlier work, which is reviewed.
1. INTRODUCTION

Suppose that there are for analysis one or more series of trials, the observation on
any one trial taking one of two forms, such as "success" or "failure", "defective" or "notdefective", and so on. Denote the possible observations by 0 and 1, each series of trials
therefore giving a sequence of O's and l's. Suppose further that corresponding to each
trial there are one or more independent variables and that we suspect that the probability
that a particular trial gives say the outcome 1 depends on the corresponding values of the
independent variables. In this paper we consider methods for estimating and testing such

dependencies. If the observations were continuous instead of being (0, 1) variates, the
problems would be treated by the standard methods of simple and multiple regression.
The following are some examples. Haldane and Smith (1948) have considered a test
for a birth-order effect in the occurrence of hereditary abnormalities. The data here
consist of a series for each family such as NA A N, meaning that the first child is normal,

the second has the particular abnormality under study, and so on. The independent
variable is the serial number of the birth. Alternatively, the independent variable may be
maternal age and, in an extension of the problem, both maternal age and serial number
are available and it is required to examine whether there is a dependence on birth order
when any effect of maternal age is eliminated.
In certain learning studies in experimental psychology a task is attempted a number of
times in succession and the primary observation is success or failure, at each trial. We

may wish to examine the dependence of the probability of success on such variables as
the number of preceding trials, the number of previously rewarded successes, and so on.

The last of these variables is rather difficult to deal with because it is not preassigned, but
is a function of the outcomes of the preceding trials in the sequence.
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Some standard problems appear as special cases of the situation considered here.
Thus, if the independent variable takes on just two levels and if different trials are statistic
ally independent, the numbers of O's and l's at the two levels can be written in a 2 x 2
contingency table and the usual theory is applicable. If the independent variable takes
on k values at each of which there are a number of trials, the data can be written as a
2 x k table, and the procedure that we shall obtain is to a first approximation equivalent

to the standard method of isolating from x2 a single degree of freedom for linear regression
on the column variable.

If the independent variable is at several levels correspondlng to different doses of a
drug and if we are interested in the "position" and "slope" of the dependence, we have

the usual situation in assays with quantal response. In this paper, however, we shall be
concerned with what, in continuous problems, would be the slope of the regression line,
regarding the position of the line as a nuisance parameter. Hence the present paper is
not of much direct relevance to assay work.

2. GENERAL FORMULATION

Let Yi, . . , Yn be mutually independent random variables each taking the values
0 and 1 and let xi, . . . , xn be a set of fixed numbers. In the simplest form of our

problem there is suspected to be a relation between 6i = pr (Yi = 1) and xi. In a mor
complicated form there are two sets of fixed numbers {xi} and {us} and we are concer
with the joint dependence between 64 and xi, us. In further forms of the problem we

consider xi which are functions of Yi, . . . , Yi-1, such as Yj-1 and Yi + ... + Yi-1,
the Yi therefore no longer being independent.
Consider first the case with a single preassigned independent variable. We need a

parametric representation of the relation between Oi and xi that will have a simple intuiti
meaning, that will be a reasonable approximation to relations likely to occur in practice
and that will be manageable mathematically. A linear relation is unsuitable, except over
a narrow range, because of the restriction that 64 must lie in [0, 1] and, in the absence of
special considerations for a particular problem, the best form seems to be the logistic
law

logit 64 =log {64/(l - O4)} = ao + flxi, (1)
i.e.

6= pr (Yi = 1) = em+z?fl(l + ea+20x), (2)
and

I - Oi pr (Yi = ) = 1/(1 + elx0oZ). (3)

This form has been extensively used in work on bioassays, nota

As stated above, we shall be concerned with inference about ,
parameter. The interpretation of ,f is that if 64 is small f, is t

per unit increase in xi, whereas if 1 - 64 is small, f is the f

per unit increase in xi. If all the values of 64 considered lie nea

relation between 64 and xi with slope 600(l - 60).
In more complicated problems, for example with several i
shall use natural generalizations of (1).

All the significance tests to be developed below for null hypotheses expressing the
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absence of regression, are non-parametric, in that the logistic

derivation of the test criterion and not into the development of i
under the null hypothesis.
3. REMARKS ON SAMPLING WITHOUT REPLACEMENT

It will appear in ?4 that the distributional problems to be solved in connection with

the present problems depend on sampling without replacement from a finite population.
It is therefore convenient first to recall some results about such sampling.
Let xi, . . . , xn denote the finite population and let Xo, y be a random variable
defined as the sum of y numbers selected randomly without replacement.* The moments
of Xo, y are

mo,y

=

E(Xo,y)

=

ymi,

(4)

20,Y = V(XO,Y) - y(n - y) m2/(n -), (5)
E[(Xo,y mO,Y)3] = y(n - y)(n - 2y) m3/[(n - l)(n - 2)], (6)

E[(Xo,y - mo, ,)4] (n y(n - y) {(n2 - 6ny + n + 6y
(n -1)(n -2)(n -3)

+ 3(y-1) n(n-y -1) m22}, (7)

where

ml

=

E

xe/n,

(8)

mr - I (xi ml)rln,, r> 1. (9)
These formulae are given, for example, by Irwin and Kendall (1944).
In numerical work it is preferable to calculate the mr from the power sums about the
origin:
ml

m2

-

-

si/n,

(ns2

-

(10)

si2)/n2,

(11)

m3 - (n2s3 - 3ns2sl + 2si3)/n3, (12)
m4 - m(n3s4 - 4n2sis3 + 6ns2s12 - 3sl4)/n4 (13)
where
Sr X(r.

For our theoretical purposes it is more useful, however, to write f y/n and to make
an expansion with f fixed and n large. This gives

mO,

y

=

ymi,

(14)

0-2 0,y e-ym2(1 f + lln), (15)
<{f(l -f) n}'

(I - 2f),yj ~~~~~~~(16)

72 (0,y) 6 + [1 -6f(1 -f)] 72 (17)
n nf(I f) (17)

*The notation is chosen to fit in with the application con
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where yi and 72 refer to cumulant ratios of the finite population. The term independent

of 72 in (17) could be removed by redefinition of the Y2's in terms of the K's of finite sampling
theory instead of the m's.
Equations (16) and (17) suggest that in samples for which y and n - y are both appre-

ciable, Xo,y will be nearly normally distributed and that the "central limit effect" will be
relatively more rapid than in samples of size Min (y, n - y) drawn with replacement.

Rigorous proofs that as n -? oo with f fixed, (Xo,y - mo,y)/oo,y converges in dist

tion function, under suitable restrictions, to the unit normal law are given by Madow
(1948), Hoeffding (1951) and Motoo (1957); the first two authors, but not the last, require

all moments of the population to behave suitably as n -s co.
For special forms of finite population, explicit expressions may be attained. Thus, if
r of the xi are equal to one and the remaining (n - r) values are zero, Xo,y has the hypergeometric distribution with probability generating function

I

S

Y

Cs

(18)

If xi i for i = 1, . .. , n, Haldane and Smith (1948) have shown that the probability
generating function is

(
and

have

I)

r1

expressed

(I

I

the

r1)

(19)

cumulants

o

A generalization, that will be needed in ?5, concerns sampling from a bivariate finite

population. We suppose that there are n pairs (xi, ul), . . . , (x., un), that a random
sample of y pairs is drawn without replacement and that we consider the joint distribution
of the random variables defined as before. The joint sampling cumulants of Xo,y and

Uo,y do not seem to have been considered in the literature. The cumulants up to the
third order are given by

K11(O,y) E[(Xo, y - mo, y(x))(Uo,y - mo,y(u))] = y(n - y) m/ll(n - 1), (20)
y(n - Y)(n - 2Y) M21 (1

K21(0,y) = E[(Xo,y - mo,y(x))2(Uo,y - MO,Y(X))] (n- 1)(n2) 2 (21)
where

mrxfl = - (xi - mi(x))a (uj - mI(U))fi. (22)
,Xl n

The simplest way to prove say (21) is to note first that the expectation must be sym-

metric in i, of degree (2, 1) and invariant under separate translations of the xi and the
ui and hence must be of the form A(y, n) M21. To determine A, suppose that xi u= ,
when M21 becomes m30, and the expectation is the third moment of Xo,y. The form of
A follows immediately from (6). Mixed fourth moments can be calculated similarly.
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4. SINGLE PREDETERMINED INDEPENDENT VARIABLE

4.1. General theory.-Let xi, . . . , xn be, as in ?2, fixed quantities. The likelihood of
observations Yi', . . . , YX is

exp {E (a + 8xi) Yi}/rl (1 + eO+xf) = elxy+,f/xI. (1 + ea+Oi), (23)
where Y- E Yi, X - Yix. Thus X, Y are jointly sufficient for the parameters ax, ,8,
as was noted by Garwood (1941).

Further, it is clear that Y, which is the total number of l's, can tell us nothing about

,8, which is concerned with the way the distribution of l's changes with xi. Hence, t
make an inference about ,8, we argue conditionally on the observed value of Y. The
arguments for doing this as a matter of principle raise interesting general issues analogous
to the corresponding ones for the 2 x 2 contingency table. The point will not be discussed
here.
Consider the distribution of X conditionally on the observed value of Y, which will be
denoted by y. Now

pr (X= x, y_ y) - II (1 + e +flxi) (24)

where N., y is the number of distinct ordered sets of y numbers, taken from xl, . .. ,x
whose sum is x. Therefore

pr (Y = y) Ex Nx, y exy+8x (25)

where Ex denotes summation over all values taken by the random

if we take the ratio of (24) to (25), we have that

pr (X= x Y=) Y N Xx, yeflx (26)
and the nuisance parameter ac has been eliminated. When 8 = 0, (26) is the distribution

of the random variable Xo,y of ?3. If X,6,y denotes the random variable X conside
conditionally on y when f8 is the true parameter value, we have by (26) that

P ( y =x) (n_ Me,iox (27)
where Mo, y(s) is the moment generating function of Xo, y.

Thus the moment generating function of X,6,y is given by

Mfl,y(s) MO(/J, ) (28)
and the corresponding relation for cumulant generating functions is

Kfl,y(s) = Ko,y(fl + s) - Ko,y(/3). (29)
In particular it follows from (29) that the cumulants of Xfl, for general values of , are

given by the derivatives of the cumulant generating function for Xo, , evaluated at f8
instead of at the origin.
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If a manageable explicit expression were available for the
its moment generating function, direct calculation of, or approximation to, the properties
of Xfi,y would be possible. But in general there seems little that can be done except to

obtain from (29) a series expansion for the cumulants of X,f,y in ascending powers of
thus

Kfi,y() = E(XY,) mO,y + /Ia20,y + ?2o.30,o y y1(O,y) + . . , (30)
K,,(2) y V(X,,Y) 0 C20,Y + fio,30 y yO(O,Y) + * * * , (31)
etc., the general result being that

K?, y(r) E Ko,y(t+r) M (32)
t

=

0(

Bennett (1956) has obtained a special case of (29) and the resulting expansions. His
choice of criterion was intuitive.

Another approximation to (29), appropriate when yln << 1, is to regard Xo,y
the sum of a random sample drawn with replacement (Haldane and Smith, 1948). This
can be useful when the cumulant generating function of the population can be expressed
simply.

It follows from the asymptotic normality of Xo,y that a sufficient condition that Xfl,y

is nearly normal when y and n - y are both large is that /?V(m2y) = o(l). In fact the

simplest approximation based on (30) and (31) is to take X ,qy as normally distributed with
mean and variance

mO,y + ,? 020,y and 20,y, (33)
respectively. This can also be derived directly from (27), by using the normal approximation to

Nx, y(;
and at the same time approximating to Mo,y(fl) by the moment generating function of a
normal random variable. Further terms of the expansions (30), etc., can be recovered by
an Edgeworth expansion of (27). A normal approximation involved in calculating the
power function of the exact test in a 2 x 2 contingency table was obtained by Patinaik
(1948) using a similar argument; Stevens (1951) pointed out that if the parameter corresponding to ,8 is not small the approximation can be badly wrong.
4.2. The 2 x 2 contingency table.-If the xi take on two values, say 0 and 1, the statistic
X is the entry in the lower right hand corner of the 2 x 2 contingency table:
xi

0

1

0
Y1
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and the conditional distribution (27) reduces to the distribution given by Fisher (1935)
as appropriate for inference about the parameter e6 =f r, where

Prr(Yi z1 xi =1) X pr(Y == O xi = 3O)
pr (Yi - I0 xi=1) pr (Yi = 1I xi= 0)

The significance test of the null hypothesis ,8 - 0 based on the hypergeometric distribution
(18) of X is, of course, the familiar exact test of association in the 2 x 2 table.

As noted in ?4.1, the normal approximation to the non-null distribution of X based on
the first terms of (30) and (31) has been given by Patnaik. An alternative normal approximation, based on an expansion around the mode of the distribution of X, has been

obtained by Cornfield (1956), and this should be much the more satisfactory method when

|l I is large.

To compare the different approximations, consider the example analysed by Corn-

field.

Example 1.-The data in Table 1 were obtained in a survey of physicians.
TABLE 1

Distribution of Physicians
Lung Cancer
Controls Patients

Smokers

.

.

.

.

32

60

Non-smokers . . . . 11 3

Cornfield (1956) has obtained as 95 per cent. confidence limits for ?b the values 0 030

and 0 623; he shows that the corresponding exact tail area probabilities are 3 - 8 per cent.
and 2 - 4 per cent. respectively, instead of the required 2 - 5 per cent. His procedure involves
the iterative solution of a quartic equation.
The simplest approximate solution by the methods of ?4.1 uses the first terms of (30)

and (31), that is regards X as normally distributed with mean mO, y + lo,20, y and variance

20,y, where Xis observed to be 3, y 14 and the finite population sampled consists of
43 values with xi = 0 and 63 with xi 1, so that n = 106. Hence by (10) and (11)
ml 63/106 0 0 5943, m2 =mMl(I - ml) = 0-2411,
so that by (4) and (5)

mo,y= 8321, o-2o,y 2 957, 0-o,y =1 720.
With an observed value of 3, 95 per cent. confidence limits for the true mean based on a

normal approximation with a continuity correction are (- 0 871, 6.871) and since the

true mean is, by (33), approximately mo, y + ,8O-20, y, it follows that the limits for ,8 are
( 3 109, -0 0490). Thus the limits for ?- e-8 are (O 045, 0 613), compared with
Cornfield's values of (0 030, 0 623).
Although the limits calculated by this simple approximation appear to agree remarkably
well with Cornfield's values, there is a serious difficulty connected with the lower value.
For the random variable X is non-negative, so that the approximation which gives - 0 - 871

as a possible value for its expectation cannot be sensible (see Stevens, 1951). This particular

difficulty is unlikely to arise if none of the entries in the contingency table is small.
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The effect of taking additional terms in the expansion
discouraging. We find directly from (12) and (16) that yi(o,y) -O008112 and is so
small that the inclusion of terms of an Edgeworth expansion to replace the normal multi-

plier 1 * 96 is hardly worth considering. (The true skewness of Xf,y for the smaller values
of ,8 in the confidence range is large and positive.) If we assume X6, y to be normal with
mean

mO,y + /JO2O,y + 1 fl2o.30 y 'y(O,y)
2

and variance
020 y + Cy1(O,y) O-30,Y,

we obtain as new confidence limits (OCO624, 0 643), and the left-hand limit is worse than

that given by the first approximation. The reason is that, as already noted, the first in-

proximation to the value of yi has the wrong sign. I have not investigated the effect of
including further terms in the series expansions.
Example 1 has been dealt with in some detail, partly because the problem of getting
a simple method of calculating limits for the odds-ratio in a 2 x 2 table is of intrinsic
interest, and partly in order to illustrate the type of difficulty to be expected in general in
applying the formulae of ?4.1. The general conclusion is that the first approximation
has worked well up to a point and that the refinement of the approximation by the inclusion

of further terms is likely to be unsuccessful when one of the observed frequencies in the
table is small. It seems reasonable to expect that the inclusion of further terms will be
useful if none of the frequencies is small and fi is not large, but the extensive numerical
investigation that is desirable to specify at all precisely just when the method works has
not been undertaken.

4.3. The 2 x k contingency table.-A direct generalization of the situation just considered, where the independent variable x took on two values, arises when the independent
variable takes on a comparatively small number, k say, of values, there being several

observations of Yi at each value of x. That is, we have a 2 x k contingency table, in
which the k-fold classification carries a numerical score.

It is well known that in such cases a test of significance of trend can be obtained by

extracting from %k-l for the whole table, a single degree of freedom for linear regression
on x (Yates, 1948; Armitage, 1955; Cochran, 1955). This procedure is almost equivalent
to the test based on (33); see especially Armitage's paper. In fact, Armitage obtains his

test by a formal linear regression analysis of the (0, 1) variables Yi on xi, using the usual
formulae of least-squares theory. It is clear, however, that with the x's and Y, the total
number of l's, regarded as fixed, X is equivalent to the linear regression coefficient.
Now as the number of observations Yi recorded at each x value increases, the total at
each x value becomes normally distributed so that the usual results about least-squares
theory for normal random variables imply the asymptotic efficiency of the X1 test against
linear alternatives. A new result from ?4. 1 is that the test statistic is uniquely appropriate
for testing against all logistic alternatives, even in small samples, in that it uses the sufficient
statistic X. A further point is that by regarding X in the way we have as the sum of a
random sample obtained without replacement, a routine procedure is available for refining

This content downloaded from 163.1.41.56 on Tue, 14 Feb 2017 10:13:31 UTC
All use subject to http://about.jstor.org/terms

1958] Cox-The Regression Analysis of Binary Sequences 223

the normal approximation, or, if special precision is desired in measuring significance, the

exact probability may be obtained by enumeration; see also Haldane (1940).
As noted in ?2, the procedure is non-parametric in that the logistic assumption enters
only into the derivation of the test statistic and not into the specification of the null hypothesis.

Example 2.-Suppose that there are seven equally spaced values of x, - 3, . . , 3,
and that eight trials are made at each value. The finite population of x values is thus

discrete rectangular and formulae (10)-(13) give ml = m3 = 0, m2= 4, m4= 28. Suppose further that of the 56 observed Yi, there are 23 observations equal to 1 and 33 equal
to 0. Then n 56, y 23 in the formulae (4)-(7) [or (14)-(17)] and we find that

mO, y = 0, 020, Y= 55*2 and that the fourth cumulant of Xo, y is -200 2 4, giving
Y2(0,y) 0 -066. Of course y1(o,y) 0.

Therefore significance is tested by seeing whether X, equal to E iyi, where yi is the

3

-3

number of l's when x = i, is significantly extreme in a distribution of mean 0, variance

55 2, yi = 0 and Y2 = - 0-066. The tables of Pearson and Merrington (1951) can be
used to assess the change, due to non-normality, in the usual significance limits, or alter-

natively the Fisher-Cornish inversion of the Edgeworth series can be employed.
If we are to use the present method to estimate ,8, the expansions

E(Xf-,y) 55.2,-33.4/l3 +

V(X,8,y) 55.2 -100.2 fl2 +

must be applied. The second terms are small relative to the first if I , ?< so that we

can reasonably expect good results from the terms just displayed only in this range. Otherwise other methods must be employed.

In general, at least four methods are available for interval estimation of the parameter
,8 in this and similar situations. First it would be possible to work from the distribution

(26) which is appropriate for inference about ,8 and which is free of nuisance parameters.
Unless the value of y is such that the possible values of X more extreme than the observed

value are fairly small in number and are such that the N,, y can be found reasonably
simply, this method is impracticable.
The second method is to use formulae based on (29), i.e. the expansions (30), etc.
As has already been remarked, this approach gives linear regression formulae as a first

approximation and these may be expected to work reasonably well when the slope is small

and particularly when the theoretical probabilities lie between
I and A, over which range
5 5'
the logistic curve is substantially linear. In the examples discussed above the inclusion
of a small number of further terms is not successful. As noted in ?4.2, further investiga-

tion is desirable to find just when additional terms in these expansions can be put in with
advantage.

The third and fourth methods do not use the conditional distribution (26). Maximum
likelihood may be applied to (23) and tables for this, and a simple iterative calculating
scheme, are given by Berkson (1957). The asymptotic standard error can be found in the

usual way. The fourth method, which is not iterative, is that of minimum logit x2 (Berkson,
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1955), i.e. the method of least squares with empirical weights applied to suitably transformed

observations; again an asymptotic standard error can be found by the usual regression

formulae. The last two methods are asymptotically equivalent; Berkson (1955) has shown
for a range of special cases that from the point of view of minimizing the mean square
error of a point estimate of ,8, the latter method is to be preferred. The relevance or
otherwise of this for general practical use raises very interesting issues: see Berkson's
papers and Silverstone (1957).

It is recommended that where the significance test is of primary importance the method
of the present paper should be used and that if estimation is of primary importance and
the sample size is not too small, one of the last two methods should be applied.

4.4. The serial order test.-If xi i and if x is interpreted to correspond to serial
order, the test statistic X is the sum of the rank numbers of those observations giving the

outcome 1. The use of this as a test of randomness has been proposed by Haldane and
Smith (1948), who gave tables for testing the statistic in small samples, as well as the large
sample approximation to its distribution. They dealt also with the case when observations

corresponding to some serial numbers are missing.

It follows from ?4.1 that this test is optimum against logistic alternatives. It is also
of interest to remark that the test amounts to Wilcoxon's two-sample test (see, for instance,
Siegel, 1957, p. 72 and Birnbaum, 1956) applied to the ranks corresponding to (a) the
O's and (b) the l's. This then is a situation where Wilcoxon's test is optimum, although

the problem is different from that for which Wilcoxon's test is most commonly applied,
namely the comparison of the locations of two samples. It would be interesting to know
if there are any location problems for which Wilcoxon's test is optimum.

The approximate procedures analogous to those described in ?4.3 lead to confidence
intervals for ,8. Another approach, from which I have not succeeded in getting a useful
working method, is to use (19) and (29) to obtain the cumulant generating function of

X',I Y, to approximate to the resulting sums by integrals and hence to obtain an approximation to the distribution when Min (y, n - y) is large and ,8 is not necessarily small.
If the probability that any particular trial has outcome 1 is always small, so that

e +fl/(l + e +f9) - ea+,f <? 1 and if x is thought of as time, we have very nearly

point process in continuous time. The test statistic is the sum of the times at which a 1
is observed and the procedure and set-up become those considered by Cox (1955).
4. 5. The combination of data from several series.-In some applications, including that
of the previous subsection, there may be several series for analysis, all assumed to have the
same value of fi. Thus in the illustrative example discussed by Haldane and Smith, the

children of 51 families are classified as normal or phenylketonuric. The independent
variable is the serial number of the birth, so that there are 51 series for combination.
If it is assumed that the probability that a child is normal depends only on the serial
number of the birth, and is the same for all the families involved, we consider the total
rank sum and test it conditionally on the grand total number of normals; this is in effect
the procedure of ?4.3 using a 2 x k contingency table with the column classification
determined by birth order.

The procedure used by Haldane and Smith depends on the total rank sum considered
conditionally on the separate total numbers of normals, family by family. This is easily
seen to be the theoretically optimum procedure when the nuisance parameters ac are different

for each family and the logistic regression coefficient f8 is constant. In fact if the affix i
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refers to the jth series (family), the likelihood is from (23)

exp { a (J) YM) + ,8 E X(i)}/ Hi (1 + e a(')+flxi1(3)), (35)
so that y(i), . , Y(k), X X X(J) are the jointly sufficient statistics, and the nuisance

parameters cx(1), . . . CQ(k) are eliminated by considering the distribution of X conditionally on Y(1), . . . , y(k).
4.6. Test with a known.-So far we have supposed that a is an unknown nuisance
parameter and this has led us to consider the distribution of X conditionally on the ob-

served value of Y, the total number of l's. Suppose now the null hypothesis is that l's
occur independently at constant known probability 0o = eLo/(1 + eLo) and it is required

for the test to be sensitive against alternatives in which the probability at the ith trial depend

on xi. In particular if xi = i, we require a test for trend from the value 00.

It follows from (13) that the simple sufficient statistic for fi is again X E xi Yi, but
this time we work with its unconditional distribution, so that X is now the sum of n independent random variables. Under the null hypothesis

E(X)

=

0

E

xi,

(36)

V(X) o (( - 0So) xi2, (37)

and the distribution is asymptotically nor
some r > 2

lim E xi I r/ Xi2}r/2 = 0. (38)

n-0oo

1

=1

This condition, which follows immediately from Lyapunov's form of the central limit

theorem, covers in particular the case x= j. For small n, an exact test can be made
quite easily.

We can examine the non-null distribution for small enough fi either by replacing the
logistic law by the asymptotically equivalent linear regression or by a direct argument

based on approximating by the central limit theorem to the terms in the exact distribution

of X. The result is that if as n -- oo the X's and fi are such that Xi2 x o(l), X is
normal with mean 0o E xi + fi0o(l - 0o) E xi2 and variance 0o(l - 00) E Xi2. Thus, as
would be expected on general grounds, we get equivalent results in testing fi in large
samples by (a) regarding a as unknown and using ?4.2 or by (b) estimating 0o, i.e. aco,
from the average proportion of l's and then treating this as a known true value, using the
present method.

Example 3.-Suppose that an experimental task is attempted 9 times and that the
correct response at each trial, which may be L or R1, is determined by randomization.
Success or failure is recorded at each trial and it is required to test the null hypothesis that
successes occur randomly with probability 2 against the alternative that there is a trend in
the success rate. Suppose that the results of one run are F S F S S F S S S.

If success S is denoted by 1 and if xi - i, i.e. we examine for regression on serial order,
the test statistic is the sum of the ranks of the S's, i.e. 35. From (36) and (37) the theoretical
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mean is

Oon(n + 1)
2 - 2
and the theoretical variance

o(l _ Oo) n(n + 1)(2n + 1) 285
6

4

giving a standard error of 844. Hence, after correcting for continuity, the deviation
from expectation is 1-422 times the standard error, corresponding to significance at the

151 per cent. level in a two-sided test, using the normal approximation. A simple enumeration shows the exact level to be 41/256 = 0 160.

5. Two PREDETERMINED INDEPENDENT VARIABLES

Suppose now that the Yi are mutually statistically independent and that there are two

independent regression variables for each trial, xi and ui say. We generalize the logistic
law (2) into

pr (Y = 1) = ea++flxi+Yui/(l + ea+flxi+7ru), (39)
where ,8 and y are partial regression coefficients. A direct generalization of (23) leads to

the consideration of the joint distribution of X - E xi Yi and U = ui Yi, conditionally

on the observed value of Y - E Yi. Further the relation for the cumulant generating
function corresponding to (29) is that

Kfl,7,y (Si, S2) = Ko,, ( + Sl, 7 + S2) - KO, y (fi, y). (40)
If we simplify the notation by denoting the cumulants of (X, U) when y y = 0 by

Ki;, instead of by Kij(o,y) (section 3) we have

E(X- Kin) = K20/$ + Kily + IK30/?2 + K21i+'y + K2 + * * * (41)
E(U -lK) Kill.? + Ko2Y + tK21i2 ? Ki2fiY + 1 +Ko3y2 + * * * (42)
etc. If the second degree terms are dropped, we can construct unbiased estimates of fi
and y and these are the estimates given by a formal linear regression analysis of the (0, 1)
observations on the x's and the u's. Improved estimates may for small fi and y be found

by equating the right hand sides of (41) and (42) to X - Klo and U - Kol respectively.
We shall consider the special problem of testing the null hypothesis /3' 0 with y an
arbitrary nuisance parameter.

The method is to construct a statistic having expectation A, as far as the terms retained
in (41) and (42). Let X' X - Klo, U' U - Kol and write
(

K20

Kll

-1

Kll

K02

K20

Kl'

Kl'

K02
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denoting by A\ the determinant of the maxtrix on the right. As noted above, the first
approximations to unbiased estimates of fi, y are respectively
B1- K20 X + K1l U, Cl - K1 X'+ K02 U'. (43)
If we evaluate the expectation of B1 using (41) and (42) and replace the second order terms

by their sample estimates with sign reversed, we get for the required estimate of:
B1 - 2j A[(K30K02 - K21K11)(B2 - K20) + 2(K21Ko2 - K12K1l)(B1C - Kl)

+ (K12K02 - K03KiJ)(C2 - K02)]. (44)

The first approximation to the variance of (43) is K20; the second approximation is very
complicated.

Alternative procedures analogous to those of ?4.3 are to apply maximum likelihood
or minimum logit X2; these result in standard multiple regression calculations, iterative
in the first method, non-iterative in the second.
6. REGRESSION ON THE RESULT OF THE PRECEDING TRIAL

In this section we deal briefly with the situation in which the probability of a 1 at th
i thtrial may depend on the observation at the preceding trial. Suppose that the probabili
of a 1 following a 1 is
ea+fl/(1

+

ex+fi)

(45)

and following a 0 is

e

this

is,

of

/(1

+

ea);

course,

(46)

merely

a

Markov chain.

The likelihood of Y2, . . . , Yn given Yi is
n

n

e2
(1

+

i

2

ea)

(47)
Y

(1-Y

the likelihood having to be taken conditionally on Yi, since the distribution of Y1 is undefined. The expression (47) is complicated by end effects and the jointly sufficient set of
statistics consists of Yi and Yn in addition to E Yi and E Yi Yi-1. A formal simplification
results from making the set-up circular, by defining Yo = Y. Then the likelihood is

ea?EYi+,6EYiYi-1 (8
(1 + eL)n-?i (1 + ea+fl)2i' (48)

and E Y, = Y and E Yi Yi_- X are jointly sufficient. The distribution of X conditionally on Y y is

pr (X = x | Y=Y)- Mx,y efx

E Mx efix
-Mx, ye-2)w

~~ y eiftw' ~~~(49)
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say, where w is the total number of runs in the circular array of O's and l's, equal to

2(y- x), and where Mx,y is the number of distinct samples with y l's for which X = x.
The difference from (26) is that the null distribution is that of the number of runs in random
circular permutation of y l's and n - y O's.
There is now the familiar difficulty, that arises also in the study of ordinary serial
correlation coefficients, of deciding whether to deal in practice with a quantity defined
artificially in order to simplify the mathematics. Unless there is some physical justification
of he circular definition, it seems best to take the test statistic, W, equal to the number of

runs of O's and l's in the observed non-circular sequence Yi and to take its distribution
conditionally on Y y as given approximately by the analogue of (49), namely

pr(W= w| Y=)y)- M'w,y -flw (50)

where M'w,y is the number of different samples of y l's and n - y O'
number of runs equal to w.

Now W is formally identical with Wald and Wolfowitz's run statistic for testing for
the difference between two populations on the basis of a random sample drawn from each.
In that application (Wald and Wolfowitz, 1942), with samples of size n - y and y, the
observations are ranked and then those from the first sample are scored 0 and those from
the second sample scored 1. The total number of runs is used as a test statistic: the
authors show that this test is consistent for all possible alternatives, although the procedure is clearly very inefficient for many particular types of alternative.

The null distribution is determined by the numbers M's,, and the exact distribution
has been given by Wald and Wolfowitz and earlier by Stevens (1939), who considered both
the circular and non-circular cases.* Wald and Wolfowitz show also that the total number

of runs W is asymptotically normal as n -? oo with y/n fixed, with

E(W) 2y(n - y) (51)
n

1(W)

4y2(n

-

y)2

(52)

It follows from (5), using a relation for cumulant generating functions similar to (29),
that if I? is small, W is asymptotically normal with mean

2y(n- y) 1.)V(W)
and variance (52), so that approximate estimation of fi is possible by the methods used
before.

A small sample test can be made from the tables of Swed and Eisenhart (1943) or alternatively by reduction to a 2 x 2 contingency table in the way very clearly set out by
Stevens. This can be done exactly in the circular case. In the non-circular case, it is
usually probably best to work not with the total number of runs but with say Wi, the
number of runs of l's, which may be equal to or be one more or one less than the number
* The problem had been considered before this as a combinatorial one.
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of runs of O's. The quantity Wi may be tested by the usual exact test applied to the
2 x 2 contingency table

W,

y-WI

n -y + 1- WI WI -I

The more general problems of inference in Markov chains with more than two states
have been considered by a number of authors (Bartlett, 1951; Hoel, 1954; Good, 1955;

Anderson and Goodman, 1957).
7. CUMULATIVE SCORE AS AN INDEPENDENT VARIBALE

As was explained in ?i, it is in some applications right to assume that the probability

of a 1 on the ith trial is a function of the number of l's occurring in the first (i - 1) trials,

i.e. of Yi + . . . + Yi-1. A significance test for such dependence could be obtained
by using the serial order test of ?4.5, although these would presumably be some loss of
power in doing this. For estimation purposes, however, it is necessary to treat the problem
afresh.

Suppose that the probability that a trial has outcome 1, given that there have been v
l's in the previous trials, is

ea+flv/(1 + e +flv). (54)

Consider a sequence Y1, . . . , Yn in which there are y l's and let ro be the serial number
of the first 1, ro + ri the serial number of the second 1 and so on, ro + . . + ry-i
being the serial number of the last 1, and ry being defined as n -ro . . . ry-.
Then the likelihood is

-ey a ''Y(Y - ) ,8 (55)

eYv+iY(Yl) ft

rI (1 + ea+kf)rk
k=o

so that the full sequence ro, . . . , ry is required for sufficiency.

A more intuitive approach is to consider the sum of products analogous to those that
have occurred in the previous sections, namely E Yj(Y1 + . . . + Yi-1). This,
however, is equal to .jy(y - 1), so that this approach leads nowhere. Another possibility is to note that if ,8 is small, or large, the likelihood (55) involves the r's only throug

E krk and E rk n. This suggests that the use of R = E krk as a test statistic will be
locally optimum, large values of R corresponding to negative values of 8.

Under the null hypothesis 8 = 0 each ordering of the ri has equal probability, with the

exception that if one of the ri is 0 it must occur at a fixed position, namely at the end.
Let y' y + 1 if all ri are non-zero, i.e. if the series ends with a 0, and let y' = y if
ry = 0. Thus y' is the number of non-zero r's, and the y' ! permutations of the r's are
equally likely. If y' is not too small a satisfactory test should be obtained from the distribution of R in the universe of permutations of the non-zero r's observed. In this

Ep(R)

-

1(y'

-

1)n,

(56)

Vp(R) -12 y(y + 1) E (ri - r)2, (57)
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where Ep, Vp refer to expectations over the permutations just mentioned and the sum
of squares in (57) is over the non-zero r's. The last formula is most neatly proved by

noting that for arbitrary {ro, . . . , ry} we have by symmetry and invariance considerations that

Vp(R) = Ep{ k(rk -r)}2 B E (r - T)2, (58)
where B depends only on y. The expectations of both sides are easily calculated when

ro, . . . , ry are uncorrelated random variables of mean zero and unit variance, and
B is then determined. Asymptotic normality follows from Hoeffding's theorem (Hoeffding, 1951).

Example 4.-In a learning experiment the following sequence is obtained in 20 trials, a
correct response being denoted by 1 and an incorrect one by 0:
0,0,0,0 1,0,0,0, 1,0, 11,1,0,1,1,1,1,0, 1.
Here ro ri = 4, r2 = r5 r8 r9 = 2, r3= r4 r6 r7 1, rio = 0, with n 20,
y' y = 10, and R 72. From (56) and (57), the theoretical mean on the null hypothesis
is 90 and the variance

12 {5 } 2110.
Hence the standardized deviation from expectation, after correction for continuity, is
17.5/10.49 = 1 67, significant at about the 94 per cent. level in the normal tables.
If information from several series is to be combined, the values of R are added.
The statistic R does not seem to lend itself to a simple approximate estimation pro-

cedure. If an estimate of fi is required, as would usually be the case, the simplest procedure is to consider the formal maximum likelihood or minimum x2 procedures from

(55).
One industrial application in which this sort of situation might arise is in the study of

failure rates for mechanisms under modification. At each trial the mechanism may not

fail (0) or may fail (1). After a failure, but not after a non-failure, the mechanism is

modified. The parameter -,8 measures the rate of decrease, due to modification, in the
probability of failure.

A more frequently occurring application, however, is probably the one suggested above
to the analysis of learning experiments. There has been much interesting work recently
on stochastic models for the representation of learning in simple situations (Bush and
Mosteller, 1955; Cane, 1956; Audley, 1956, 1957; Audley and Jonckheere, 1956) and

some of these studies have led to formidable statistical problems of fitting and testing.
When these studies aim at linking the observations to a neuro-physiological mechanism,
it is reasonable to take the best model practicable and to wrestle as vigorously as possible

with the resulting statistical complications. If, however, the object is primarily the reduction of data to a manageable and revealing form, it seems fair to take for the probability
of a success, 1, as simple an expression as possible that seems to the right general shape

and which is flexible enough to represent the various possible dependencies that one wants
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to examine. For this the logistic seems a good thing to consider.
The simplest case is the one considered above where the probability of a correct response

is assumed to depend only on the number of previous correct responses, or in a slightly
more complicated case, only on the number of previous rewarded correct responses. The
equation (54) may be compared with that of Audley (1956), which in the present notation
is that the probability that a trial has outcome l is

(a + dvA)/(1 + 1v). (59)
A difficulty that might arise with some applications of (59), although not with the present
one, is that f must be non-negative. The maximum likelihood solution for (59) has been
used by Audley.

A fairly general model that should cover a variety of cases is to set up a logistic dependence between the probability of a 1 and such quantities as (i) the number of preceding

correct responses (or rewarded responses), (ii) the number of (penalized) incorrect responses,
and (iii) the result of the preceding trial. Much of the interest of such an analysis would
presumably lie in finding whether, under a range of circumstances, the dependencies can
be represented with a small number of such independent variables. Maximum likelihood

fitting, using the tables of Berkson (1957), results in a straightforward iterative multiple
regression calculation. The number of linear equations to be solved at each step is one
more than the number of independent variables.

An alternative, very simple non-iterative, method of analysis is to use the method of
minimum logit %2; grouping of the independent variables would be required to ensure
that there are few combinations for which the responses are all 0 or all 1. This method
is recommended for finding a first approximation for use in the iterative solution of the
maximum likelihood equations.
Some of this work was done at the I.M.S. Summer Institute, 1957, and support from
the National Science Foundation is gratefully acknowledged. I wish also to thank Dr. A.

Birnbaum for some helpful discussions.
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DISCUSSION ON DR. COX'S PAPER

Dr. C. A. B. SMITH: It is a great pleasure to propose the vote of thanks to a paper so
well set out. Dr. Cox points out clearly the value of the logistic function in simplifying
the mathematical theory, especially in such places as equations (29) and (40) which express
the general cumulant generating function in terms of that for the null hypothesis. I am
also very much interested to see that certain non-parametric significance tests (including
the Haldane-Smith rediscovery of Wilcoxon's test) are optimal against alternatives involving
a linear regression of the logit. Opinions about the merits of non-parametric tests may
vary, but they give me a feeling of honest confidence which is the proper conclusion of a
well-conducted scientific investigation-provided, that is, that they are reasonably near
optimal.
At the moment, however, I am concerned with some problems similar to those discussed by Cox but involving estimation rather than significance: and an important question
there is how far they can be reduced to a linear regression of the logit. Of course, in an
assay problem a small dose of a given drug will in most cases give no response, a large
enough dose will give 100 per cent. response, and the curve relating probability of response
to dose will have an "ogive" shape. It is then hardly surprising that by a suitable transformation of the dosage it can be coaxed into a good approximation to the logistic or
cumulative Gaussian form. However, in other cases this may not be so. I have been
looking at some results of Dr. D. B. Fry, of the University College Phonetics Department.
(He has kindly given me permission to refer to these as yet unpublished results.) He was
investigating what constitutes "stress" in phonetics, i.e., what distinguishes, say, the
CONtent of a book from conTENT of mind. In ordinary conversation the words may
be different in force, sound, tone and timing. Dr. Fry has tried to examine the effect of
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each of these factors separately. Unfortunately there are certain difficulties in interpreting
the experimental results, which I will not go into here, but it looks as if no one factor is
decisive on its own. If one pronounces the CON a million times louder than the tent,
some people will still hear the word as conTENT. Thus if p denotes the probability that
the word is heard as CONtent, it seems rather as if p varies between limits which lie within
the interval (0, 1), and therefore the regression of logit p on the factors such as tone, loudness, etc., or on any monotonic transform of these ranging from - oo to + oo, cannot
be linear. However, one can perhaps put

logit p =f(x) + g(u)+ ...
where, say, x is the comparative loudness of the first syllable, u its comparative pitch, and
so on. If so, it is possible to estimate the values of f(x), g(u) by maximum likelihood, or
by an iterative application of Berkson's minimum x2. (The difficulties which it is said
may arise with the minimum x2 method near p - 0 or 1 will in fact not matter much in
Dr. Fry's data.)
Again, in some diseases and malformations the probability of a child being affected
can be shown to depend on the ages of the mother and father and the number of previous
children. Since these three variables are highly correlated they will produce at first sight
almost identical effects: the existence of such effects can be most easily shown by using
the Wilcoxon test (as applied by Haldane and Smith). But it is important to know which
of the three possible variables is responsible for the effect. If it is the father's age, one can

assume with great confidence that the disease is due to mutation; if the number of previous

children is the major factor, it probably acts through biochemical reactions between mother
and child; while a maternal age effect has a less certain interpretation. Unfortunately
the regression of the logit in such cases may take various forms which are not easily transformed to linearity. For example, the probability of a malformation may decrease at
first as a mother grows older, and later increase rapidly, rather like a hyperbolic cosine
curve. Also the statistical methods at present available for separating the three causes
are very laborious, and if a simple version could be evolved it would be of great benefit.
I hope that Dr. Cox's paper may lead to such a development.
The Markoff process approach may also be fruitful in biology. For example, there
may be a correlation between the sexes of adjacent children in a family.

I wonder whether the difficulties encountered by Dr. Cox in using the Gaussian or a
similar approximation to the distribution of a variable restricted to positive values might
not be reasonably well overcome by using instead the distribution of the square of a Gaussian
variable with non-zero mean. This is a two-parameter distribution which can readily be
fitted from its mean and variance, and often gives a surprisingly good approximation to
distributions of positive variables, such as x2.
In conclusion it is a privilege to congratulate Dr. Cox on the illuminating and methodical
way in which he has set out the problems of regression of probability.

Dr. G. H. JOWETT: I always have a feeling of dismay when people bring along problems
with a dependent variate of the binary or frequency type. One is rarely satisfied with a
slapdash application of ordinary regression analysis, but the alternatives are rather grim.
The solving of non-linear maximum likelihood equations by iterative methods can be
laborious and troublesome, and the various specialized techniques which are scattered
through the literature, with their diversity of ad hoc approaches and special tables that
have to be found and looked up are not as helpful in workaday applications as they might
be.

Dr. Cox's paper seems especially valuable in giving a coherent and unified theoretical

approach which covers all the less complex problems of this type that we normally meet,
and also it enables us to get back to the primitive 0's and l's of the data, avoiding the
need for arbitrary grouping to reduce them to frequencies. In practice, to be manageable
such grouping usually has to be broader than one would like, and the exceptional treatment
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that often has to be given to zero and 100 per cent. responses eludes the memory and has
to be looked up.
I find I have a good many applications lined up for treatment by Dr. Cox's techniques.

Two particularly occur to me; one is the analysis of ratio delay data, where one walks

through a works noting whether a machine is or is not in operation and relates this to
various potential causes by regression methods; the other is the problem of distributions
in ecology where one relates the presence or absence of a particular plant to soil charac-

teristics. For these the bivariate approach of paragraph 5, and its generalization to three
or more variables seems very promising, particularly if it can be streamlined a little and
formulae (43) and (44) (which are not actually, I think, correct as they stand) given rather

more pattern. We have tried these formulae out on some medical data where the
dependent variate corresponded to the appearance of a symptom of over-dosage, the independent variables being two characteristics determining the dose given to each patient.
We could have used the actual 1, 0 data, but as it was we laid it out, frequency fashion,
in a four by four table. In spite of the three tiers of formulae required for calculation of
the K's, the working out represents only about a day and a half of computing time (allowing
for the fact that our calculating machine broke down in the middle!).
Dr. Cox's paper seems likely to result in a much wider acceptance of the logistic function
as a regression model. I have never been a partisan in the probit v. logit disputes, feeling
that both approaches were equally adequate from the descriptive point of view, but the
existence of this new unified treatment has tipped the balance for me, and I imagine it
will do so for others.
I have much pleasure in seconding the vote of thanks to Dr. Cox for his impressive and
useful paper.
The vote of thanks was put to the meeting and carried unanimously.

Miss V. R. CANE: It is always a pleasure to read any work of Dr. Cox's; it has such
an air of elegant ease. This ease, unfortunately, does not necessarily transfer itself to
those of his readers who attempt something of the same kind. After reading his paper I
was tempted to get entangled in an experiment with data that seemed to be suitable, but
it turned out to be more an example of those cases he refers to at the end, where he recommends taking the best model practicable and wrestling as vigorously as possible with the
resulting complications.
These data-which are rather like some discussed by Dr. Smith-come from an experiment concerned with finding a frequency of seeing curve. A light stimulus of a given
intensity was shown to a suitably prepared subject-somebody who had drops in his eyes
and was wearing the right sort of lens-and he was asked whether or not he saw this light.
Stimuli of nine different intensities were given in random order, and the problem this
particular experiment was concerned with was to decide whether the response at a given
trial was or was not affected by the response at a previous trial. Thus the response "'yes',
or "rno , might depend on two things, first, on the actual intensity of the light shown, and,
secondly, on the result of the preceding trial; again, the preceding trial could influence
the response in two ways, either by one response affecting the next, or through adaptation
of the eye.
In this particular experiment the two highest intensities were almost always seen. There
were altogether 600 trials in each run for each subject, and there were only one or two
cases where the response "yes" was not given. For the three lowest intensities there was
almost always the response "no". Over the range of the four intervening intensities it
seemed reasonable to take roughly a straight line relation. These medium intensities may
be regarded as being in the threshold range. The first thing I wanted to see was whether
there was in fact adaptation or contrast, so I sorted the results into four categories according
to whether the preceding stimulus was high or low, or, if it was in the threshold range
itself, according to whether the response to it had been "yes" or "no". In each category,
there were the four intensities as independent variable and the corresponding proportions
of "yes" responses as dependent variable, so that four regression lines could be fitted.
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The result was rather surprising. First of all there did not seem to be any adaptation.
The regression lines on intensity in three of the four categories were almost parallel, but
the two corresponding to preceding stimuli of very high or very low intensity lay above the
other two-that is the response "yes" was made more often when there was no uncertainty
in the preceding trial, irrespective of the intensity. The exceptional line-that corresponding to a preceding stimulus of threshold value to which the response was "no"-was much
less steep, and had a much lower mean position.
I did go on and try to find out whether it was possible to use the following idea: at a
given stimulus intensity there is a probability of saying "yes" with certainty, and a probability of saying "no" with certainty, where certainty means that the response is completely
unaffected by the previous response; within the threshold range there is also a probability
of guessing, and this would depend on whether the response at the preceding trial was
guessed or certain. The effect of this, with certain rather simple assumptions about these
probabilities, would be to give regression lines through different mean positions, but they
should apparently all be parallel.

Mr. D. V. LINDLEY: In ?4.1 of his paper, Dr. Cox introduces an argument using the
distribution conditional on a fixed value of Y, despite the fact that Y is a random variable
whose distribution involves ,B, the parameter of interest (equation (25)). A justification
for this, and other conditional arguments known to me, is as follows. Suppose the points

of our sample space can be written (x, y) and the points of our parameter space (0, 0) and

that the density

p(x,yf IG,k)z- p(ylIx,O)p(x I Qa,0
the peculiarity being the omission of b from the first probability on the right-hand side.
Then we have the

Theorem: If, for each x, the densityp(y I x, 0) admits a UMP test T, of 6 - Go again
6 > Oo at level a, and if the densities p(x Oo, b) are boundedly complete, then the test
which consists of applying Tx when the sample point is (x, y), is a UMP unbiased te

of 0 0o, of size a, against 0 > Oo, all b.
In other words a desirable conditional test is a desirable test generally, and the conditional argument is justified. The proof is simple and the application to Dr. Cox's problem

immediate (x = Y, y = X, 0 = /, 0 = a). The exponential family is known to possess

UMP tests and to be complete. This example has already been given by Lehmann and
Schef6 (Sankhy7i (1955), 15, 219-236).
The theorem is very general and enables the "nuisance" parameter b to be eliminated.
The most interesting application is to the exact test for the 2 x 2 table (also given by
Lehmann and Scheff). Here y is the "inside" of the table and x is the "margins": 0 is
plq2/p2q1, the odds ratio, which we wish to test to see if it is unity, 0 is plp2/qlq2. Tocher's
result (Biometrika (1950), 37, 130-144) thus follows. All the examples given in Fisher's
recent book satisfy the conditions of the theorem. It is interesting to see how a general
result expressed in abstract terms enables one to fix one's attention on what it is that really
matters in order that the conditional inference be valid, namely the bounded completeness
of the other distribution involving 0. An abstract approach is not fettered by the peculiar,
and irrelevant, features of the problem being handled.
Dr. D. E. BARTON: Since all the information at our disposal in the binary sequence is
the set of ranks of the l's it is not surprising that Dr. Cox's tests are rank order tests. What
is rather surprising is that closely parallel results exist in the theory of "pure ranking" as
developments of the theory of paired comparisons. For instance, in the case of Wilcoxon's
test, if we rank mx's and ny's by means of n+mC2 paired comparisons, with probability p
of putting an x above a y, and reject inconsistent sets, it is easily seen that Wilcoxon's
statistic is sufficient for q - p/q. This may fall into the class of "shift of location test"
for which Dr. Cox asks. Mallows, David and I are presenting these and allied results
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of ranking theory in a paper in the issue o

seems to have been the first to propose it.
It ought to be noted that Mann and Whitney (1947) compete with Smith and Haldane
for priority in the extension of Wilcoxon's test.

I think it is a pity that Dr. Cox does not refer to F. N. David's work on what he calls
Wald and Wolfowitz's runs test. Certainly she was one of the earliest writers, as far as
I know the first, to show it was optimal for a binary Markoff Chain. The reference is in
Biometrika (1947), 34, 335-339. Our recent papers, Biometrika (1947), 44, 168-178 and
Biometrika (1958, in the press), develop this theory.
One last point I should mention is that the generating function of equation (19) dates
back at least as far as Cayley (1855), who discussed it very fully, and certain transformations
of it to facilitate expansion. These are reported in McMahon's (1915) Combinatorial
Analysis. Cauchy (1843) would seem to be the first to give it explicitly.

Professor H. E. DANIELS: Dr. Cox has used the logistic law for reasons of simplicity
and mathematical convenience. I would like to show that even in the case of random
sampling from a finite population, discussed in ?3, the logistic law introduces itself quite
naturally if one approximates to the required distribution by the method of steepest descents,
in the way I suggested in the discussion on Box and Anderson's paper in 1955 where the
same problem presented itself.
I cannot bring myself to use the symbol y in what follows, and if Dr. Cox will forgive
me I propose to use r instead. We select r members at random from the finite population

Xl, X2, . . . , x", obtaining a sample xi1, xi2 . . . , xi,. We want to approximate

to the distribution of the sum X of these sample values. The moment generating function
(m.g.f.) of X is obviously 1/(n) times the coefficient of zr in
(1 + zesxl)(I + zesx2) . . . (1 + zesxn).

However, it is more convenient to proceed by first allowing each of xl, . . . , xn to be
selected, or not, independently with probability i-, so obtaining the probability of X and
r jointly. Division by the probability of r alone will then give the required conditional
distribution.
The m.g.f. of X and r is

i n

M(s, u) = E(esX+Ur)
1 fi (1 + eSxi+u),
2 =
and the cumulant generating function is
n

K(s, u) = z log (1 + e8xs+u) - n log 2.

Although X and r are discrete valued, a smoothed density function f(X, r) can be got by
approximating to the integral

f(X, r) (2Ti)2 fj'eK(8u)-8X-ur ds du

by the method of steepest descents, where the paths of integration, originally the imaginary
axes in the s and u planes, are suitably deformed and truncated.
The required saddle point so, uo, (at which the integrand is stationary) is real and given

by

AK n xie8oXi+Uo
aU0 i- (1 + eSoxi+uo)
AK n e80Xj+U0

&No ( + e8oxi+uo) 'J
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and the steepest descents approximation is
eK(soUo)_8ox-Uor

f(X, r)

a2K a2K i

2,T aS2 aSOaU0
a2K a2K

asoauO M
It will be noticed that uo, so are just the maximum likelihood estimators a, , of the corresponding parameters when the probability of selecting xi is taken not as i but as
(1 + ea+fxi)'

The approximation can then be written in the form

f(X, r) 1 A__(O _n_ _ (2)
2 7rT I | fII( 1 p j)

where I is the sample information matrix evaluated at a', f, and H, H' operate over the
sample suffixes and the remainder respectively.
In the more general case where the probability of selecting xi is pi with non-zero a and
f, it is found in the same way that uo -a a, so = - and

f(X, r) A pi I) (3)

2, T I | li r yII(l _ pAi)

Moreover, one can use the more general form of (1) to transform from X, r to a, f and
obtain the smoothed density

f (a, I? lp ] . P ( pi)
a more accurate approximation than the usual normal one which can be derived from it
by further approximation.
A remarkable thing about (3) and (4) is that, apart from a slowly varying factor, they
have the form of the likelihood ratio criterion for the problem. This is a general property
connected with distributions of the exponential family, and explains why the likelihood
ratio criterion often bears an uncanny resemblance to the density function of some closely
related statistic.
To obtain the conditional distribution of X J r, (3) has to be divided by the smoothed
density function f(r) for r alone. Approximating in a similar way we find, for general

a and P,

1 p 11l (1- pi)

(274)1 flrIi t(l -pf,)
Here pf is evaluated at a, P, where a is the maximum likelihood estimator of a for

P, and f is the information on a estimated from the sample. The approximate smoo

density for X I r is therefore

f(X I r)2,7r
I A1I. ri
APs
(1 p)
p r(i p
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Apart from a factor, it has the form of the

a specified value regardless of a.

Dr. G. M. JENKINS: The following method of approach leads to a simpler solution of
the problem raised by Dr. Cox in ?6 of his paper. It has the advantage also that it makes

no arbitrary assumption such as that of the logistic law; in fact, no such assumption is

necessary in this type of work, as far as I can see.
Let

pil = P{Yi = 1, Yi+= l}, pl =-P{Y, = 1, Ysi_ = O},
so that

pi= P{Yi = 1}-- pi] + plo.
Under the null hypothesis that the probability of a '1" at the i'th trial is independent of

that of a "1" at the (i - l)st trial, pil - p2 and the problem to be solved is to find some

criterion for testing pl1 = p2 together with its distribution. A nuisance parameter is
involved here and what has to be done is to testpil p2 conditional onpi; this is analogous

to testing I 0 conditional on a which is the approach pursued in the paper.
Dr. Cox showed that the likelihood ratio criterion for testing = 0 conditional on a
n

n-1

involves the quantities Y- E Yi and X = Yi YY+1. The following tables show
i=1 t=1

the first two moments of these quantities calculated under the null hypothesis that pl =

and under the alternative hypothesis plu p1.

Moments of Y

Null Hypothesis Alternative Hypothesis
Mean

.

.

.

npi

npi

Variance . . . np(l - p) npi(l -p) + 2(n - 1) (plu - p2)
Moments of X
Null Hypothesis Alternative Hypothesis

Mean . . . . (n - l)p2 (n - l)ppl
Variance . . . . (n - 1) p2(1 - pl)2 Not evaluated
These results suggest that the following statistic, viz.
Y2 y

Z = X- +-,
n n

may be used to test the null hypothesis that
Moments of Z

Null Hypothesis Alternative Hypothesis

Mean

.

.

0

(n

1)

(n-2)

(pl
n

-

2)

Variance p(n-1) (n 3)12(l -pl)2 + p2(l -pl) Not evaluated
n

n

It
follows,
t
by
consider
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If pi is not known then the estimated value of pi may be substituted in the expression for
the variance.

The criterion Z is interesting since it is very similar to the non-circular serial covariance
of lag 1 with a mean correction; in fact it differs from this latter quantity by a correc-

tive term Yln. This raises the possibility that binary sequences of the type considered

in this paper may be handled by suitably modifying the criteria used in the autocorrelation
analysis of continuous variables. In particular it raises the possibility of testing the dependence of a "1" on several previous values by means of partial serial correlations.
Further, several states instead of two as considered in the paper might be dealt by suitable
modification of multivariate time series criteria.

Professor G. A. BARNARD: First a small remark about Dr. Cox's most valuable indication of the extent of the usefulness of the logit transformation. It is an instance of the
general advantages of looking for simplicity. If you have an interval (a, b) and y ranges in
that interval, y cannot have a linear regression on a variable x ranging from - oo to + oo
In order to have a quantity that ranges from minus infinity to infinity it is advisable to

transform the interval (a, b) to the interval (- 0o, + oo). The simplest way of doing this

is to take y = log x a Dr. Cox's logit transformation is an example of this and it is
worth noting perhaps that most of the other useful transformations in statistics arise in
this way.
The second remark I wanted to make arises out of what was said in the paper about
minimum logit chi-squared and out of Dr. Smith's remarks. In case anyone is swayed
by the paper, and by those remarks, to adopt the minimum logit chi-squared method for

all cases of bioassay, I would like to point out that exactly similar reasoning would lead
to the adoption of the estimate (r + 2)/(n + 2) for a probability p of success, when r
successes have been observed in n independent trials. The fact is, that mean square error

cannot normally be the only thing considered in relation to an estimator.
Finally I would like to comment on Mr. Lindley's remarks, in the hope that Dr. Cox
will state his views on the subject. Mr. Lindley states a theorem, of the form "A conditional test with property A has, under conditions C the property B". He suggests that a
paraphrase of this is "A desirable conditional test is a desirable test generally". But one
may question his translations "property A = desirable" and "property B desirable",
especially the second. For Mr. Lindley himself showed (J. R. Statist. Soc. B (1953), 15, 57)

that property B was not always a desirable one; and excellent tests in common use among
statisticians fail to have the property of "unbiasedness", in the technical sense used here.
Since Mr. Lindley refers to the 2 x 2 table, I would point out that in applying his
theorem to such cases, one must be prepared to adopt the device of randomization and
many of us cannot swallow the notion that the statistician, whose prime task is to eliminate
the effects of random errors, so far as possible, from our results, should deliberately introduce random elements into the data. On the other hand the condition of bounded completeness is a "model property" rather than a "real property", in the sense that any real
situation which is represented by a model in which the bounded completeness property
failed, could also be represented by a model in which the bounded completeness property
held good. Thus the condition in question is not really worth much attention, and the
contrary of what Mr. Lindley says in his penultimate sentence seems to me to be true.

Mr. D. V. LINDLEY (added in writing): It is unusual for a speaker to discuss the contribution of a previous speaker at quite the length that Professor Barnard has mine, and
perhaps I might, before Dr. Cox concludes, reply to his remarks. I only showed that
similarity might sometimes lead to inadmissibility; but it is easy to see that in the situation
being discussed, this cannot happen. Similarity may be substituted for unbiasedness in
the theorem. The randomization is only a device to introduce continuity into an argument
in which information is necessarily obtained in quanta; and nothing more. Completeness,
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on the other hand, is much more than Professor Barnard appears to think. It is one of
those brilliant concepts which, once isolated, is seen to be relevant in a wide field of statistics.
It is not to be dismissed as a trivial "model property". Consider the following example
(suggested to me by Dr. Cox). Let (x, y) have a bivariate normal distribution. If all the
parameters are unknown, the completeness property obtains and the usua] conditional
test for the regression of y on x is optimum: if E(x) is known, the completeness fails and
the test is not optimum.

The following contribution was received in writing:
Mr. A. STUART: I was rather put off by Dr. Cox's terminology in justifying his choice
of test statistic in ?4. 1. I do not see how it can be said that Y "can tell us nothing" about

P. There is no single sufficient statistic for P, and (X, Y) is the minimal sufficient statistic

for (a, P). Dr. Cox's choice of words therefore seems to me slightly misleading. I
seems necessary only to say that the statistic X I Y is a function of the minimal sufficient

statistic, and that its distribution is free of the parameter a because Y is a single sufficient

statistic for a if the value of ,B is known. The justification of the use of X I Y would then

follow the lines discussed by Mr. Lindley.

I have a second point, arising from ?4.4: it seems unlikely that the Wilcoxon test
can ever be optimum for location problems. Pitman has shown that it is asymptotically
equivalent to the Student t-test against rectangular alternatives, but then neither of the
tests is optimum; and the rectangular is the only distribution for which the correlation
between variate-values and ranks tends to 1 as n -+ oo. As a matter of interest, for the
ordinary two-sample location problem, logistic alternatives make the Wilcoxon test less
efficient relative to the Student t-test than it is against normal alternatives.

Dr. Cox replied briefly at the meeting and subsequently more fully in writing as
follows:
I am grateful to the speakers for their constructive and encouraging remarks and
especially to Drs. Smith and Jowett and Miss Cane for the interesting applications that
they have outlined. Dr. Jowett's suggestions concerning the method for analysing regression on two variables have been adopted and I hope that equation (44) as finally
printed will be easier to apply than that in the earlier version of the paper, and also that
it is now correct! There is clearly need for further work to determine which of the various
methods available for analysing such dependencies is really the best.
There are an enormous number of publications directly or indirectly connected with
the topics treated in the paper, and the ones that I have cited are those thought to be most

useful for immediate reference, and are not meant to indicate priority. Dr. David's
paper, mentioned by Dr. Barton, should however certainly have been included, as should
also one by Dr. P. G. Moore (Biometrika (1949), 36, 305), where an equation equivalent

to (53) is proved by a different method.
Professor Daniels's contribution is extremely interesting, especially his results concerning the connection between the likelihood ratio criterion and the density function of a
test statistic. It would be good to have the steepest-descents results for the inversion of
(29), although substantial numerical work is likely to be involved in applying the results,

except possibly to very special cases such as a rectangular or two-point distribution of
the xi.
Dr. Jenkins's remarks are helpful, although I don't agree with his claim that his method
is simpler than the one stated in ?6 of the paper. So far as a significance test of ,B 0
is concerned, the test in ?6 is simple, of standard form and optimum, at any rate in the
circular case; the test criterion could be taken to be the serial correlation coefficient of
lag 1, although there seems little to be gained by this. Dr. Jenkins's results may have
some advantages in estimation, although even here the methods for a 2 x 2 table may
be applied. Finally, it must be stressed that no assumption of a logistic law is involved in
?6; see the remark below (46). The logistic formula is simply a convenient way of writing
the transition probabilities, so as to obtain results similar to those of earlier sections.
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Mr. Stuart's comments on the correlation between ranks and variate values are interesting and I agree with him that there is probably no distribution for which Wilcoxon's
test is an optimum test of location. Dr. Barton's example is essentially that of a 2 x 2
table and is hardly a location problem in the ordinary sense.
I have left to last my comments on the general theoretical issues raised in the paper and
discussion, namely the justification of the use of conditional distributions in ? 4. 1, and the
properties of the minimum logit x2 estimates mentioned in ?? 4.2, 7. Both methods were,
quite deliberately, dealt with only very shortly in the paper.
In fact, I have discussed the question of conditional inference in a paper in the June,
1958 issue of the Annals of Mathematical Statistics, and therefore will only comment fairly
briefly on Mr. Lindley's and Professor Barnard's remarks. First, Mr. Lindley's theorem
seems to me very pleasing and useful, one reason being that it removes, in a wide class of
cases, a point of conflict between the Neyman-Pearson and Fisherian theories. Fisher's
point of view seems to be that the conditional approach should be used as a matter of
principle, whether or not there is loss of sensitivity (power), provided that the statistic
held fixed in the conditional distribution gives no direct information about the parameter
of interest. The general arguments for this appear to me completely convincing, even
though it may be difficult to say mathematically when the method is applicable. Mr.
Lindley's result shows that in a wide class of situations we get to the same test whether
we put the requirement of maximum sensitivity first or not.
It is over those cases not covered by his theorem that I disagree with him. He notes
that in a certain case the use of the conditional test loses power and "is therefore not
optimum". I would, with Professor Barnard, draw the opposite conclusion, namely that

it is the criterion of power (and possibly that of similarity) that is at fault here. That is,
that power is important, but relevance is more so.

Mr. Stuart objects to the use of the expression " Y tells us nothing about 3". I sympathize with his point, although I think that the expression is correct and relevant, even
though difficult to define precisely. The use of words is exactly that in the statement
"a single observation Y from a normal distribution of unknown mean and variance tells
us nothing about the variance". No statistical procedure can be put forward that will
discriminate between different values of the parameter of interest on the basis just of Y.
I agree strongly with Professor Barnard that there must be something wrong with a

formulation that leads to inferences involving randomization. However, a way round
this seems to be to remark that in using a significance test we take the level of significance
actually attained as a measure of the amount of evidence against the null hypothesis. The
formal development of the Neyman-Pearson theory, suitably reworded, can then be taken
over, and the difficulty over randomization does not arise.
Finally, Professor Barnard has commented on the calculations of Berkson that show
that in certain cases a point estimate derived by the method of minimum x2 has smaller
mean square error than the maximum likelihood estimate. The following further points
may be made.

(i) Where the methods give substantial agreement, the minimum logit x2 estimates are

of course very much the easier to calculate.

(ii) In a pure point estimation problem, and where it is known that very steep regression
lines are unlikely, Berkson's calculations seem to me convincing evidence for preferring
the minimum logit x2 estimates to the maximum likelihood estimates. Without the prior
information the conclusion would not follow.

(iii) It is plausible on general grounds that estimates with even smaller mean square
error could be constructed by modifying the maximum likelihood estimate.

(iv) In the absence of a loss function and prior distribution, no satisfactory criteria for

choosing between point estimates seem possible. (The definition of small-sample consistency given by Fisher in his book, which gives a unique position to maximum likelihood
estimates, rules out many common estimates, such as those based on order statistics.)

(v) If the problem is not one of pure point estimation, i.e. if some measure of precision
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is to be attached to the point estimate, the situation is different. In the logistic case, optimum interval estimation, of slope is possible. It seems a relevant, although no doubt
very difficult, question to ask which of the point estimates, together with its estimated
standard error, most closely reproduces the optimum interval estimate.
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